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Abstract

In proof theory we use category theory to obtain identity criteria for
deductions. Inference rules, by which we pass from one deduction to another,
correspond there to partial algebraic operations. This is an algebra built on
deductions and not on formulae. Logic is thereby tied to algebras of another
kind than Boolean algebras, Heyting algebras, and similar lattice algebras
investigated in universal algebra, induced by equivalence between formulae.
Algebras of deductions are based on categories with structure given by so
general and so important mathematical notions like product, coproduct,
exponent, tensor product,... Here logic does not formalize other areas of
mathematics to investigate them by its own means, but the subject matter
of logic itself coincides with something investigated in contemporary algebra
and other related areas of mathematics.

1 Logical models from universal algebra

Algebras associated with logic are first of all Boolean algebras. The semantics of
classical propositional logic is built upon the two-element Boolean algebra, the
two elements being interpreted as truth and falsity. The models of this logic are
valuations into the two-element Boolean algebra, i.e. homomorphisms from the
absolutely free algebra of formulae into the two-element Boolean algebra such that
Boolean functions correspond to connectives. When the algebra of propositional
formulae is factored through the equivalence relation induced by equivalence of
formulae, i.e. identity of truth-value for every valuation, one obtains the Linden-
baum algebra of classical propositional logic, which is a freely generated Boolean
algebra, with as much free generators as there are propositional letters.

The connection between Boolean algebras and classical logic is exhibited on
a less technical level by the explanation that is given of the classical connectives

* Acknowledgement. 1 would like to express my heart-felt thanks to the organizers of
the Third Mathematical Conference of the Republic of Srpska, who invited me to deliver
a plenary lecture that this text records. I am grateful in particular to Dugan Jokanovié
for his hospitality. My work was supported by the Ministry of Education, Science and
Technological Development of the Republic of Serbia.



of conjunction, disjunction and negation via intersection, union and complement.
These are the operations of a set Boolean algebra, i.e. a Boolean algebra whose
elements are sets. One encounters this explanation nowadays at the earliest stages
of schooling, usually accompanied by diagrams of Euler and Venn. It is however
questionable how much the notion of intersection, which is defined in terms of
conjunction, can serve to explain conjunction. Conjunction is the more basic
notion, and not intersection, and analogously for the notion of disjunction versus
union, and the notion of negation versus complement.

With intuitionistic logic the role of Boolean algebras is taken over to a great
extent by Heyting algebras, which make a more general class of algebras. These
are distributive lattices with a least element and a binary operation of residual
(also called relative pseudo-complement) with respect to the binary meet opera-
tion. This means that cNa < b iff ¢ < a = b, where N is meet and => is residual.
Boolean algebras are complemented distributive lattices, where the residual a = b
is —aUb, with — being the unary operation of complement and U being join. The
operation of residual in Heyting algebras, as well as in Boolean algebras, which
are particular Heyting algebras, corresponds to the connective of implication.

The Lindenbaum algebra of intuitionistic propositional logic is a freely gen-
erated Heyting algebra, and the Kripke models of this logic, the most standard
models one encounters for it, are obtained through a representation of Heyting
algebras in preorderings. Heyting algebras are closely tied to topological Boolean
algebras, i.e. Boolean algebras with unary operations corresponding to interior or
closure. Topological Boolean algebras give models of the modal logic S4.

Various other logics have algebraic models of a similar kind, models out of
the realm of universal algebra that resemble Boolean and Heyting algebras. In
particular, in all these models the elements of the algebra are related to formulae,
which are of the grammatical category of propositions. These elements are the
values formulae may take. In the case of classical propositional logic and the two-
element Boolean algebra, the values are the two truth-values. In other cases the
values are more unusual, but they are again assigned to formulae, i.e. propositions.

2 Deductions make a category

Matters become different if in the algebraic modelling of logics the elements of the
algebra are not expected any more to be assigned to formulae, i.e. propositions.
For that one has to make a shift in the semantic conception of logic and language.
One may cease to consider propositions as the main unit of language. One may
look for a wider context in which propositions partake, and when logic is our in-
spiration that wider context is naturally found in deductions. The term deduction,
which will later become for us a technical term, is intuitively synonymous with
inference, or proof from hypotheses.

For the time being, to simplify matters we shall speak of deductions where
we have not more than a single premise. This is not an essential restriction if



we assume as usual that in deductions we have only finitely many premises, and
we assume moreover that we have a connective like conjunction to connect these
finitely many premises. The empty conjunction, i.e. a propositional constant like
T, replaces the empty set of premises. So we assume that in deductions we have
a single premise and a single conclusion.

Then one may ask whether the deduction from premise A to conclusion B is
completely determined by giving A and B. Is this deduction just the ordered pair
(A, B)? Many logicians, if they wouldn’t give to this question an explicitly affir-
mative answer, behave as if they would. They believe that consequence relations
fully explain deductions. We may deduce B from A if and only if B is a conse-
quence of A, i.e. if and only if the ordered pair (A, B) belongs to the consequence
relation tied to our logic. Either there is a deduction from A to B, or there is
none. There cannot be more than one deduction with the same premise and the
same conclusion.

An alternative is that there may be more than one deduction with the same
premise and the same conclusion. Suppose A is the conjunction B A B. Then the
deduction from B A B to B obtained by applying the first-projection rule from
C A D deduce C and the deduction from B A B to B obtained by applying the
second-projection rule from C A D deduce D would not be the same deductions.
In another example, one may deduce B A B from B A B either by applying the
identity rule from E deduce E or the commutativity rule from C A D deduce
D A C. This gives two different deductions. Still another example is given by
the deductions from B A (B = B) to B obtained by applying either the first-
projection rule or the rule from C A (C'= D) deduce D, which is based on modus
ponens.

In this alternative perspective deductions do not make a binary relation, i.e.
a set of ordered pairs, but a graph where for the same ordered pair (A, B) there
may be more than one arrow joining A and B. Deductions should be closed
under composition and for every pair (A, A) there should be an identity arrow,
i.e. identity deduction, from A to A, based on the identity rule. If we assume
that composition is associative and that composing a deduction with the identity
deduction is equal to this deduction, we obtain a category. In this category the
formulae, i.e. propositions, are the objects and the deductions are the arrows.
From a categorial perspective these arrows are more important.

3 Conjunction and product

In the categorial perspective we do not have only operations on objects, but also
operations on arrows. These operations may be only partial, as composition is.
The algebraic structure brought by these operations on objects and on arrows
tied to connectives and other logical constants is of a different kind than what
we had with Boolean and Heyting algebras. Before the binary connective of
conjunction corresponded to lattice meet, and now it will correspond to the bi-



endofunctor of product. Meet corresponds set-theoretically to intersection, while
product corresponds to another, even more important, set-theoretic operation—
namely, Cartesian product. Product on objects in the category Set of sets with
functions as arrows is Cartesian product.

Tied to product, we have for every pair of formulae A; and Ao, the projec-
tion arrows p}417A2: AL N Ay — A1 and p12417A2 : A1 A Ay — As, which correspond
to the first-projection and second-projection rules of deduction mentioned above.
We have moreover the partial operation of pairing of arrows, which applied to the
arrows f1: C'— Aj and fo: C' — Ag gives the arrow (f1, f2): C' — A1 A Ay. Pair-
ing corresponds to the natural deduction rule of conjunction introduction. For
the arrow h: C — A; A Ay and for o being composition, we have the equations

p}-ll,A20<f17f2> :fla p?417A20<f15f2> :f27 <p1141,A20h’7p}41,A20h> = h.

These equations categorially define product. Replace A by x and, for g¢; :
Ay — B and go: Ay — Bs, define the total operation X on arrows by

91 X g2 =df {910 P4, Ap> 92 © P, 4,0 ¢ A1 X Ag = Bi X By,

The operation X on objects and the operation X on arrows give the biendofunctor
of product.

The equations assumed above make however perfect logical sense. They cor-
respond to reductions involved in normalization in natural deduction (the first
two equations correspond to S-reduction and the third to n-reduction). So it is
natural to assume these equations as equations between deductions.

A category is a preorder when for every pair of objects A and B we have at
most one arrow f: A — B. Product becomes meet when our category is not only
a preorder, but also a partial order, which means that if we have a pair of arrows
f:A— B and g: B — A, then the objects A and B must be the same. In a
preorder, the equations assumed for product are trivially satisfied.

This categorial characterization of conjunction applies both to classical con-
junction and intuitionistic conjunction. The connective of conjunction is the same
in both logics. In the old universal-algebraic characterization too, conjunction was
characterized in both logics as a meet operation.

4 Conjunction and disjunction

Analogously, the binary connective of disjunction, which before corresponded to
join and union, now corresponds to binary coproduct, which set-theoretically is
disjoint union on objects. This applies again both to classical and intuitionistic
disjunction. It is often said that intuitionists understand disjunction not as it
is understood in classical logic, and that because of that excluded middle fails
for them. This should be taken carefully, because in a context where disjunction
is alone—this is a context in which we do not have theorems, but we do have
deductions—classical and intuitionistic disjunction do not differ. The essential



novelty of intuitionistic logic is a new connective of implication, and not disjunc-
tion. This implication underlies negation, which we find in excluded middle (see
below, the second paragraph of the next section).

When the connectives of conjunction and disjunction are together, then the
universal-algebraic characterization is given by distributive lattices, and again
classical and intuitionistic logic do not differ. Matters may however become dif-
ferent in terms of algebras of deductions.

The categories for intuitionistic conjunctive-disjunctive deductions are cate-
gories with binary (and hence all nonempty finite) products and coproducts, with
product isomorphically distributive over coproduct; namely, there would be a
natural isomorphism of the type AAN(BVC)— (AAB)V(AAC). There are
also natural transformations of the dual type AV (BAC) — (AV B)A(AV O),
and of its converse type (AV B) A (AV C) — AV (B A C), but they need not be
isomorphisms. This is an asymmetry we have also in the category Set, where
Cartesian product is isomorphically distributive over disjoint union, but not vice
versa. When we restrict ourselves to finite sets, this reduces to the following equa-
tion for natural numbers a - (b+ ¢) = (a-b) + (a - ¢), without the dual equation
a+(b-c)=(a+0b)-(a+c) being true.

We may add to these categories also the empty product and coproduct, which
are the terminal object T and initial object L. (An object is terminal when for
every other object to it there is a single arrow; dually, it is initial when from it to
every other object there is a single arrow.) These two objects correspond to the
propositional constants T and L, which in the universal-algebraic approach cor-
respond to the least element and greatest element of our lattices—an assumption
made both for classical logic and intuitionistic logic. The assumptions about the
terminality of T and the initiality of L are parallel to the assumptions of binary
product for A and binary coproduct for V. They are the same in classical and
intuitionistic logic.

The isomorphic distributivity of conjunction over disjunction in intuition-
istic logic is a consequence of the assumption that the monoendofunctor A A
has as a right-adjoint A =, which involves intuitionistic implication =. This
means that we have a natural bijection between the hom sets Hom(A A B, C)
and Hom(B, A = C). This means that there is a one-to-one correspondence be-
tween deductions of the type A A B — C and deductions of the type B — A = C.
From left to right this correspondence is tied to the deduction theorem, and from
right to left it has to do with modus ponens; from the identity deduction of
type A = C — A = C one passes to the modus ponens deduction of the type
AN (A= C)— C. (The naturality involved in this correspondence is given by
transformations natural in B and C between the functors into the category Set
involved in Hom(AA B, C) and Hom(B, A = C); see [11], Sections II.2 and IV.1.)

With this adjunction involving A A and A =, together with the assumption
that we have all finite products (including the empty one), we obtain cartesian
closed categories; if we assume moreover that we have all finite coproducts includ-
ing the empty one), we obtain bicartesian closed categories (see [10], Sections 1.3



and 1.8). The category Set is a bicartesian closed category.

5 Categories of classical deductions

In classical algebras of deductions there are arrows of the types AA (BV C) —
(AANB)V(AANC)and AV (BAC) — (AV B)A(AVC), as well as of the con-
verse types, but Boolean duality would make us expect that either both of these
kinds of arrows are isomorphisms or neither is. It is not in the Boolean spirit
that AN (BVC) — (AANB)V (AAC) is an isomorphism while AV (BAC) —
(AV B) A (AV C) is not. The asymmetry of the bicartesian closed category Set
that we have with respect to distribution of Cartesian product over disjoint union
is foreign to the Boolean spirit. Since this asymmetry is a consequence of the ad-
junction involving A A and A =-, we should not expect this adjunction for classical
logic.

If —A is defined as A = 1, it may seem natural to assume in classical logic
that A is isomorphic to =—A, or that there is at least a natural transformation
whose components are of the type -——A — A. There is an argument that shows
that every bicartesian closed category together with one of these assumptions, or
a similar assumption, is a preorder (see [2|, Section 5, or [4], Section 14.3). It was
concluded from that there cannot be any interesting categorial proof theory for
classical logic, i.e. that there is no interesting categorification of Boolean algebras.
But why must we assume that we have to start with a bicartesian closed category?

The book [4] is a detailed attempt to build a plausible categorial theory of
classical deductions. The centre piece of that book is a notion of category with fi-
nite products and coproducts, which are distribute one over the other, but neither
of these distributions need be an isomorphism. This way, in the Boolean spirit,
symmetry is kept. For this notion of category it is established that it is coher-
ent in the following sense. There is faithful functor from such a category freely
generated by a set of objects to the category of relations between finite ordinals.
This coherence result is of a semantical kind. It permits us to decide whether
two arrows are equal by checking whether two simple graphs that come from the
relations associated with the arrows are equal. This is a result of a semantical
kind, analogous to the usual completeness theorems of logic, which enable us to
decide provability by looking into a manageable model.

For this result there is given in [4] a long and rather involved proof based on a
categorial version of Gentzen’s cut elimination theorem for conjunctive-disjunctive
classical logic, which is based on plural, i.e. multiple-conclusion, sequents. It is
not established only that for every deduction we have a cut-free deduction with
the same premise and conclusion, but it is established moreover that the two
deductions are identical: the arrows standing for them are equal as arrows in
our categories. It is remarkable that this equality of arrows has both a semantical
justification via coherence, and a syntactical one via the cut-free normal from, and
that the two justifications agree. Both justifications respect the Boolean duality



between conjunction and disjunction. In the semantical justification product and
coproduct are modeled by the same biproduct, while in the syntactical justification
plural sequents treat conjunction and disjunction in the same way. All this makes
quite plausible, and mathematically interesting, the proposed notion of identity
of deduction for classical propositional logic.

This categorification which covers the conjunctive-disjunctive core of classical
logic, together with the propositional constants T and L, is then extended with
negation, and hence also implication, so that we do not have the adjunction
involving AA and A =. We relinquish this adjunction of intuitionistic logic, and
hence classical implication will not mirror deductions, as intuitionistic implication
does. The resulting nontrivial categories are related to linear algebra.

The relationship with linear algebra is brought by having an operation of
union, or addition, of deductions, and a zero deduction. In terms of relations,
union of deductions is union of relations, the zero deduction is the empty relation,
and union with the empty relation leaves a relation unchanged. Composition of
relations corresponds to multiplication of zero-one matrices and union of relations
corresponds to matrix addition. In the presence of zero deductions, we obtain a
unique normal form for deductions like in linear algebra: every matrix is the sum
of matrices with a single 1 entry, the others being zero. This normal form is
related to cut elimination, i.e. composition elimination (see [4], Sections 1.6 and
14.4, Chapters 13 and 14).

6 Categories of deductions in other logics

The book [5] deals with categories of deductions in classical linear logic, presum-
ably the main substructural logic, and an important alternative logic. In linear
logic we have a binary connective of so-called multiplicative conjunction, which
in terms of the algebra of deductions corresponds to tensor product. For this
connective we assume associativity and commutativity, but not what corresponds
to the structural rules of contraction and thinning. The algebras of deductions
here come from categories to which belongs the category of vector spaces over
a fixed field with linear transformations as arrows. Categories of deductions in
intuitionistic linear logic are given by symmetric monoidal closed categories (see
[11], Section VIIL.7), for which a coherence theorem is established in [9]. (This
coherence theorem should be rephrased as a result taking account of syntax, as
in [4] and [5].) The coherence proved in [5] is of the same kind, and it is estab-
lished with respect to relations that one finds in Brauer algebras (for references
see [5]). Brauer algebras, which come from representation theory, are related to
Temperley-Lieb algebras, which came to play an important role in knot theory
after Jones’ seminal results in this field. Temperley-Lieb algebras are also related
to a coherence result for adjunction (see |1], [3] and references therein).

The relations one finds in Brauer algebras are a particular case of relations one
finds in a category called Gen, which has relations involved in the generality of



deductions, i.e. relations connecting letters in a deduction that must remain the
same in all generalizations of this deduction based on the same rules (see Section
2 above). The category Gen and the category of split preorders, of which it is
a subcategory, are investigated in detail in [7]. These categories have properties
relating them to Frobenius algebras, which have recently played a prominent role
in two-dimensional topological quantum field theories—an area that seems far
removed from logic and deduction theory. These matters (see [8], and references
mentioned therein) are related to the coherence result for adjunction, and to
Temperley-Lieb algebras, which we mentioned above. Frobenius algebras are also
related to a coherence result involving deductions in the modal logic S5 (see [6]).
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Abstract

In his ontological argument Godel has told nothing about its underlying
logic. His argument is modal and at least of second-order and since he has
used the S5 axiom, it was widely accepted that the logic of the argument
is the S5 second-order modal logic. However, there is a step in his proof
in which Godel has applied the necessitation rule on the assumptions of
the argument (see [3]), and this was repeated by all of his followers (see [1]
and [4]). This application of the necessitation rule can seriously harm the
consequence relation of the logic of the ontological argument. It seems that
the only way to preserve the modal logic S5 for the ontological argument is
to assume some of its axioms in the necessitated form.

1 Consequence and proof in modal logic

The notions of consequence and proof in modal logic are different from those in
classical logic. The relation that some sentence A is a consequence of certain
assumptions ¥ can have two meanings in modal logic: A is true at each world
at which the members of ¥ are true and A is true in every model in which the
members of ¥ are true. The two notions are not equivalent and to distinguish
between them some authors (see [2]) are using the terms local assumption and local
consequence in the first, and the terms global assumption and global consequence
in the second case. We shall show how this semantical distinction is reflected in
the syntax of modal logic.

Asgsume some sentence A globally; if A is true at some arbitrary world w in
some model, then A will be true at every world accessible to w (since A is true
at every world), so (A will be true at w. Since w was arbitrary, [JA must be
true at every world of a model. This means that if A is a global assumption, the
necessitation rule can be applied to A. Assuming A globally, we also assume A,
OOA ete.

On the other hand, if we assume A locally, so that A is known to be true at
a world w of some model, there is no reason to expect that [JA is also true at w.
If A is a local assumption, the necessitation rule cannot apply to it.

The distinction between global and local assumptions in formal deductions
comes down to the applicability or nonapplicability of the necessitation rule. A
formal proof or derivation in modal logic do not allow the use of the necessitation



rule to local premises and their consequences. To insure this, some authors define
modal derivations as finite sequences divided in two separate parts, global and
local (see [2]). The global part comes first, contains only global premises and the
necessitation rule is allowed, while the local part comes second containing local
premises, but the necessitation rule is not allowed.

2 Necessitation in Godel’s argument

It is well known that Go6del was involved in the foundation of the modern approach
to modal logic. He was among the first logicians who introduced the necesitation
rule that made possible the simple and elegant modal axiom systems that are in
use today. But in the early 1970s, at the time Godel wrote his note about the
ontological argument, the idea of possible world semantics was new and perhaps
not well appreciated. His argument was modal and was presented in at least
second-order logic, but nothing was told about the exact logic he had in mind.
At some point in his note Gddel has formulated the theorem

G(z) — O3yG(y),

where G(x) means that z is godlike being (see page 403 in [3]), and without any
comments he has proceeded in the following three steps:

J2G(z) — OJyG(y),
0JzG(x) — OO3yG(y),
OJzG(z) — OFyG(y).

In the first step the existential quantifier was introduced, the second step havs
come from the necessitation rule, and the third was the use of the S5 axiom. Since
he was able to prove ¢JzG(x), Godel finally concluded O3yG(y).

There is no doubt that the propositional skeleton of the logic of Gédel’s ar-
gument is the modal logic S5, or something close to it. Besides the axioms of
classical propositional logic, the modal axioms of the logic S5 are

0O(A — B) — (0DA — 0OB),
OA — A,
04 — O0A,
OOA — OA,

where [] is the necessity operator and, ¢ is the pssibility operator defined by
QA +» —[0-A, and the inference rules are modus ponens and necessitation: from
A infer JA. The last axiom is usually called the S5 axiom.

According to what we have told about consequence in modal logic, to allow
the unrestricted use of the necessitation rule in the logic S5, we have to assume
the axioms of our theories globally. In the modal logic S5, where (A « [OCJA,
assuming A globally we assume [JA. Formally, this means that all axioms of the
theories in the S5 logic must come in the necessitated form, i.e. with [J prefixed.
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Godel, as well as his followers and commentators in this matter, have told
nothing about the local or global character of the ontological argument axioms.
They have presented these axioms in the unnecessitated form (see [2|, [4] and |5]),
and have used the necessitation rule on them and on their cosequences. Perhaps
they had in mind global axioms?

Godel’s argument is a particular version of the general ontological argument
that usually means two things: to prove that God’s existence is possible and to
prove that God exists necessarily if it exists. If ) is the statement that God exists,
this means that in the general ontological argument we have to prove Q) and @ —
0Q (Anselm’s principle). It is generally accepted that with these assumptions
within S5 logic one can prove UJ@Q: the necessitation of Anselm’s principle gives
OQ — OUQ, the S5 axiom gives ¢ — Q) and the first assumption finally gives
OQ (see [1], [3], [4] and [5]). But the use of necessitation in this proof was not
correct. It seems that the only way to overcome this incorrectness is to formulate
Anselm’s principle in the form O(Q — OQ): it is necessary that God exists
necessary if it exists.

Acknowledgement. 1 would like to express my thanks to Kosta DoSen who warned
me about the problem concerning the correctness of the necessitation rule in the
ontological argument.
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Apstrakt

U ovom kratkom radu dajemo pregled algebarskih struktura na kate-
gorijama koje omoguéavaju Segal-Tomasonovu bar konstrukciju. To je os-
novni korak procedure koja kategoriji M pridruZuje njeno raspetljavanje:
prostor X takav da je prostor petlji nad X homotopski ekvivalentan klasi-
fikacijskom prostoru kategorije M. Jo§ je od Sezdesetih godina proslog veka
poznato da monoidalna struktura na kategoriji odgovara jednostrukom pros-
toru petlji. Segal-Tomasonova konstrukcija omoguéava da se neke kategorije
sa bogatijom strukturom viSestruko raspetljaju. Najnoviji rezultati ovog
tipa najavljeni su na konferenciji u Trebinju.

1 Uvod

Prve rezultate koji su omogucdili da se povezu monoidalne kategorije s prostorima
petlji dali su Stasev, [11], i Meklejn, [6]. Nakon toga se pojavila potreba da se
odrede uslovi na algebarskoj strukturi kategorije koji omoguéavaju njeno povezi-
vanje s prostorima petlji raznih vigestrukosti. Sedamdesetih godina proslog veka
su Segal, [10], i Tomason, [13], razvili tehniku koja je odredila jedan pravac u toj
oblasti istrazivanja.

Segal-Tomasonova ili redukovana, kako ¢emo je ovde zvati, bar konstrukcija je
postupak nalazenja simplicijalnog objekta u kategoriji ¢ija je monoidalna struk-
tura data kona¢nim proizvodima. U ovom radu ¢e nam to biti 2-kategorija Cat
Ciji su objekti kategorije, morfizmi su funktori, a 2-morfizmi su prirodne transfor-
macije. Monoid u Cat je striktna monoidalna kategorija. Jedna takva kategorija
M je osnova za simplicijalni objekat u Cat, to jest funktor WM iz A% u Cat,
gde je A, topologka simplicijalna kategorija. Ovo zna&i da je WM(1) = M i,
uopstenije, WM(n) = M™.

Kada se WM komponuje s funktorom nerv, a zatim s geometrijskom realizaci-
jom, dobija se funktor iz A% u Top, to jest simplicijalni prostor. Po rezultatima
Segala i Mekdafa, [10], [8], prostor petlji geometrijske realizacije tog simplicijalnog
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prostora je homotopski ekvivalentan klasifikacijskom prostoru kategorije M ili
preciznije, njenom grupnom kompletiranju. Dakle, taj simplicijalni prostor je
raspetljavanje nerva od M.

Uz malu modifikaciju, ova maSina za raspetljavanje se moze prilagoditi nekim
slozenijim algebarskim strukturama na kategoriji tako da kao rezultat dobijemo
vigestruko raspetljavanje nerva polazne kategorije. Po rezultatima Segala, [10],
i Tomasona, [13], ova tehnika dovodi u vezu simetri¢ne monoidalne kategorije
s beskonac¢nim prostorima petlji, dok se monoidalne kategorije pletenica dovode
u vezu s dvostrukim prostorima petlji uz pomoé rezultata Zoajala i Strita, [5].
U ovim rezulatima sama redukovana bar konstrukcija nije dovoljna posto njen
rezultat nije funktor jer ne prolazi kroz kompoziciju morfizama. Medutim, posto
se svaki put moze pokazati da je dobijen relaksiran funktor u smislu [12], onda
se rezultati tog rada mogu iskoristiti da bi se dobio pravi funktor koji predstavlja
trazeni simplicijalni objekat. Da bi se pokazalo da je dobijen relaksiran funktor,
svaki put se koristi koherencijski rezultat vezan za dati tip kategorija.

Balteanu, Fjodorovi¢, Svancl i Fogt, [2], su postavili pitanje dovoljnih uslova
za to da kategorija s n monoidalnih struktura moze da posluzi kao osnova za
redukovanu bar konstrukciju koja proizvodi relaksiran funktor odgovarajucéeg tipa.
Na taj na¢in bismo dobili n-tostruko raspetljavanje nerva polazne kategorije. U
tom radu su dati trazeni uslovi, ali su oni suvise restriktivni u odnosu na jedinice—
zahteva se da sve monoidalne strukture imaju zajednic¢ku jedinicu. Dosen i drugi
autor ovog teksta, [4], su dali znatno oslabljenje tih uslova za sluc¢aj n = 2, §to
verovatno predstavlja maksimum oslabljenja ukoliko i dalje ho¢emo da koherencija
bude sredstvo za dokazivanje toga da je rezultat redukovane bar konstrukcije jedan
relaksiran funktor.

Autori ovog ¢lanka, [3], su dali Zeljene uslove direktno proveravajuéi, bez ko-
herencije, komutativnost dijagrama koji govore da je kao rezultat redukovane bar
konstrukcije dobijen relaksiran funktor. Ti uslovi uopstavaju sve gorenavedene.
Rezultati iz [3] su najavljeni tokom predavanja koje je drugi autor odrzao na
konferenciji u Trebinju.

2 Redukovana bar konstrukcija

Neki dokazi koji su izostavljeni iz ovog odeljka mogu se naci u [9, Section 6]. Pod
simplicijalnim objektom kategorije C podrazumevamo funktor iz A? u C, gde
je Ay standardna topoloska simplicijalna kategorija (videti |7, VIL5]). U ovom
odeljku ¢emo pojasniti kako monoidalni objekat u monoidalnoj kategoriji ¢ija je
monoidalna struktura data kona¢nim proizvodima odreduje jedan simplicijalni
objekat te kategorije.

Ono §to zbunjuje u ovoj konstrukciji je to sto Aip sadrzi univerzalnit komonoid,
a na raspolaganju imamo monoidalni objekat neke kategorije. Ovaj problem pre-
vazilazimo tako $to Aip utopimo u A, odnosno izjedna¢imo je s potkategorijom
Arne kategorije A.
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Objekti kategorije Arpe su kona¢ni ordinali veéi ili jednaki 2, a strelice su
monotone funkcije koje ¢uvaju prvi i poslednji element. Ta kategorija je slika
kategorije A u kategoriji A pomocu funktora koji objekat n slika u n+ 2 (sa 0
oznalavamo prazan skup, dok je n + 1 oznaka za skup {0,1,...,n}), a morfizme
slika ,sencenjem” kao u slede¢em primeru, gde unutrasnji graf predstavlja mor-
fizam iz A%, a spoljasnji je njegova ,senka” iz A:

1 2 3 4 )

o O 1 2 3

1 2 3 4

Ovaj funktor je veran i injektivan na objektima, pa stoga Af mozemo smatrati
potkategorijom od A.

Za nase potrebe uves¢emo jos jednu kategoriju srodnu simplicijalnoj koju ozna-
¢avamo sa Apgr. Njeni objekti su takode kona¢ni ordinali, a morfizmi su monotone
parcijalne funkcije. Za morfizme koji generisu tu kategoriju mozemo uzeti one koji
generisu A zajedno sa parcijalnim funkcijama p}': n+1 - nzan >0i0 <7 <n,
koje se graficki predstavljaju kao

0 1—1 7 1+ 1 n
o /
0 i—1 i n—1

Posmatrajmo funktor koji preslikava Arps u Apgr, koji pridruzuje objektu n+2
prve kategorije objekat n druge kategorije, a svakom morfizmu f: m+2 — n + 2
prve kategorije pridruzuje morfizam g: m — n druge kategorije takav da je

g9(z) = . .
nedefinisano, inace.

{f@+U—L kada je f(z +1) —1€n,
Na osnovu identifikacije kategorija Aip i Arpe on postaje funktor iz A?f u Apar
koji je identitet na objektima.

Neka je K kategorija ¢ija je monoidalna struktura data kona¢nim proizvodima.
Na osnovu striktifikacije pokazane u |7, XI.3, Theorem 1|, mozemo slobodno sma-
trati da je ta monoidalna struktura striktna, to jest da je binarni proizvod aso-
cijativan i da je terminalni objekat neutral za taj proizvod. Neka je (C,pu,n)
monoidalni objekat kategorije K. Tada postoji jedinstven funktor iz Ay u K
takav da se objekat n iz Ay, slika u C" = C x ... x C, zajednicki generatori za
Apar 1 A se slikaju u morfizme dobijene pomocéu p i 1 na osnovu toga §to A sadrzi
univerzalni monoid (videti [7, VIL5, Proposition 1), dok se generator p slika u
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morfizam iz C"*! u C™ dobijen kao

lo X ... X 1o XKk X 1o X ... X 1¢,
~—— ~—_——
% n—i

gde je k¢ jedinstven morfizam iz C' u terminalni objekat kategorije K.

Za nas je posebno interesantan slucaj kada umesto kategorije K posmatramo
2-kategoriju Cat, a umesto monoida C' posmatramo monoid M u Cat, §to znadi da
je M jedna striktna monoidalna kategorija. Na osnovu gorenavedenog postojace
funktor WM: A% — Cat koji je zadat sa

WM(n) = M,

WM(dR) (A1, As, ... Ap) = (A, ..., Ay,
WMD) (A1 ..., Ano1, An) = (A1, ..., An_1),

azal<i<n—1i0<7<n-1,
WM(d?)(Al,...,Ai,AH_l,...,An) = (Al,...,Ai®Ai+1,...,An),

WM(S?)(Al, ce ,Aj,Aj+1, ce ,An_l) = (Al, ce ,Aj,[, Aj+1, v 7An—1);

gdesud?:n—)n—l,zanz1iO§i§n,is?:n—1—>n,zan2li
0 < j <n—1, standardni generatori kategorije A% (videti [3, Section 3]), dok je
® tenzor, a I je jedinica striktne monoidalne kategorije M.

Funktor WM nazivamo redukovana bar konstrukcija bazirana na M. S obzirom
da je i MF striktna monoidalna kategorija ¢ija je struktura dobijena po kompo-
nentama od striktne monoidalne strukture na M, onda postoji i redukovana bar
konstrukcija bazirana na MF* i mi je oznafavamo sa WMPF. Ako kategorija M
ima na sebi n monoidalnih struktura, onda redukovanu bar konstrukciju baziranu
na i-toj monoidalnoj strukturi oznatavamo sa WM.

3 VisSestruka redukovana bar konstrukcija

Osnovna ideja pomocu koje je u [10] i [13| pokazano da simetri¢ne monoidalne
kategorije odgovaraju beskona¢nim prostorima petlji je da se za proizvoljno n > 1
one posmatraju kao kategorije s » monoidalnih struktura koje komuniciraju po-
mocu simetrije. Ta ideja je iskoris¢ena u [2] da bi se dao dovoljan uslov da kate-
gorija s n striktnih monoidalnih struktura odgovara n-tostrukom prostoru petlji.
Naga ideja u [3] je bila da, polazeci od kategorije s n striktnih monoidalnih struk-
tura, bez ikakvih pretpostavki unapred, vidimo kakva komunikacija izmedu tih
struktura obezbeduje da uopstenje redukovane bar konstrukcije proizvede jedan
relaksiran funktor iz (A%)"™ u Cat (videti definiciju nize).

Neka je M kategorija s n striktnih monoidalnih struktura. Uopstenje reduko-
vane bar konstrukcije bazirano na M treba da nam proizvede dve funkcije—prva
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preslikava n-torke kona¢nih ordinala, $to predstavlja objekte od (A%)™ u kate-
gorije, to jest objekte od Cat, dok druga preslikava n-torke morfizama od A% u
funktore. Obe funkcije ozna¢avamo sa WM. Prva funkcija je sasvim jednostavno
definisana i od nje zahtevamo da je

WM(ml, oo 77nn) — MM

Druga funkcija je nesto komplikovanije definisana i tu nam pomaze sledeca

notacija. Neka je f = (f1,.-., fn) jedna n-torka morfizama od A%. Za svako
1 <k <n, neka je
ik)y=J[ s i ok)= T] #
k<l<n 1<I<k

gde prazan proizvod racunamo kao jedinicu i s; je domen, a ¢; je kodomen od fj.
Tada je druga funkcija definisana kao

—

WM(f) = (WM (£,))° o - o (WME (2))°@ o (WM (f1))0.

—

Na primer, zan =3 i f = (d?,d2, s?) imamo da je WM(f) funktor iz M® u M*
zadat sa

WM(f)(A,B,C,D,E,F) = ((A®, C) @ (B®1 D), I3, E @y F, I),

gde su ®; 1 ®2 tenzori prve, odnosno druge, monoidalne strukture, a I3 je jedinica
tre¢e monoidalne strukture na M.
Ovaj par funkcija ne zadaje funktor iz (A‘f)” u Cat zato §to u opstem slucaju
ne vazi
WM(G) e WM(f) = WM(G o f).
Da bi WM bio relaksiran funktor potrebno je da za svaki par kompozabilnih
strelica f i ¢ iz (AS)" postoji prirodna transformacija

— —

w7 WM(G) o WM(f) = WM(Go f)

takva da slededi dijagram komutira:

WM(R) o WM(§) o WM(f)
wy giM(:)/ ~ VMR 7
WM(h o §) o WM(F) WM(R) o WM(G o f)
Vhog. < gog

U [3] je pokazano da je neophodan uslov za postojanje ovakvih prirodnih
transformacija w to da za svako 1 < k < I < n postoje strelice xy;: I — I,
B Iy — I @1 Iy, Ty Iy @ I — I, kao i familija strelica ¢y

(A®; B)® (C®; D) = (A, C) ®; (B &k D),
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indeksirana ¢etvorkama (A, B,C, D) objekata iz M. Glavni rezultat tog rada
je da su, pored prirodnosti transformacija ¢y, sledece jednakosti na strukturi
kategorije M dovoljne za postojanje Zeljenih prirodnih transformacija w.

Zasve 1 <k <l<n,
(1) thyo(1®g thy) = tiyo (g @k 1),
2) ey o (1@ Bry) =1,
3) thyo (Bry®rl) =

4) 10 )

5 ) =1
(6) Thio(kky QK1) =1,
izasvel1<k<l<m<

(2)
(3)
(4) ( ,

(5) Thio (1 ®k k) =
n?

(13) Kim © Kki = Kkm.

14) Bim © Kkt = (Kk,i @m K1) © Bim,
15
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(14)

(15) T1m © (Kkm @1 Kkm) © Bri = Kkm,

(16) t1.m © (Be,m @1 Brm) © Brt = (Bt @m Br,t) © Brm,
(17) Kim © Tt = Theom © (Kim ®k Kim),

(18) Bim © Ty = (Thi @m Th1) © thym © (Bim Ok Bim),
(19) 7T1m © (Thym 1 Thym) © Lkl = Thym © (Tim @k Tim),
(20)

Pojam kategorije koja zadovoljava ove uslove uveden je u [1, Section 7.6]
pod imenom n-monoidalna kategorija. Ono $to je vazno za nas je da taj po-
jam uopstava pojmove simetri¢ne monoidalne kategorije, monoidalne kategorije
pletenica, bimonoidalne kategorije s intermutacijom (videti [4, Section 12]), si-
metri¢ne bimonoidalne kategorije s intermutacijom (videti [4, Section 16] i [9,
Section 2|) kao i pojam n-tostruke monoidalne kategorije uveden u [2, Section 1].
To znati da korektnost redukovane bar konstrukcije koju smo pokazali povlaci
korektnost svih redukovanih bar konstrukcija baziranih na kategorijama datih
tipova. Na§ rezultat, takode, omogucuje da mnoge kategorije s viSe prirodno
definisanih monoidalnih struktura na sebi dobiju priliku da se raspetljaju u smislu
kako smo tu re¢ upotrebili u uvodu. Na taj nacin, svaka kategorija s kona¢nim
koproizvodima i proizvodima, kakva je na primer kategorija kona¢nih skupova,
moze da se dvostruko raspetlja u odnosu na te dve monoidalne strukture.

Um © (Lhem @1 tiem) © ki = (Lkg @m Lk 1) © tiem © (Lm Ok Lim)-
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Abstract

Quasitoric manifolds and their real analogues ’small covers’ are impor-
tant class of manifolds studied in toric topology. In this paper we study
the characteristic classes of corresponding manifolds over polygons and its
applications to classical questions in algebraic topology.

1 Introduction

Davis and Januszkiewicz in [3| introduced quasitoric manifolds as topological
generalization of toric varieties in algebraic geometry. Quasitoric manifolds are
2n-dimensional which poses locally standard action of group 7™ and the orbit
space of this action is a simple polytope P™. Real analogue of quasitoric manifolds
are small covers, i. e. n-dimensional manifolds with Z% action instead of 7. A
nice exposition about quasitoric manifolds is given in the classical monograph |[2].

In their remarkable paper Davis and Januszkiewicz described these manifolds
and explained their cohomology ring and characteristic classes. Combinatorics
of underlying polytope P" plays important role in understanding of topological
properties. Stanley-Reisner ideal strongly influence cohomology of this manifolds,
but the group action also determines very special ideal which is necessary for
full description. Thus, there exist nonhomeomorphic manifolds over the same
polytopes.

The construction of a quasitoric manifold (small covers) from the characteristic
pair (P",1) is described in [2, Construction 5.12]. Recall that P™ is a simple
polytope with m facets and A = (A1,...,\,,) is an integer n X m matrix, where
Aj € Z" j = 1,...,m corresponds to the generator of the Lie algebra isotropy
subgroup of the characteristic submanifold M; over the facet F}. For every vertex
v=F;, N---NF; € P" the matrix has the property det AI(U) = #+1 where AI(U)
is a square submatrix formed by the column vectors A;,, ..., A;, corresponding
to the facets F;,, ..., F;, . The matrix A is called the characteristic matriz of M.
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Let Aj = (A1j, -+, Anj)" € Z". Then we have

91’ = Z )\ijvj
j=1

and let J be the ideal in Z[v,...,v,] generated by 6; for all i = 1,...,n. Let
7 denote the Stanley-Reisner ideal of P. The ordinary cohomology of quasitoric
manifolds has the following ring structure:

H*(M) ~ Zlvi,...,vm]/(Z+ T).

The total Stiefel-Whitney class can be described by the following Davis-Januszkiewicz

formula:
m

wM*) = [[(1 +v:) € H (M Zy),
i=1
where v; is the Zg-reduction of the corresponding class over Z coefficients. An
analogous formulas hold for small covers [3, Corollary 6.7]. In the same paper the
total Chern class of quasitoric manifold M?" is given by formula

(M) = ﬁ(1 +v;) € H*(M*™;Z),
=1

while Pontriagin class is given by

m
p(M?") = T](1 = o) € H*(M*";Z).
i=1
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2 Manifolds over polygons

Combinatorics of the underlying polytope strongly affects topology of quasitoric
manifolds. Here we are particulary interested in a special case n = 2. In this
case, small covers are 2-manifolds, the objects we know a lot about. However,
quasitoric 4-manifolds are quiet interesting. Basic example is complex projective
plane CP? which orbit space of toric action is triangle. Quasitoric manifolds over
square are known as Hirzebruch surfaces Hy.

We prove the main theorem of this contribution:
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Theorem 2.1. Let M* be a quasitoric manifold over the 2m-gon. Then the
classes wy(M*) and w3(M*) vanish.

Proof: We observe that the total Stiefel-Whithney class is easily reduced on

w(M*Y) = T[T+ vi + vigm) € H (M* Zs).

=1

Ideal J in Davis-Januszkiewicz formula is given by two relations (we can consider
that all coefficients are 0 or 1)

ayvy + agvy + - -+ + agmam = 0 (1)
bivi + bove + -+ - + boyvay,, = 0. (2)

For every ¢ modulo 2m we have

G Q41

det bi  bit1

= +1. (3)

Thus, from (1) and (2) we have v;v;—1 = v;v;11 for every i. Finally, in cohomology
ring H*(M?*;Zs) we have

V1V = VU3 = -+ = Vam U1 7é 0.
Now, the class wy(M?) is determined by
w4(M2”) = V1V + VU3 + - -+ + Vo1 = 2m - v1vg = 0.

If one of the relations is vy + vg + - - - + vo, = 0 then wy(M*) clearly vanish. So
we assume this is not the case. Due to the relations (3) we have that a; =b; =1
or exactly one of a; and b; is equal to 1. In the case a; = b; = 1 and a;—1 = a;4+1
we have v? = 0. In another case we deduce vz-2 = v;_1v; = vv;4+1. Notice that
in the case a; = b; = 1 and a;_1 # a;41 if collapse the edge i of the 2m-gon
into the vertex, we get (2m — 1)-gon with regular sequence of vectors (we just
‘deleted’ [a;b;]!). Then if we collapse every edge i for i such that a; = b; = 1
and a;—1 # aj+1 we get new polygon with regular sequence of vectors. Now we
consider the sides ¢ such that a; = b; = 1 and a;—1 = a;4+1 and we collapse both
sides ¢ and ¢+1. Again we get the polygon with regular sequence. After collapsing
all sides with vector [11]® we get the polygon with regular sequence of alternating
vectors [10]® and [01]" which must have even number of sides. This means that
number k of the collapsed sides ¢ such that a; = b; = 1 and a;—1 # a;4+1 is even.
By previous observations, for the class w3(M?") we have

w%(MZ") = (n +U2+-"+U2m)2 =k-vive =0.

We have the following corollary:
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Corollary 2.1. The quasitoric manifold M* over the 2m-gon is the boundary of
a 5-dimensional manifold.

In general, for manifolds over (2m + 1)-gons we have various options. For ex-
ample, complex projective plane CP? is not boundary of a 5-manifold. Comparing
the Stiefel-Whitney numbers one can prove that manifolds CP? and RP? x RP?
belong to the same unoriented cobordism class, see [4, Corrolary 4.11, p.53]. How-
ever, since for any quasitoric manifold M* the first Stiefel-Whitney class vanish,
there is no quasitoric manifold cobordant to RP*. According to well-known re-
sult [5, Theorem 13.4, p.26], the unoriented cobordism classes of 4 manifolds are
represented by RP* and RP? x RP2.

In the same manner as in Theorem 2.1 we prove the following theorem:

Theorem 2.2. Let M* be a quasitoric manifold over the (2m +1)-gon. Then the
classes wy(M*) and w3 (M*?) are nontrivial.

As corollary, we get:

Corollary 2.2. The quasitoric manifold M* over the (2m -+ 1)-gon has the same
unoriented cobordism class as CP?.

Theorems 2.1 and 2.2 shows that the parity of the side number of underly-
ing polygon determines unoriented cobordism classes of quasitoric 4 manifolds.
Oriented and complex bordisms are studied [2, Section 5.3, p.69-74].

3 Immersions and Embeddings

The results from previous sections could be used for studying the immersions and
embeddings of quasitoric manifolds. As in [1], we use the dual Stiefel-Whitney
classes as obstruction.

It is known that the top dual Stiefel-Whitney class of a oriented closed 2n-
dimensional is always zero. Using the argument from previous section we can
prove this elementary for quasitoric 4-manifolds. Thus only interesting class is
Wa(M*) which is easily calculated

@Q(MA‘) =01 + vy + -+ Upp.
As corollary of 2.2 and [4], we have that:
Corollary 3.1. For a quasitoric manifold M* over (2m + 1)-gon we have
imm(M?*) >6 and em(M?*) =7, (4)

Choosing the alternating sequence of columns [01]* and [10]* for the char-
acteristic matrix of manifold M* over 2m-gon, allows us to construct quasitoric
manifold with trivial Chern, Pontriagin and Stiefel-Whitney characteristic classes.
However, if we change one of the columns [0 1]" with [11]%, we get manifold over
2m-gon with non-trivial second Stiefel-Whitney class, for which the same relations
as in Corollary 3.1 hold.
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Abstract

In this paper we consider polynomials in the skew polynomial ring R[z, o],
for some ring endomorphism o, which is generalization of polynomial ring
RJx]. Basic properties of rings of Laurent type are observed and conections
with Armendariz property. We also consider some examples of semmicomu-
tative and rigid matrix rings.

1 Preliminaries

Throughout this note each ring R is associative with identity, o denotes an en-

domorphism of R and R[z;o] denotes skew polynomial ring with the ordinary

addition and the multiplication subject to the relation zr = o(r)z. Due to Rege

and Chhawchharia [1], a ring R is called Armendariz if f(z)g(x) = 0 implies
n . m .

a;bj =0, for all polynomials f(z) = ) a;z" and g(x) = > bja’ from R[z].There
i=0 j

= 7=0
are large classes of rings which are Armendariz. It is well known that subrings

of Armendariz rings are also Armendariz,and that class of Armendariz rings is
not closed for factoring. There is very nice characterization of Armendariz rings
through a bijection between the sets of annihilators of subsets of R and subsets of
Rlx] (see |4]). Recently, several types of generalizations of Armendariz rings have
been introduced. Armendariz rings can be obtained through typical ring con-
structions. It is well known that subrings of Armendariz rings are Armendariz.
Rege and Chhawchharia studied conditions for which trivial extension T'(R, R/I)
of reduced rings are Armendariz. Hong also generalized the notions of Armendariz
and rigid ring to o-skew Armendariz ring. Ring R is called o-skew Armendariz
n

if f(z)g(z) = 0 implies a;0"(b;) = 0, for all f(x) = > a;z° and g(z) = > b’
i=0 j=0

from Rx;o] (see [5]). As a generalization of o-skew Armendariz rings, Ouyang
(see [2]) introduced a notion of weak o-skew Armendariz ring R as a ring in which

f(z)g(z) = 0 implies a;0"(b;) is the nilpotent element of R for all f(z) = Y a;a’
=0
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m .
and g(z) = > bjz? from R[z;0]. Liu and Zhao have studied a generalization of
7=0

Armendariy rings, which they called weak Armendariz ring. A ring is called a
m
weak-Armendariz if f(z)g(z) = 0 implies a;b; € nil(R). g(x) = Y bja! from
j=0
R[z;0]. Each semmicomutative ring is weak Armendariz which means that weak
Armendariz rings are a common generalization of semmicomutative rings and
Armendariz rings. There is example of semicomutative ring which is not weak
Armendariz. Let R = R; & Ra, where Ry and Ry are any reduced rings. It
easy to see thar R is semmicomutative ring . Let 0 : R — R be an endo-
mophism defined by o(a,b) = (b,a). For the polynomials f(x) = (0,1) — (0, 1)z
and g(z) = (1,0) + (0,1)x we obtain f(z)g(x) = 0 but (0,1)(0,1) & nil(R). So
R is not a— weak Armendariz ring. A ring R satisfies it insertion of factor-
property(simply IFP) if ab = 0 implies aRb = 0 for a,b € R. In this paper we
consider conditions which Chen and Tong (see [3]) have proved that if R and S
are rings and o is an isomorphism of rings R and S and R is a-skew Armendariz
ring, then S is oo~ '-skew Armendariz ring. In this paper we prove a variant of
this theorem for weak skew Armendariz rings. We also prove that if « is endo-
morphism of ring R, and the factor ring R[z] /(z") is weak a-skew Armendariz
then V,,(R) is weak a-skew Armendariz.

2 Triangular ring T(R,n)

For a ring R consider a following set of triangular matrices

[ann a2 a3 ... ai |
0 age asg ... a9,
Tw(R) = 0 0 a3 ... asn ||a;€R
L0 0 0 ... am

We also consider the following set of triangular matrices

apyp a3 a2 ... QAp—1
0 ay a1 ... ap—2
T(R,n) = 0 0 a ... azn laij € R
L 0 0 0 ... ag |

It is well known that T),(R) and T'(R, n)are subrings of the triangular matrix rings
with matrix addition and multiplication. Each endomorphism « of a ring R can
be naturally extended to a endomorphism

a:T,(R) — Tw(R),
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and
a:T(R,n) = T(R,n),

with: ~ _
ail a2 a3 ... Aln
0 ag22 A3 ... aon
o 0 0 aszs ... a3n, =
i 0 0 0 ... ann ]
[ a(ann) ala2) alais) a(ary) ]
0 a(agg) Oz(agg) a(agn)
0 0 «fass) alasn) | |
|0 0 0 aann)
and
[ ay aiy a1z ... Qap-—1 i
0 ag aq e ap—2
o 0 0 ass ... asn =
i 0 O 0o ... ap |
[ a(ap) ofar) afag) ... alan—1) |
0  ala) alar) ... alap—2)
0 0 Oé(a33) .. a\a3n
| 0 0 0 oo afag)

Let E;jj = (est : 1 < s,t < n) denotes n X n unit matrices over ring R, in
which e;; =1 and ey = 0 when s #iort # 5,0 < 4,5 <n, foralln > 2. If
V= Z?:_ll Eii+1, then Vo (R) = RI,, + RV + ... + RV"™1 is the subring of upper
triangular skew matrices.

In the next section we will show that under the assumption that R[z]/(z™) is
weak Armendariz we obtain the weak Armendariz property of ring T(R,n).

Theorem 2.1. Suppose that « is an endomorphism of ring R. If the factor ring
R[z]/(z™) is weak a-skew Armendariz, then T(R,n) is weak a-skew Armendariz.

Proof. Suppose that R[z]/(z™) is weak a—skew Armendariz and define the ring
isomorphism 6 : V,,(R) — R[z]/ (z™) by

O(roly + 71V + .. +rp A V) =rg iz + .+ Fpo1z" 1+ (™).

Now we have that V,,(R) is weak 0~ 'af-skew Armendariz and
0 1ab(rol, + 1V + .. +rp VP =07 a(rg + x4+ ... F 12" 4 (27))
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=07 a(ro) + a(r))z + ...alrp_1)z" 1 + (z"))

= a(ro) L, + a(r)V + ... + a(rp—1) V"t

= a(T‘()In +rmV+.+ rn,ﬂ/”_l),
which means that V,,(R) is weak a-skew Armendariz ring. On the other hand
there is a ring isomorphism f : R[z|\(z") — T(R, n) given by

flap+ a1z + ... + an,lx”_l) = (ag, @1, -y Ap—-1)

,. where (z") is ideal in R[x] generated with ™. Now by a theorem of isomorphism
of rings we have that Kerf = (2™). .

3 Extensions of weak Armendariz rings

In this section we generalize some results from [3], which are related to o-skew
Armendariz rings, to the weak o-skew Armendariz case.

A ring R is weak Armendariz if f(z)g(z) = 0 implies a;b; € nil(R) for every
two polynomials f(x) = ap + a1z + ... + apz”™, g(x) = by + bz + ... + bpz™
from the ring R[z]|. This definition is equivalent with the fact that ideal 0 is weak
Armendariz ideal. We will prove that the class of weak Armendariz rings is closed
for direct products. Also, if the factor ring R/I is weak Armendariz ring, for some
nilpotent ideal I, then the ring R is weak Armendariz.

Theorem 3.1. Finite direct product of weak Armendariz rings is weak Armen-
dariz ring.

Proof. Suppose that Ri, Ra, ..., R, are weak Armendariz rings and R =[]} R;.
If f(z)g(x) = 0 for some polynomials

f(x) = ap+ a1x + agz® + ... + a2, g(x) =bo + bz + ... + bpa™ € Rz,

where a; = (a;1, a2, ..., ain), bj = (bi1, bia, ..., bin) are elements of the product ring

R, define
fe(z) = aop + arpx + ... + anpx”, gx(x) = bog + bigz + ... + bppez™.
From f(z)g(x) = 0, we have
apbg = 0, agby + a1bg =0, ..., axb, =0,

and this implies

ap1bor = ag2bo2 = ... = apnbon, =0
ap1b11 + a11bo1 = ... = apnbin + a1nbon, =0
anlbml = an2bm2 = ... = Gunbmn = 0.

This means that fr(z)gr(z) = 0 in Rilz], 1 < k < n, and since Ry are weak
Armendariz rings, we have a;b;jr, € nil(Ry). Now, for each i,j, there exists
positive integers m;j;, such that (a;bji)"% = 0 in the ring Ry, 1 <k < n. If we
take mj; = max{mj; : 1 < k < n}, than it is clear that (a;b;)"™% = 0 and this
means that R is weak Armendariz ring. o
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Theorem 3.2. If I is nilpotent ideal of ring R such that R/I is weak Armendariz
ring, then R is weak Armendariz ring.

Proof. Let f(x) = ap + a1z + ... + apz™ and g(x) = by + bix + ... + by z™ are
polynomials from R[x] such that f(z)g(z) = 0. This implies

(o + a1z + ... + @px™)(bg + b1z + ... + bypx™) =0,

and since R/I is weak Armendariz, we have that @;b; € nil(R|I). From the fact
that the ideal I is nilpotent, we obtain that a;b; € nil(R). !

Recall that a ring R is weak o-rigid if ao(a) € nil(R) < a € nil(R). It is easy
to see that the notion of weak o-rigid ring generalizes the notion of a o-rigid ring.
Every homomorphism o of rings R and S can be extended to the homomorphism

of rings R[x] and S|x] by Z a;zt — Z o(a;)z", which we also denote by o. Chen

and Tong in [3] prove that 1f o is r1ng isomorphism of rings R and S and R is
a-skew Armendariz, then S is cao ! skew Armendariz ring. We prove the weak
skew Armendariz variant of this theorem.

Theorem 3.3. Let R and S be rings with a ring isomorphism o : R — S. If R
is weak o-skew Armendariz then S is weak oo™ -skew Armendariz.

m . m .
Proof. Let f(x) = > a;2* and g(z) = ) bjz? are polynomials from the ring
i=0 j=0
S[z;oac™t. We have to prove that f(z)g(xz) = 0 implies a;(cac™1)!(b;) €
nil(S), for all 7 and j.
As we noted, o extends to the 1somorphlsm of corresponding polynomlal rings,

so that there exists polynomials fi(x) = Z alz’ and g (x) = Z b;x] from R[z]

=0 7=0
such that f(z) = o fi(z)) = f o(a})z’ and g(z) = o(g1(z)) = i o (b)a?

First, we shall show that Jiz"(c))g(x) = 0 implies fi(x)gi(x) = 6: If f(x)g(x) =
0, we have
aoby + ay(cao ) (bp_1) + ... + ar(cac ¥ (by) = 0,
for any 0 < k < m. From the definition of fi(x) and g;(z), we have,
o(ah)o (b)) + o(a))(cac Ya(by_y) + ... + a(a})(cac H)*a(bh) = 0
so that (cac™ 1)t = calo~! we obtain

agbyy + aja(by_y) + .. + apa® (by) =

which means that fi(z)g1(xz) = 0 in the ring R[z; «].
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It remains to prove that fi(z)gi(z) = 0 implies a;(cac™1)'(b;) € nil(S).
From the fact that R is weak a-skew Armendariz we have aja’(b) € nil(R)

and since aj = 0~ '(a;),0; = o7 (bj), we have o~ (a;)a’o " (b;) € nil(R).
This implies

o Ya)o toalo T (b;) = o Hai(cao ) (b)) € nil(R)
and finally we obtain
ai(cac 1) (b;) € nil(S), 0 <i,j < m.

Hence S is weak cao 1-skew Armendariz. -

4 Skew Polynomial Laurent series Rings

In this section we introduce Laurent o-Armendariz rings and Laurent o-skew
power series rings and we give their useful characterization in terms of o-skew
Armendariz rings. Throughout this section ¢ is a ring automorphism.

A ring R is o-skew Armendariz ring of Laurent type if for every two polyno-

mials . .
f@) =Y at, gl@) =3 bt

i=—p J=-t
from R [x, z~ L 0’],
f(x)g(z) =0 implies a;o'(b;) =0,-p<i<gq,~t<j<s.

We say that R is o-skew power series Armendariz ring of Laurent type if for
every

flx) = Z aizt, g(z) = Z bja’

i=—p j=—t

from the power series ring R[[z, 2~ 1; o]],
f(x)g(x) =0 implies a;0°(b;) = 0,—p < i < 00, —t < j < oc.

In the following two theorems we give a useful characterization of Laurent
o-skew Armendariz rings and Laurent o-skew power series rings.

Theorem 4.1. The following conditions are equivalent:
1. R is o-skew Armendariz ring,

2. R is o-skew Armendariz ring of Laurent type.
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q , s A

Proof. Suppose that f(z) = > a;2" and g(x) = ) bja’ are polynomials from
i=—p Jj==t

the ring R[r,z71;0] such that f(z)g(x) = 0. Since zPf(x) and z’g(x) are

polynomials from the ring R[z;0] we have that 2P f(z)g(z)z! = 0 which gives

oP(a;)o*P(bj) =0,—p <i < q,—t < j < s. Since o is an automorphism,

o (a0’ (b)) = 0,

so that we have a;07(b;) = 0. The converse is evident since R[z; 0] C R [z, 275 0] .
.
Theorem 4.2. The following conditions are equivalent:
1. R is o-skew power series Armendariz ring,
2. R is o-skew power series Armendariz ring of Laurent type.
Proof. The same as the proof of the previous theorem. .
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Abstract

I. D. Arandelovié¢ and V. Misi¢ [4] (see also [5]) introduced the notion
of a contractive linear operator on metric linear spaces. In [3] authors con-
sider contractive linear operators on locally convex topological vector spaces.
General theory of contractive bounded linear operators on partial ordered
(non-necessarily locally convex) Haussdorff topological vector spaces and
theirs basic properties was presented in [6].

In this talk (paper) we present one common fixed point theorem with op-
erator contractive condition which generalize some earlier results obtained by
S. Chatterjea [10], M. Abbas and G. Jungck [1] - Theorem 2.4, L.-G. Huang
and X. Zhang [4] - Theorem 4, Sh. Rezapour and R. Hamlbarani [18] -
Theorem 2.7.

1 Introduction

There have been a number of generalizations of metric space. One such general-
ization is the notion of a TVS-cone metric space initiated by I. Beg, A. Azam and
M. Arshad [9] which include cone metric spaces in Huang - Zhang sense [4]. They
have proved some fixed point theorems for this class of spaces which generalize
Banach’s and Kannan’s contraction mappings principles in a cone metric space
with normal cone. This result’s were extended to cone metric space with solid
cone by Sh. Rezapour and R. Hamlbarani [18|. I. D. Arandelovi¢ and V. Misi¢
[4],[5] introduced the F - cone metric spaces and the notion of a contractive linear
operator and present some fixed point results with operator contractive condition
which generalize some results from [4] and [18]. In [3| authors consider contrac-
tive linear operators on locally convex topological vector spaces. General theory
of contractive bounded linear operators on partial ordered (non-necessarily lo-
cally convex) Haussdorff topological vector spaces and theirs basic properties was
presented in [6].
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G. Jungck [13] initiated the investigation of common fixed point theorems for
commuting mappings. S. Sessa [19] introduced the notion of weak commutativ-
ity of mappings, which further generalizes concept of R-weak commutativity of
R. Pant [17]. Further G. Jungck [14] defined compatible and weakly compatible
[15] pairs of self-mappings. Common fixed point results in cone metric spaces
were presented in papers [12], [1], [8], [16],...In this talk (paper) we present one
common fixed point theorem with operator contractive condition which generalize
some earlier results obtained by S. Chatterjea [10], M. Abbas and G. Jungck [1]
- Theorem 2.4, L.-G. Huang and X. Zhang [4] - Theorem 4, Sh. Rezapour and
R. Hamlbarani [18] - Theorem 2.7.

2 Preliminary Notes

Let F be a linear topological space. Let F be a linear topological space. A subset
P of F is called a cone if:

1) P is closed, nonempty and P # {0};
2)a,be R, a,b>0, and z,y € P imply ax + by € P,

3) Pn(—P)={0}.

Given a cone, P C E we define partial ordering < on E with respect to P by
x <y if and only if y — x € P. We shall write z < y to indicate that z < y and
x # y, while x < y will stand for y — z € intP (interior of P).

Let E be a linear topological space and let P C E be a cone. We say that P
is a solid cone if and only if int P # (). Then ¢ is an interior point of P if and only
if [—¢, c] is a neighborhood of © in E.

Ordered topological vector space (E, P) is order-convex if its base of neigh-
borhoods of zero consists of order-convex subsets. In this case the cone P is said
to be normal, or P-saturated.

Let E be a topological vector space and P C E be a cone. P is a solid cone if
and only if intP # (). There exists solid cone which is non-normal [18]. In paper
[6] we introduced the notion of a contractive operator by the following way.

Definition 2.1. ([6]) If A: E — E is a one to one function such that A(P) = P,
(I-A) is one to one and (I — A)(P) = P then A is contractive operator.

Basic properties of contractive bounded linear operator we present in next
Lemma.

Lemma 2.1. (/6]) If A: E — E is the contractive bounded linear operator then
1) there exists A~' and it is bounded linear operator;
2) there exists (I — A)~™! and it is bounded linear operator;
3) A(z) < x for any x € intP;
4) x <y implies A(z) < A(y) for any z,y € P;
5) x <y implies A(z) < A(y) for any x,y € P;
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6) (I —A)(z) < x for any x € intP;
NI+A+-+A"=(I—-A)o(I—- AT
8) for each x € P and any c € intP there exists a positive integer ng such that

A(z) < ¢

for all n > ng;
9) limy, oo (I + A4+ A") = (I — A)~L.

Recently I. Beg, A. Azam and M. Arshad [9] introduced the notion of TVS-
cone metric spaces, such that distance function take values Hausdorff (not neces-
sarily locally convex) topological vector space.

In the following, we always suppose that E is a real (not necessarily locally
convex) Hausdorff topological vector space, P is a solid cone in E such that < is
a partial ordering on F with respect to P. By I we denote the identity operator
on Eie. I(x)=ux for each z € E.

Definition 2.2. Let X be a nonempty set. Suppose that a mappingd : X x X —
E satisfies:

1) © <d(z,y) for all z,y € X and d(z,y) = © if and only if z = y;

2) d(z,y) = d(y,x) for all z,y € X;

3) d(z,y) < d(x,z)+d(z,y) for all z,y,z € X.

Then d is called a TVS-cone metric on X and (X,d) is called a TVS-cone
metric space.

Definition 2.3. Let (X, d) be a solid TVS-cone metric space, x € X and (z,) a
sequence in X. Then

1) (z5,) TVS-cone converges to z if for every ¢ € intP there exists a positive
integer N such that for all n > N d(z,,z) < ¢. We denote this by limz,, = x or
Ty — T;

2) (z,) is a TVS-cone Cauchy sequences if for every ¢ € intP there exists a
positive integer N such that for all m,n > N d(zp, x,) < ¢;

3) (X,d) is a TVS-cone complete cone metric space if every Cauchy sequence
is convergent.

Lemma 2.2. ([7]) Let (X,d) be a TVS-cone metric space, () C X and A :
E — E a one to one bounded linear operator such that 2A is contractive operator

and B= (I —A)~to A If

d($n+1, xn+2) < B(d(ﬂ?n, -Tn+1)) (1)
for any n, then (x,,) is a Cauchy sequence.

Let X be a nonempty set and f : X — X an arbitrary mapping. The element
x € X is a fixed point for f if x = f(x).

Let X,Y be a nonempty sets, f,g : X — Y and f(X) C g(X). Choose a
point 1 € X such that f(zp) = g(z1). Containing this process, having chosen
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xn € X, we obtain x,41 € X such that f(z,) = g(xnt1). f(zy) is called Jungck
sequence with initial point xg.

Let X,Y be a nonempty sets and f,g: X — Y. If f(x) = g(x) = y for some
y € Y then x is called a coincidence point of f and g, and y is called a point of
coincidence of f and g.

Let X be a nonempty set and f,¢g: X — X. f and g is weakly compatible
self mappings if they commute at their coincidence point.

Lemma 2.3. ([1]) Let X be a nonempty set and f,g: X — X be weakly compat-
ible self mappings. If f and g have unique point of coincidence y = f(x) = g(z),
then y is the unique fized point of f and g.

3 Results

Next Theorem generalizes Theorem 2.4 of [1|, Theorem 2.7 of [18] and Theorem
4 of [4]. It also include famous result of S. Chatterjea [10].

Theorem 3.1. Let (X,d) be a TVS - cone metric space, f,g: X — X and A :
E — E one to one bounded linear operator such that 2A is contractive operator.
Suppose that the rang of g contains the rang of f, and g(X) is a complete subspace

of X. If for any x,y € X

d(f(x), f(y)) < Ald(g(x), f(y)) + d(9(y), f(2))), (2)

then f and g have a unique point of coincidence in X. Moreover if f and g are
weakly compatible, then f and g have a common unique fized point.

Proof: Let 29 € X be arbitrary. Choose a point 1 € X such that f(zo) = g(x1).
Continuing this process, having chosen z,, € X, we obtain x,+1 € X such that

f(xn) = g(wny1).
By (3.1) we get that

d(g(xn), 9(xnt1)) = d(f(2n-1), f(2n)) <

< A(d(g(@n-1), f(2n)) + d(g(xn), f(2n-1))) =

= A(d(9(zn-1), 9(xnt1)) + d(g(zn), g(2n))) =

= A(d(9(zn-1), 9(xnt1)) < Ald(9(zn-1), 9(xn)) + Ald(g(2n), 9(2nt1)),

which implies

(I = A)(d(g(zn), 9(zn+1))) < Alg(d(zn-1),9(2n)))-

Let B = (I —A)"'oA. Now we have that (g(z,)) is convergent because it satisfies
the hypotheses of Lemma 2.2 and ¢g(X) is complete.

Let limg(x,) = q¢. ¢ € g(X), because g(X) is complete, which implies that
there exists p € X such that ¢ = g(p). Let 0 < ¢. Then there exists positive
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integer ng such that n > ng implies d(g(x,,),q) < g and d(g(zn), 9(Tn41)) < g .

Such ng exists because lim g(x,,) = ¢q. Let n > ng. Hence

d(g(p), f(p)) < d(f(p), 9(xn+1)) + d(9(Tnt1), 9(p)) =
=d(f(p), f(zn)) + d(g(zn+1),q) <

< A(d(f(p), g(wn)) +d(g(p), f(zn))) + d(g(wn+1),q)

< A(d(f(p), g(p)) + d(g(p), 9(zn)) + d(g(p), f(xr))) + d(g(zn+1): q)

= A(d(f(p),9(p)) + d(q, 9(xr)) + d(q, 9(xn+1))) + d(g(zn+1): 9)

< A(d(f(p),9(p))) + Ad(g, g(zn))) + A(d(q; 9(xn41))) + d(g9(zn+1), ),

d(g(y), f(y)) — A(d(g(y), f(y))) <
A(d(q, 9(zn))) + A(d(q, 9(xn11))) + d(9(Zns1), @)

Hence,

(I = A)(d(g(p), f(p)) < c.

So we obtain f(p) = g(p) = ¢, because I — A is one to one linear operator, which
implies that (I — A)(z) = 0 if and only if z = 0.
Let z € g(X), z # p and ¢g(z) = f(z). From (3.1) it follows

d(g(2),9(p)) d(f(2), f(p)) < A(d(g(2), f(p)) + d(g(p), f(2))) <
A(2d(g(2),9(p)))-

So 0 < (2A — I)(d(z,p)). It follows d(z,p) = 0 which is a contradiction. So f
and ¢ have a unique coincidence point in X. Assume now that f and g f and ¢
are weakly compatible. From Lemma 2.3 it follows that f and g have a common
unique fixed point.
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Apstrakt

U ovom radu se razmatraju Diofantove jednadine x? — azy + y> = a

i 22 — axy + y> = —a sa dvije cjelobrojne promjenljive z, y i jednim
prirodnim parametrom a. Ispituje se za koje vrijednosti parametra a ove
jednacine imaju bar jedno rjeSenje, a kada imaju beskonatno mnogo cjelo-
brojnih rjesenja. U slucajevima kada neka od ovih jednacina ima beskona¢no
mnogo rjefenja nalazi se njeno opite rjefenje. Ovim éemo uopstiti odgo-
varajuca tvrdjenja iz [1], odnosno [2].

Uvod

Poznato je da je teorija kvadratnih Diofantovih jednacina sa dvije promjenljive
skoro u potpunosti ispitana. Naime, za svaku ovakvu jednacinu se mozhe utvrditi
da li ona ima rjeSenja, a u slu¢aju kad ima rjeSenja, moze se polazeéi od jednog
njenog rjeSenja naci rekurentni niz kojim su odredjena sva njena rjeSenja. S sruge
strane, teorija kvadratnih Diofantovih jednacina sa dvije promjenljive i jednim ili
vie cjelobrojnih parametara je aktuelna i danas.

Neka je data familija (niz) kvadratnih formi

2

Pa(x7y) =T — axy—l—gﬂ,

gdje je a prirodan broj, a x i y cjelobrojne promjenljive. Ispitajmo za koje

vrijednosti parametra a i neke vrijednosti cjelobrojnog parametra b jednacina
P,(z,y) = b ima bar jedno cjelobrojno rjesenje.

2 —ary+y? =1

1 Diofantova jednacina x
Razmotrimo prvo slucaj b = 1, tj. posmatrajmo Diofantovu jednacinu

2 —ary +y* = 1. (1)
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Ako je par (z,y) rjeSenje jednacine (1), onda je oCito i par (—z, —y) takodje
njeno rjesenje. Kako za ry < 0 imamo 22 —azy-+y? > 1, a za 2y = 0 dobijamo dva
rjesenja (1,0) 1 (0,1), slijedi da se dalje mozemo ograniciti na rjesavanje jednacine
(1) u skupu prirodnih brojeva.

Za a = 1 dobijamo jednacinu 2> — zy+4? = 1, koja u skupu prirodnih brojeva
ima samo jedno rjesenje (1,1). Za a = 2 dobijamo jednaéinu (z — y)? = 1, &ija su
sva rjeSenja u skupu N oblika (n,n 4+ 1), (n+ 1,n), n € N. Neka je, dalje, a > 2.
Tada moZzemo uzeti da je x # y, posto je za x = y lijeva strana jednacine (1)
negativna.

Par (1,a) je jedno rjeSenje jednacine (1). Neka je par (z,y) jedno rjesenje
Jednacme (1). Pokazimo da tada ona ima i rjeSenje oblika (y, z), koje je razli¢ito

d (z,y) (i (y,z)). Zaista, iz jednakosti P,(z,y) = 1 i P,(y,2) = 1 dobijamo
redom

2

x2—al‘y+y2:y2—ayz+z2,

2?2 — 2% = axy — ayz,

(& — 2)(+2) = ay(z — 2),
odakle, zbog x # z, slijedi da je x + z = ay, tj. z = ay — x. Dakle, ako je (z,y)
rjeSenje jednacine (1), onda je i (y, ay — =) njeno rjeSenje. Na ovaj nacin, polazec¢i
od rjesenja (1, a), dobijamo da jedna¢ina (1) ima beskona¢no mnogo rjeSenja i da
su ta rjeSenja oblika (z,y) = (zp, Tn+1), gdje su zy, 1 Tp41 uzastopni clanovi niza
(z,) definisanog rekurentnom formulom

xo=1, 1 =a, ZTp41 =ar, —xy—1 (n€N). (2)

Pokazimo da su sa (2) data sva rjeSenja jednacine (1) u skupu prirodnih bro-
jeva.

U suprotnom, postoji njeno minimalno (u odnosu na zbir koordinata) rjeSenje
(p,q), p < q, takvo da p i ¢ nisu uzastopni ¢lanovi niza (2). Ako je p =1, onda je
q=a,tj. (p,q) = (x0,x1), Sto je suprotno pretpostavci.

Neka je, zbog toga, p > 1. Iz prethodno dokazanog slijedi da par cijelih brojeva
(r,p) = (ap—q, p) takodje zadovoljava jednac¢inu (1). Pri tome je r2—arp+p*—1 =
0, odakle slijedi da je r > 0 (za r < 0 imali bismo da je 72 — arp + p*> — 1 > 0).
Sli¢no dobijamo da je r < p, jer bismo za r > p, zbog p < ¢, imali

—r2tarp=r(ap—7r)=rq¢>rp>p>>p° —1,

tj. 72 —arp+p> — 1 < 0. Dakle, 0 < r < p.

Kako par prirodnih brojeva (7, p) zadovoljava jednaéinu (1) i pri tome je r+p <
p + ¢, na osnovu pretpostavke postoji k € Ny takav da je r = zx 1 p = T41.
Medjutim, tada je ¢ = ap — r = axg41 — Tk = Tiy2, tj. (p,q) je takodje par
uzastopnih ¢lanova niza (z,). Kontradikcija.

Ovim smo dokazali sljedece tvrdjenje

Teorema 1.1. Za svaki prirodan broj a > 2 jednacina (1) ima beskonaéno
mnogo rjeSenja u skupu prirodnih brojeva. Sva njena rjeSenja su oblika (z,y) =
(T, Tn+1), gdje su @y, 1 Tpy1 uzastopni ¢lanovi niza (2).
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2 Diofantova jednaéina z? — azy +vy> = a
Neka je sada b = a, a € N, tj. posmatrajmo Diofantovu jednacinu
2% — axy + % = a. (3)

u skupu nenegativnih cijelih brojeva z i . Ako je z = 0 onda je y? = a, tj. a je
potpun kvadrat. Imamo sljedeéa dva slucaja.

1° Ako je a potpun kvadrat, tada je a = b% za neko b € N, pa dobijamo
jednacinu
22 — b2xy + % = b2 (4)

2

Pri tome mozemo uzeti da je b > 1, podto smo jednatinu z? — zy + y? = 1

veé razmatrali.

Kako je (b, b®) jedno rjesenje jednagine (4), kao i ranije dobijamo da je svaki
par (z,y) = (zk, Tk+1) uzastopnih ¢lanova niza (x,) definisanog sa

xg=0, 11 =b, Xpy1 = b2z, — Tp_1 (n € N) (5)

takodje njeno rjeSenje.

Pokazimo da su sa (5) data sva rjeSenja jednatine (4) u supu prirodnih
brojeva.

U suprotnom, postoji njeno minimalno (u odnosu na zbir koordinata) rjeSenje
(p,q), takvo da p i ¢ nisu uzastopni ¢lanovi niza (5). Pri tome je p # g, jer
bismo za p = ¢ imali (2 —b%)p? = b%, §to je nemoguce, posto je lijeva strana
ove jednakosti negativna, a desna strana pozitivna. Takodje ne moze biti
1+ ¢?

— 1 a
1+g¢
ovaj razlomak je cio broj samo za prirodan broj ¢ = 1, §to je u kontradikciji
sa p # q. Dakle, mozemo uzeti da je 1 < p < q.

p = 1, jer bismo u tom slu¢aju imali da je 1—b%q+q? = b2, tj. b =

Iz prethodno dokazanog slijedi da par cijelih brojeva (r,p) = (b%p — q,p)
takodje zadovoljava jednacinu (5). Posmatrajmo kvadratnu funkciju

f(z) = 2® — b’xp + p* — b2

Kako je f(q) =01 f(p) = (2 — b*)p? — b* < 0 za nule r i q ove funkcije vazi
r < p < q. Imamo sljedeca tri slucaja.

1) f(0) = 0. Tadajer =0, p = b, ¢ = b paje (p,q) = (v1,22).
Kontradikcija.

2) f(0) > 0. Tada je p*> —b*> > 0, tj. p > b, pa kako je f(r) = 0 i
f(p) < 0, dobijamo da je 0 < r < p. Kako par prirodnih brojeva
(r,p) zadovoljava jedna¢inu (4) i pri tome je r + p < p + ¢, na osnovu
pretpostavke postoji k € N takav da je r = 2 1 p = xp41. Medjutim,
tada je ¢ = b?p — r = b2xp41 — Tp = Tpyo, tj. (p,q) je takodje par
uzastopnih ¢lanova niza (z,,). Kontradikcija.

45



3) f(0)<0. Tadaje p? — b2 <0,tj. 1<p>bir<0,paje
0=f(r)=r=rp+p> - =r> +p> + b*(—rp—1) > 0,
jer je —rp — 1 > 0. Kontradikcija.

2° Neka a nije potpun kvadrat. Tada je a > 2. Pretpostavimo da jednacina (3)
ima rjeSenje (x,y) u skupu nenegativnih cijelih brojeva. Kako za z = 0 (ili
y = 0) dobijamo da je a potpun kvadrat, slijedi da su x i y prirodni brojevi.
Neka je (p,q) njeno minimalno rjeSenje. Pri tome je p # g, jer bismo za
p = ¢ imali (2 — a)p? = a, $to je nemoguce, poito je (2 — a)p? < 0. Dakle,
mozemo uzeti da je 0 < p < q.
Par cijelih brojeva (r,p) = (ap — ¢,p) je takodje rjesenje jednacine (3), tj.
vazi r2 — arp + p® — a = 0. Pokazimo da je 0 < 7 < p.

Posmatrajmo kvadratnu funkciju
f(z) = 2% — azp + p* — a.

Kako je f(q) =01 f(p) = (2—a)p® —a < 0 za nule r i q funkcije f vazi
r < p<q. Zaista, za x < 0 je f(z) = 2> —axp+p? —a > —azxp—a > 0, tj.
f(z) > 0, a ne moze biti r = 0 (jer bi u tom slu¢aju a bio potpun kvadrat).

Dakle, par (r,p) zadovoljava jednainu (3) i vazi 0 < r < p < ¢, §to je u
kontradikciji sa pretpostavkom da je (p, ¢) njeno minimalno rjeSenje.

Ovim smo dokazali sljedece tvrdjenje, koje je uopsStenje zadatka 6 sa Medju-
narodne matematicke olimpijade 1988. godine.

Teorema 2.1. Jednadina (3) ima beskona¢no mnogo rjeSenja u skupu prirodnih
brojeva samo ako je a potpun kvadrat. Ako je a = b® potpun kvadrat, onda su
sva njena rjeSenja oblika (x,y) = (zn, Tp+1), gdje su zy, i p41 uzastopni ¢lanovi
niza (5).

3 Diofantova jednacina 2% — azy + 3> = —a
Neka je b = —a, a € N, tj. posmatrajmo Diofantovu jednacinu
2% —ary +y* = —a. (6)

u skupu (nenegativnih) cijelih brojeva z i y.
Pokazimo da ona ima cjelobrojnih rjesenja samo za a = 5.

1° Pretpostavimo da jednacina (6) ima cjelobrojnih rjeSenja. Tada je a > 2,
jer je

2 —zy+yt 1= ((2x—y)2+3y2)+1>0,

1
4
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22— 2y 4+ +2=(z—y)?+2>0.

Dalje, za a > 2 jednacina (6) nema cjelobrojnih rjesenja takvih da je z =y,
jer za x = y dobijamo da je

(2—a)z? +a, tj. 2°=

a

azaa>3vazi 1< ne moze biti potpun

kvadrat.

< 4, odakle slijedi da
a—?2 a—

Primijetimo jo§ da jednacina (6), posmatrana kao kvadratna jednaina po
x pri fiksiranim a > 2 i1 y € N, nema cjelobrojnih rjeSenja. Zaista, u
suprotnom bi njena diskriminanta jednaka nuli, tj. a?y? — 4(y? +a) = 0,

4a 4a
odjosno Y’ = 21 Kako za a > 2 vazi o < = i ne moze biti
a
pi 1, jer jednacina a®? — 4a — 4 = 0 nema cjelobrojnih rjeSenja, to
a2 —
4a
5 ne moze biti potpun kvadrat. Kontradikcija.

a —_—

Pretpostavimo da je (p,q), p < ¢, minimalno rjeSenje jednacine (6) u skupu
prirodnih brojeva, tj. rjeSenje sa najmanjim y =p. Za to y = p kvadratna
jednacina

2 —arp+p®+a=0 (7)

ima dva razliCita rjeSenja x = qixz =7, ¢ < r. Tada je p < ¢ < 7 pa je
q > p+1ir > p+2. Naosnovu Vijetovih formula za korijene ¢ i ¢ jednac¢ine
(7) vazi

q+r=ap, qr:pQ—l—a.

Zbog toga je
PPra—ap=qr—q—r=(q—1)(r—-1)—-1>plp+1)—1=p>+p—1,

tj. p>+a—ap > p*+p— 1, §to je ekvivalentno sa (1 — p)(1 + a) > 0.
Posljednja nejednakost je moguéa samo za p = 1, a u ovom slucaju sve
gornje nejednakosti postaju jednakosti pa dobijamo da je

g=p+1=2, r=p+2=31 a:qr—p2:5.

Neka je a = 5. Tada dobijamo jednacinu
z? — 5y +y* +5 = 0. (8)

Za r = 1 dobijamo jednac¢inu y? — 5y + 6 = 0, koja ima dva cjelobrojna
rjeSenja y = 2 iy = 3, §to znaci da su (1,2) i (1,3) rjeSenja jednacine (8).

Ako je (z,y) rjesenje jednacine (8), na osnovu ranije pokazanog, slijedi da
je i (y,5y — =) njeno rjeSenje. Zbog toga ¢e jednacinu (8) zadovoljavati svi
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parovi (z, Tx11) 1 (2, 7)., ,) susjednih ¢lanova sljedeca dva niza (z,) i (z7,)
definisanih rekurentnim formulama

xo=1, ©1 =2, xTp+1=05T, — Tp_1, N EN, (9)

ro=1, 21 =2, =z, =>5x,—a),_;, neN. (10)

Pokazimo da su na ovaj nalin odredjena sva rjeSenja jednacine (8). U
suprotnom postoji njeno minimalno rjeSenje (p,q), p < ¢, takvo da p i ¢
nisu uzastopni ¢lanovi jednog od nizova (9) ili (10). Ako je p = 1, onda je
q=2ili ¢ =3paje (p,q) = (xo,21) ili (p,q) = (xf,2}), §to je suprotno
pretpostavci.

Neka je, zbog toga, p > 1. Tada je par (p,r) = (p,5p — q) takodje rjesenje
jednacine (8) pa je 72 —5rp+p®+5 = 0, odakle slijedi da je r > 0 (za r < 0
je lijeva strana ove jednacine pozitivna). Pokazimo da je r < p. Neka je
f(x) = 2% —bap+p?+5. Tadaje f(q) =01i f(p) = —3p> +5 < 0, pa za
nule 7 i ¢ ove funkcije vazi r < p < ¢, odnosno 0 < r < p < q. Kako par
(r,p) zadovoljava jednacinu (8), slijedi da postoji k takvo da je

e / /
r=2xg, p=Tpy1 i T=2p, p=1a),q.

Medjutim, tada je ¢ = dp —r = dTpy1 — T = Tp4o i ¢ = dp —1r =
5x) . — T, = Ty, tj. (p,q) je par uzastopnih ¢lanova jednog od nizova
() i («])). Kontradikcija.

Ovim smo dokazali sljedece tvrdjenje, koje je uopstenje zadatka M 1225 iz [2].

Teorema 3.1. Jednatina (6) ima rjeSenja u skupu prirodnih brojeva samo za
a = 5. Za a = 5 su sva njena rjeSenja oblika (z,y) = (zn, Tpy1) ili (2,2, 1),
gdje su x,, i Tp41, odnosno ), i x;, 1, uzastopni ¢lanovi nizova (9) i (10).
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Apstrakt

U radu su analizirani konveksni jednakostrani polupravilni poligoni i to
sa stanovista geometrijske konstrukcije i geometrijskog prikaza. Analizirani
su uslovi pod kojim se mozZe geometrijski konstruisati polupravilni jednakos-
trani konveksni poligon,a zatim je dato rjesenje problema vezanog za odrede
broja geometrijskih prikaza polupravilnih poligona Py sa N = n - m stran-
ica. Formulisana je veza geometrijskog prikaza polupravilnih poligona i
trinomnih jednacina.Na osnovu te veze dat je analiticki pristup konstruk-
ciji polupravilnih jednakostranih poligona &iji vrhovi upisanog mu pravilnog
poligona leZe na jedini¢noj kruznici.

1 Uvod

Navedimo nekoliko elementarnih pojmova iz algebre koji su nam potrebni za dalje
izlaganje,a koji su povezani sa geometrijskom konstrukcijom pravilnih poligona|l].
Neka je &€ = a + bi, a,b € R proizvoljan kompleksan broj.Od posebnog
interesa su kompleksni brojevi ¢iji je modul jednak 1.Neka je z takav broj. Tada
je z = cosp + isin . Slike stepena broja z leZe na kruznici polupretnika r = 1.
Faza broja Z2 jednaka je 2¢p.faza broja Z3 je 3¢, faza broja 2" jednaka je n.

Lako se pokaze da dijeljenje kruznice na n € N jednakih dijelova vodi ka
defenisanju jednacine z™ — 1 = 0. Radi toga jednacina takvog oblika nosi jos i
naziv jednacina dijeljenja kruznice.

Stavimo li da je € = cos 2% + i sin 27” tada je €* = cos %TW + isin %TW
Korijeni n-tog stepena iz jedinice; 1,¢,2,¢3,...,e" ! su medusobno razliciti

i njihove slike predstavljaju vrhove pravilnog n-tougla, upisanog u kruznicu polu-
pre¢nika » = 1, pri ¢emu tacka koja odgovara broju 1 odgovara jednom od vrhova
pravilnog poligona. Primijetimo da, kako je €™ = 1, vrijedi

n—k k 2k L. 2km

VR =gk = 1. 7% = cos = —isin — (1)
n n

Konstrukcija pravilnog n-tougla svodi se dakle, na odredivanje n-tog korijena
iz jedinice, tj.takvog broja ¢ koji zadovoljava jednacinu 2" — 1 = 0.
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Kako je 2" —1 = (z — 1)(2" 1 + 2" 2 + ... + 2+ 1) slijedi da je 1 korijen
jednatine 2™ —1 = 0 i da svaki drugi korijen € zadovoljava jednacinu

8n71+€n*2+...+5:—1. (2)

Konstrukcija pravilnog n tougla moze se ostvariti pomocéu Sestara i lenjira kada
korijeni jednacine 2 mogu biti izraZeni u kvadratnim radikalima (dokaz pogledati

u [1]).

2 Geometrijske konstrukcije

i prikazi polupravilnih poligona
Neka je 77]%,’6 konveksan jednakostrani polupravilni poligon sa N = n - m stranica
kome je pravilni poligon Pg,n > 3,€ N "upisani" a P{,k > 3 € N jednakokraki

poligoni sa m = k—1 jednakih kraka konstruisani nad svakom stranicom pravilnog
poligona,kao zajednit¢kom,i neka je sa § oznacen ugao za koji vrijedi

o= Z(di_l,di);i = 1,2, e, — 1;d0 = Q; dm—l = dk_g = b, (3)

idc(0;55;) 0 # 4 tada vrijedi teorema

Teorema 2.1. Konveksni jednakostrani polupravilni poligon 77;,’5, stranice a i
ugla & mozemo geometriski konstruisati ako i samo ako se moze geometrijski
konstruisati "upisani" mu pravilni poligon i odgovarajuéi iviéni poligoni sa m =
k —1 jednakih kraka nad svakom stranicom tog upisanog pravilnog poligona tako
daje N =n-m.

Dokaz:Neka je dat polupravilan poligon Py i neka su Ay, As, ..., A, vrhovi
"upisanog" mu pravilnog poligona Py,.

Sa Aj = B1,B2,Bs,...,By,Bpy1 = Ajt1,5 = 1,2,...n oznafimo vrhove
jednakokrakog poligona P}, konstruisanog nad svakom stranicom AjA; 1 "up-
isanog" mu pravilnog poligona.

Pokazano je [Gaus,1796.] da se pravilan poligon sa n stranica moZe geometri-
jski konstruisati ako i samo ako vrijedi

n=270.pi p3%-..-pi g > 0,19 € Z,05 € {0,1},i=1,2,...,s. (4)

gdje su p; razli¢iti prosti brojevi Ferme.To je ne samo dovoljan nego i potreban
uslov za konstrukciju pravilnog poligona [1]. Neka ti uslovi vrijede za "upisani"
pravilni poligon.Tada njegova konstrukcija postoji.

Ostaje da se analizira konstrukcija jednakokrakih poligona PZ  konstrusanih
nad svakom stranicom,kao zajedni¢kom,upisanog pravilnog poligona ako je zadana
duzina kraka a i ugao 9.
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Primijetimo da dijagonale d;,7 = 1,2,...,m — 1 povucene iz vrha A; stranice
AjA; 1 =0b,ij=1,2,...,n pravilnog poligona PP dijele poligon P na trouglove:

AAngBg, AA]'BgB4, ey AAjBi_lBi, AA]'BZ'BZ‘_H, IRRVAN AijAj_H.

Dakle,egzistencija konstrukcije poligona Py} ,zavisi od konstrukcije tih trouglova.
Ne gubedi nista na uopstenosti uzmimo da je jednakokraki poligon P; kon-

struisan nad stranicom A;As = b pravilnog poligona P2.

Dijagonale d;, i = 1,2,...(m — 1), povucene iz vrha A; dijele poligon P} na

trouglove

AAByBs, AA BB, ..., AABiBis1, ..., AA; By As.
Vrijedi:

1. Za jednakokraki trougao AA;BsBs je zadato A1 By = BaBs = a,
LA) = £B3 = § i moZemo ga konstruisati,a A1B3 = dj je osnovica tog
trougla.

2. Za trougao AA1B3By vrijedi BsBy = a,/A; = 0A1B3 =d; i
/C(Bg, a) NA1By = By.

3. Za trouglove ANA1B;B;11,1 =2,3,...,m,Byn+1 = As, je zadato;
B;Bit+1 = a,ZA; =9, A1 B; = d;_2.Dakle, mogu se konstruisati.

Slijedi,postoji konstrukcija poligona P} stranice a i osnovice Aj Ay = b.

Ponovimo li konstrukciju jednakokrakih poligona Pj nad svakom stranicom
upisanog pravilog poligona dobijamo polupravilni poligon Py, kome je zadana
stranica a i ugao 4. ¢

Neka je Py konveksni jednakostrani polupravilni poligon sa /N stranica i
N=n-m,nk>3m=k—1,n,k €N tada ima smisla definicija

Definicija 2.1. Kazemo da paru prirodnih brojeva (n, m) odgovara geometrijska
konstrukcija K" konveksnog jednakostranog polupravilnog poligona Py sa N
stranica ako:

1. Za svaki N € N postoje prirodni brojevi n,k > 3 i prirodan brojm =k —1
takvida N =n-m.

2. Za broj stranica n upisanog pravilnog poligona vrijedi prikaz
n=2".p" . pd?... . p2rg>0,r9 € Z oy €{0,1},i=1,2,...,s.
gdje su p; razliciti prosti brojevi Ferme,

3. Nad svakom stranicom pravilnog poligona,kao zajedni¢kom, postoji kon-
strukcija jednakokrakog poligona sa m = k — 1 jednakih kraka.
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Vrijedi i obratno: Geometrijskom konstrukcijom K" polupravilnog poligona
Pn sa N stranica je generisan ureden par (n,m) prirodnih brojeva takvih da
jen-m = Nink € Nnk > 3,m = k—1,1in je broj stranica upisanog
mu pravilnog poligona,a m broj kraka jednakokrakih poligona konstruisanih nad
svakom stranicom, kao zajedni¢kom, tog upisanog pravilnog poligona.

Kako prikaz broja N = n - m u obliku proizvoda dva prirodna broja nije
jedinstven,jednakostrani polupravilni poligon nema jedinstvenu geometrijsku kon-
strukciju.

Ako je Kn skup svih geometrijskih konstrukcija polupravilnog poligona Py
tada je

Kn={K} nk>3nkeNm=k—1AN=n-m} (5)

i pri tome n ima prikaz oblika 4.

Ako ne zahtijevamo da postoji stroga geometrijska konstrukcija pravilnog
poligona nego samo da postoji "upisani" pravilni poligon P, odnosno da zahtjeve
definicije oslabimo tako da vrijedi definicija

Definicija 2.2. Ako se broj stranica N jednakostranog polupravilnog poligona
‘Pn moze prikazati kao proizvod dva faktora n - m tako da je n broj stranica
"upisanog" pravilnog poligona, a m broj jednakih kraka poligona konstruisanog
nad svakom stranicom tog pravilnog poligona i pri tome je n,k > 3,n,k € Nym =
k —11iN = n - m,(nije obavezno da n ima prikaz oblika 4) kazemo da je parom
(n,m) odreden geometrijski prikaz P)" polupravilnog poligona .

Vrijedi i obratno:Geometrijskim prikazom P)* je generisan ureden par (n,m).
Oznadimo li sa Gy skup svih geometrijskih prikaza polupravilnog poligona Py sa

N = n - m stranica tada je

Gy = {PI"3n,k € Nn,k >3,m=k—1,N =n-m}. (6)

Dakle,mozemo govoriti o skupu Ky svih geometrijskih konstrukcijakada par
prirodnih brojeva (n,m) zadovoljava uslove definicije 2.1 i o skupu Gy svih ge-
ometrijskih prikaza konveksnog polupravilnog poligona Py kada par prirodnih
brojeva (n, m) zadovoljava uslove definicije 2.2,0dnosno kada se ne zahtijeva da n
obavezno ima prikaz u obliku 4.

Na osnovu izloZenog slijedi da je svaki konstruktivni prikaz ujedno i geometri-
jski, a da obratno ne vrijeds.

Sljede¢im primjerima pokazujemo razliku izmedu geometrijske konstrukcije i
geometrijskog prikaza.

Primer 2.1. Par prirodnih brojeva (6,2) generise gemetrijsku konstrukeiju

polupravilnog dvanestougla P12 jer postoji geometrijska konstrukcija pravilnog
Sestougla Pg 1 jednakokrakog trougla P3 nad svakom njegovom stranicom. Takode
geometrijsku konstrukciju jednakostranog polupravilnog Pis generisu i parovi
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(3,4), (4, 3) jer se polupravilni dvanestougao moze konstruisati ako se nad svakom
stranicom jednakokrakog trougla konstruise poligon sa 4 jednaka kraka,kao i kada
se nad svakom stranicom kvadrata konstruiSe poligon sa tri jednaka kraka.

Na osnovu toga skup geometrijskih konstrukcija konveksnog polupravilnog
dvanaestougla ¢ine parovi

Ki2 = {(6’ 2)’ (37 4)7 (47 3)} = {’Cgv ]C47 /Ci}
Osim toga skup geometrijskih prikaza polupravilnog dvanaestougla je
G2 = {(6> 2)a (37 4)7 (47 3)} = {Pg, P{?a 732}

Parom (2,4) nije generisana ni geometrijska konstrukcija niti geometrijski
prikaz polupravilnog osmougla Ps jer nije ispunjen zahtjev da je n > 3,dok par
(4,2) generiSe geometrijsku konstrukciju tog polupravilnog poligona.

Na osnovu toga je skup svih geometrijskih konstrukcija polupravilnog jed-
nakostranog osmougla Kg = {(4,2)} = {K32} i jednak je skupu geometrijskih
prikaza Gs = {(4,2)} = {P3}.

Za razliku od toga geometrijska konstrukcija polupravilnog osamnaestougla
parom (9, 2) nije generisana,jer se pravilni devetogao nemoze konstruisati,odnosno
nije ispunjen uslov definicije 2.1,ali je generisan jedan geometrijski prikaz,tako da
je skup svih geometrijskih konstrukcija polupravilnog Pis

ICIS = {(37 6)7 (67 3)} - {,Cgvlcg}
dok je skup geometrijskih prikaza

Gi1s = {(97 2)a (376)7 (6’3)} = {773,73:?,732}

Pregled geometrijskih prikaza i geometrijskih konstrukcija za neke polupravilne
poligone prikazan je tabelom 1.

3 Odredivanje broja geometriksih prikaza
polupravilnog poligona
Ozna¢imo sa d(Gy) broj geometrijskih prikaza polupravilnog jednakostranog polig-

ona Py sa N = n - m stranica.Problem odredivanja broja geometrijskih prikaza
d(Gn) tog polupravilnog poligona razmatran je sljedeéim teoremom

Teorema 3.1. Broj geometrijskih prikaza d(Gy) polupravilnog poligona Py sa
N stranica,kome je P, odgovarajuéi "upisani" pravilni poligon izra¢unavamo po
formuli

d(Gn) = d(N) — 3, ako je N paran broj
N7 d(N) —2 ako je N stepen prostog broja ili nije oblika 22" + 1

a d(IN) broj pozitivnih djelitelja broja N.
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Tabela 1: Geometrijski prikazi i geometrijske konstrukcije,broj geometrijskih
prikaza i geometrijskih konstrukcija polupravilnih jednakostranih poligona u
rasponu od N = 6 do N = 30 stranica.
N

n [N Kn d(GN) | d(KN)
6 3 {(3,2)} {(3,2)} 1 1
7 0 0 0 0
8 4 {(4,2)} {(4,2)} 1 1
9 3 {(0,0)} 0 1 0
10 5 {(5,2)} {(5,2)} 1 1
11 0 0 0 0 0
12 3,4,6 {(6,2),(3,4),(4,3)} {(6,2),(3,4),(4,3)} 3 3
13 0 0 0 0 0
14 7 {(7,2)} 0 1 0
15 3,5 {(3,5),(5,3)} {(3,5),(5,3)} 2 2
16 4,8 {(4,4),(8,2)} {(4,4),(8,2)} 2 2
17 0 0 0 0 0
18 3,6 {(9,2),(3,6),(6,3)} {(3,6),(6,3)} 3 2
19 0 0 0 0 0
20 45 {(4,5), (5,4), (10,2)} {(4,5), (5,4), (10,2)} 3 3
21 3,7 {(3,7),(7,3)} {(3,7)} 2 1
22 11 {(11,2)} 0 1 0
23 0 0 0 0 0
24 | 3,4,6,8,12 {(3,8),(4,6), (6,4), (8,3)(12,2)} {(3,8),(4,6),(6,4),(8,3)(12,2)} 5 5
25 5 {(5,5)} {(5,5)} 1 1
26 13 {(13,2)} 0 1 0
27 3,9 {(3,9),(9,3)} {(3,9)} 2 1
28 4,7 {(4,7),(7,4),(14,2)} {(4,7)} 2 1
29 0 0 0 0 0
30 | 3,5,6,10,15 {(3,10), (5,6), (6, 5), (10, 3), (15,2) } {(3,10), (5,6), (6, 5), (10, 3), (15,2) } 5 5

Dokaz:Neka je Py konveksni jednakostrani polupravilni poligon sa N stranica
1N =TI, pi", a p; razliciti prosti brojevi a; € (0,1),7 = 1,2,..., s, kanonski
prikaz broja N.Broj pozitivnih djelitelja broja N odreden je relacijom

dN)=(an+1)(ag+ 1) (s + 1) (7)

Po pretpostavci je N = n-m pa je broj njegovih predstavljanja kao proizvoda dva
faktora,gdje se vodi ra¢una o poretku faktora,( vidjeti u [2] str. 65) jednak broju
njegovih pozitivnih djelitelja d(NV) tj.

d2(N) = d(N) = (1 + L)(az +1) - (as + 1). (8)

Svakim prikazom broja N kao proizvoda dva faktora n, m gdje se vodi racuna
o poretku faktora odreden je ureden par (n,m). Ovom uredenom paru prirod-
nih brojeva prema definiciji 2.2 odgovara jedno geometrijsko predstavljanje. Od
ukupnog broja tako odredenih uredenih parova moramo iskljuciti one koji ne is-
punjavaju uslove te definicije.To su parovi(n, 1), (1,m), (2, m).

Dakle,ukupan broj parova generisanih geometrijskim prikazima je

d(Gy) = d(N) -3

Ako je N stepen prostog neparnog broja, ili nije oblika 22" + 1, tada se od
ukupnog broja oduzimaju parovi (n, 1), (1, m),koji ne ispunjavaju uslove definicije
2.2 pa je ukupan broj geometrijskih prikaza

d(Gn) =d(N) — 2.
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Iz navedenih definicija i dokazanog teorema slijedi da broj geometrijskih kon-
strukcija nije jednak broju geometrijskih prikaza za svaki polupravilni poligon
Py sa N = n-m stranica,ali postoje polupravilni poligoni kod kojih su ti brojevi
jednaki.

Primer 3.1. Polupravilnom Pa4 se mogu "upisati" sljedeéi pravilni poligoni
{3,4,6,8,12}, dakle ima ih ukupno d = 5. Na osnovu (7), odnosno (8) imamo da
je d(924):d(N)—3:8—3:5.

Navedimo nekoliko problema koji su vezani za broj geometrijske prikaza polupra-
vilnih poligona

Problem 3.1. Dokazati da postoji beskonatno mnogo polupravilnih jednakos-
tranih poligona kojima je broj geometrijkih prikaza i geometrijskih konstrukcija
jednak broju 5 tj. da vrijedi jednakost

d(Ky) =d(Gn) = 5.
Na primjer kao $to su to polupravilni poligoni Pagi Psg.

Problem 3.2. Dokazati da postoji beskonatno mnogo polupravilnih jednakos-
tranih poligona sa N = n - m stranica za koje vrijedi

d(Kn) = d(Gn) = d(n)

gdje je d(n) > 2 broj svih odgovarajucih pravilnih poligona P,, za koje postoji
geometrijska konstrukcija. Kao §to su: Pia, Pag, Pao.

4 Geometrijski prikazi polupravilnog poligona i trinomne
jednacine

Paru prirodnih brojeva (n,m) kojim je generisana geometrijska konstrukcija A7
jednakostranog polupravilnog poligona Py sa N = n - m stranica pridruzimo
funkciju fy, m(z) definisanu sa

fam(z) = Az + Ba" + C (9)

¢iji koeficijenti A, B, C € R zadovoljavaju uslov A+ B+ C =01 pri tome su A i
C suprotnog predznaka tj.signA = —signC.

Sljede¢im teoremom je analiziran analiti¢ki pristup konstrukciji jednakostranih
polupravilnih poligona, odnosno, i pokazano je da afiksi nula jednacine

AzN + Bx"+C =0 (10)

¢iji koeficijenti zadovoljavaju navedene uslove odreduju vrhove polupravilnog
jednakostranog poligona Ppy.
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Teorema 4.1. Afiksi rjeSenja jednacine Az + Bz +C = 0 predstavljaju vrhove
jednakostranog polupravilnog poligona Py sa N = n-m stranica kome vrhovi "up-
isanog" pravilnog poligona P, leZe na jedini¢noj kruznici i nad svakom stranicom
tog pravilnog poligona je konstruisan poligon Py, sa m = k—1 jednakih kraka, ako
i samo za njene koeficijente A, B,C € R vrijedi A+ B+C = 01 signA = —signC

Dokaz:Pretpostavimo da uslov A + B + C = 0 vrijedi i da je signA =
—signC, A, B, C # 0. Pokazimo da afiksi rjeSenja jednacine predstavljaju vrhove
polupravilnog poligona Py. Kako je A = —(B + C) polaznu jednadinu trans-
formisimo na sljededi na¢in

AzN + Bx"+C =0

~(B+C)aN +Ba"+C =0
—B@N —z") -C@=N -1)=0
Ba"™ —2™)+CN -1)=0

& BV - 1)+ C(a"™ ) = 0.

Tt ¢

Primijetimo da vrijede rastavi

nm-n _ 1 _ (xn)mfl -1
_ (xn_l)(xn(mfZ)_i_wn(m—?))_i__”_{_xn_’_l)mnm_l
_ (x")m—lz(x”—1)(a:"(m_1)+x”(m_2)+--~+xn+1).

Na osnovu toga iz posljednje jednakosti imamo da je

Bx"[(z™ — 1) (2™ 4 gnm=d) g 1)

+O[(a™ — 1) (2D 4 gD g g 1] =0

& (2" — 1)[B:E”(:E”(m_2) 4 g (m=3)

o2+ 1)+ O 42D g 1) =0

& @ = D[(B+ )™V 4 (B+ )™M ... 4 (B+C)z" +C] =0.

Koristeéi uslov B + C = —A i dijeljenjem posljednje jednadine sa —A dobijamo
C
(z" — 1) [:c"(m‘” F 2D g ﬂ =0 (11)

Posljednja jednakost zamjenom x™ = y prelazi u oblik

(y—l)[ym*1+ym*2+~~+y—%=0 (12)

Jedno rjeSenje ove jednacine je y = 1,a svako drugo rjeSenje y = € mora
zadovoljiti jednacinu

M4 M4 pe= = (13)
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Kako je y = 2™ za y = 1 imamo jednacinu 2™ — 1 = 0 &ija su rjeSenja odredena
relacijom

. 2kmn . 2k
z, = V1 = cos J_msm 7mk:=1,2,37"'an

I

o e o . 2 e . E o2k . O%km
Oznacimo li rjeSenje sa w = cos < +sin £ tada je w” = cos =7* + sin =7, pa se

prvoodredeni medusobno razli¢iti korijeni n tog stepena iz jedinice mogu pred-
staviti u obliku w,w?, w3, -+, w" Y, w® = 1. Graficki prikaz tih korijena pred-
stavlja vrhove pravilnog poligona P, upisanog u jedini¢nu kruznicu pri ¢emu
tacka koja odgovara broju 1 odgovara jednom vrhu. Ostaje da se pokaZze da afiksi
rjesenja jednadine (13) predstavljeju vrhove jednakokrakih poligona Py konstru-

isanih nad svakom stranicom pravilnog poligona P,,.

Neka su y =g, k =1,2,3,--- ,m — 1 rjeSenja jednatine (13). Primijetimo da
svakom tom rjeSenju odgovara jedna binomna jednacina
2" —e, =0, k=1,2,3,---,m—1. (14)

Svaka od tih jednalina ima n razli¢itih prvoodredenih rjeSenja koja leze na
kruznici poluprecnika 7y = ’{/@ . Dakle, na taj nacin se na m — 1 koncentri¢nih
kruznica nalazi ukupno n(m — 1) = nm — n tacaka. Ako se tome doda i n tataka
generisanih binomnom jednainom z™ = 1 dobijamo da je ukupan broj tacaka
konstruisanih rjeSenjima binomnih jednac¢ina mn —n +n =mn = N.

Obratno:Ako afiksi rjesenja jednacine Az + Bzx™ 4+ C = 0, predstavljaju
vrhove polupravilnog jednakostranog poligona Py, sa N =mn,m=k—1,n, k >
3,n,k € N stranica, pokazimo da je tada A + B + C' = 0.Zaista, ako u jednacini
Ax™ 4+ Bx™ 4+ C = 0, stavimo da je 2" = ¢ dobijamo Ac™ + Be + ¢ = 0.

Uzmimo da je pravilni poligon P, upisan u jedini¢nu kruznicu, ¢iji su vrhovi
odredeni afiksima rjesSenja jednacine 2™ — 1 = 0. Kako su ti vrhovi i vrhovi
polupravilnog poligona Py jedno rjesenje jednacine Az’ + Bz" +C =0 je z = 1,
na osnovu toga imamo da je A+ B+ C =0. O

Napomena 4.1. Ako jednalinu (13) transformisemo na sljede¢i nacin

C
eml 4™t = 1
m—1 m—2 c
ST +e e+l = 1+Z
em—1 c
= 1+—e#£1
R +A’€7é
L -1 _ A+C
e—1 A
A+C
m_q = (-1
se - o)
&e™— (1+ e+ § =0 dolazimo do oblika
Ae™ + Be +C =0,¢ # 1. (15)
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Ova jednac¢ina ima m — 1 prvoodredenih razli¢itih rjeSenja. U zavisnosti od
toga da li je jednacina (15) rjeSiva zavisi i konstrukcija polupravilnog jednakos-
tranog poligona.

Napomena 4.2. Jednadinu Az™" + Bzx"™ + C' = 0 napisimo u obliku Az™ + B +

3&% = 0. Povecavamo li broj stranica "upisanog" pravilnog poligona odnosno, pret-
postavimo da n »— oo tada bi jednacina tezila obliku Axz™+ B = 0. Afiksi tjeSenja

te jednacine su vrhovi pravilnog poligona P,, upisanog u kruznicu poluprec¢nika

r= m\/|—%|.

5 Analitic¢ki pristup konstrukciji polupravilnih polig-
ona P»,

Analizirajamo klasu trinomnih jednagina koja generise konstrukciju polupravilnih
jednakostranih poligona Py sa N = 2 - n stranica kod kojih vrhovi "upisanog"
pravilnog poligona P, n > 3 leZe na jedini¢noj kruznici,a poligoni Py konstruisani
nad svakom stranicom tog pravilnog poligona, kao zajednickom, su jednakokraki
trouglovi.

Teorema 5.1. RjeSenja trinomne jednacine Ax?" 4+ Ba™ + C = 0 za &ije ko-
eficijente A, B,C € R vrijedi A+ B+ C =01 A i C su suprotnog predznaka,
predstavljaju vrhove jednakostranog polupravilnog poligona P, sa N = 2 -n
stranica, kod koga vrhovi "upisanog" pravilnog poligona P, leZze na jedini¢noj
kruznici.

Dokaz: Rijesimo li jednacinu Az?" + Bx" + C = 0, pod pretpostavkom da
vrijede uslovi za koeficijente A, B, C,stavljanjem da je ™ = y nalazimo da je jedno
rjeSenje y = 1, a drugo rjeSenje y = %. Na taj na¢in smo problem odredivanja
vrhova polupravilnog poligona Pa, sveli na odredivanje rjesenja jednacina ™ = 1
ia" = % ¢iji afiksi predstavljaju vrhove tog polupravilnog poligona.

Oznacimo sa w = cos 27” + sin 2% rjeSenje binomne jednacine 2" — 1 = 0 tada
su medusobno razlic¢iti korijeni n tog stepena iz jedinice redom

w,w?, w3, - w" L w" = 1, a graficki prikaz tih korijena predstavlja vrhove
pravilnog poligona P,, upisanog u jedini¢nu kruznicu pri ¢emu tacka koja odgovara
broju jedan odgovara jednom vrhu.

Da pokazemo da afiksi rjeSenja binomne jednacéine z" = % predstavljaju
vrhove jednakokrakih trouglova konstruisanih nad svakom stranicom pravilnog
poligona P,,, dovoljno je pokazati da:

1. svako rjeSenje € k = 1,2,--- ,n jednaline z" = % pripada simetrali stran-
ice pravilnog poligona nad kojom je konstruisan odgovarajuéi jednakokraki
trougao

2. sve stranice su medusobno jednake tj. |ejw;| = |ejwjt1|zasvei =1,2,---n—1
ij=1,2--n
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Dokazimo prvu osobinu. Neka je s simetrala ugla ZAx_1OA gdje je Ax—1 A
stranica "upisanog" pravilnog poligona P, S njena sredi$nja tacka i O = (0,0)
centar jedini¢ne kruznice. Neka je tacka By, afiks rjeSenja ¢; jednacine ™ — % = 0.
Koordinate tataka Ai_1 1 Ag su redom:

2n(k — 1) 2r(k — 1)

A1 = (cos ,sin ),Ak =
n n

( 2km . 2k7r)
cos —, sin — |,
n n

a tacka Bj ima koordinate

B, = r(cos m(2k + 1),sin m(2k + 1)>
n n

gdjejer = {/|$|ik=0,1,2,---n—1

Elementarnim transforamcijama lako se pokaze da koordinate tacke By, zado-
voljavaju jednacinu simetrale sg

27 (k—1) 2k
n

sin —+ sin 0

vy= (k-1
cos 7ﬂ(n )—i-cos%T7r

Na osnovu toga je pokazano da vrijedi prvi zahtjev. Kako je svaka tacka na
simetrali duzi jednako udaljena od krajeva vrijedi i drugi zahjev|ejw;| = |ejwj41].

U narednom primjeru je razmotrena veza trinomnih jednacina i konstrukcije
polupravilnih jednakostranih poligona P, ako je n = 3.

5.1 Konstrukcija polupravilnih jednakostranih Sestouglova

Pokazimo da trinomna jednac¢ina AzS 4+ Ba3 4+ C' = 0, sa realnim koeficijentima
za koje je A+ B+ C =01 signA = —signC generise jednakostrane polupravilne
Sestouglove, kojima je odgovarajuéi pravilni poligon "upisan" u jedini¢nu kruznicu
sa centrom u koordinantnom poc¢etku. Zamijenimo li 23 = y polazna jednacina,
prelazi u jednac¢inu Ay? 4+ By + C = 0. Obzirom na uslov jedno rjegenje jednacine

jey=1adrugoy = %. Kako je 22 = y imamo dvije binomne jednatine; 2® = 1
3_C

ix =-
A
Iz prve jednacine nalazimo da je zo = 1,21 = —% + @,xg = —% - @,pa su
odgovarajuéi vrhovi pravilnog jednakostrani¢nog trougla A;(1,0), Ag(—%, @),
A3(_%7 _é)
Iz druge jednacine nalazimo da su rjesenja data relacijom
C 2k +1 2k +1
x%: 3 ’AKCOS(—;)T‘-—FZ.Sin(—’_)Tr),k—O,l;z- (]_6)

Uvrstimo li vrijednosti za k, nalazimo da je z(, = {/ ]%](%—i—@), zy=—4{/]

{1/@(% — ¥3) (Slika 1).

lQ
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Slika 1: Konstrukcija polupravilnog Sestougla

Primijetimo da konveksnost jednakostranog polupravilnog Sestougla zavisi od

vrijednosti konstante A\ = {/ |%| kao i egzistencija same konstrukcije.

Razlikujemo sljedece slucajeve:

1.

Akojel < A < 2tadajel < % < 8, polupravilan Sestougao postoj i

konveksan je. (Slika 1)

1

. Ako je 5 < A <1 tada je Za A =1 je C' = A i polupravilan jednakostrani

Sestougao postaje pravilan

1

. Za A = % tada je % = g 1 vrhovi se poklapaju sa srediStima stranica

pravilnog poligona, pa jednakostrani polupravilan Sestougao ne postoji.

. Ako je é < % < 1, polupravilan Sestougao postoji i konveksan je.

c

.Ako je 0 < A < % tada je 0 < 3 < %,polupravilan Sestougao postoji i

nekonsveksan je.

. Ako je A = 2 tada jednakostrani polupravilan Sestougao ne postoji.

. Ako je A > 2 tada je % > 8, polupravilan Sestougao je nekonveksan ako

postoji.
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1.5+

Slika 2: Konstrukcija jednakostranog polupravilnog osmougla

5.2 Konstrukcija polupravilnog jednakostranog osmougla

Ako u trinomnu jednadinu koja generise 2n-tougaone jednakostrane polupravilne
poligone stavimo da je n = 4 dobijamo jednacinu Az® + Baz* + C = 0 sa re-
alnim Kkoeficijentima za koje vrijedi A + B + C = 0,singA = —singC koja
generiSe polupravilne jednakostrane Osmouglove Stavimo li da je 2* = y dobijamo
kvadratnu jednac¢inu cija su rjeSenja y = 1 i y = 5. Na osnovu toga imamo dvije
binomne jednacine z* = 11 z? = €. RjeSenja t1h binomnih jednacina odredena
su relacijama

2k 2km
xk—cosTﬂ—kzsm ,k=0,1,2,3

e Qk+1)m . (2k+1)m B
= |A|<cos 1 + isin 1 ,k=0,1,2,3

Iz tih relacija nalazio da su vrhovi polupravilnog jednakostranog osmougla
A1(1,0), A2(0,1), A3(=1,0), A4(0, =1), A5 = AP, F), A6 = M2, 9), A7 =
)\(%, %),A )\(‘[ ‘f) gdje je A = {‘F(Shka .) Otito za razlicite vri-
jednosti parametra A = % imamo razli¢ite slucajeve, sli¢no prethodnom raz-

matranju.
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Abstract

We introduce a notion of weighted projective planes which is a general-
ization of usual projective planes. We prove that a Frobenius group G of
order 24 operates on a projective plane P of order 11 as a colineation group.
Using this operation the plane P may be constructed. A weighted projective
plane P of order 11 is equivalent to a totally simmetric (2,11-1) - quasigroup.

Key words: Projective plane, quasigroup, group, colineation, orbit.

1 Introduction

An incidence structure is a triple D = (V, B, I), where V and B are disjoint sets
and I CV x B. The elements of V' are called points, and the elements of B are
called blocks. If A is a point of V', the set of all blocks incident with A is denoted
by (A). Thus

(A)={b:be B, Alb}.

Moreover, for A, As, ... Ay, the set of all the blocks incident with all the points
A is denoted by (Aj, A9, ... A,). Thus

(A1, A,...Ay)={b:be B, A;Ib for all i € N,},

where N is the set of all positive integers and N, = {1,2,...n}. Dually, for
b,b1,ba,...,b, € B,

(b)y={A: AeV, Alb},
(b1,bo,...by) ={A: AeV, AIb for all i € N, }.
We consider only the incidence structures where distinct blocks have distinct

sets of points. We identify each block b with the set (b) and identify the incidence
relation with the membership relation €.
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1.1 Some definition and results

Definition 1.1. A incidence structure P = (V, B, ) is called projective plane if
and only if it satisfies the following axioms:

1. (P.1) Any two distinct points are joined by exactly one line.
2. (P.2) Any distinct lines intersect in a unique point.

3. (P.3) There exists a quadrangle, i.e 4 points no three of which are on a
common line.

The following theorem is proved in [1].

Theorem 1.1. Let P = (V,B,I) be a finite projective planes. Then there exists
a natural number n, called the order of P, satisfying:

a) [(A)|=1g)l=n+1, foralAcV and g€ B;
b) |V|=|B|=n’+n+1.

The finite projective plane of order n will be denoted by S(2,n+1,n%+n+1).
The following definition generalizes the notion of finite projective planes of order
n.

Definition 1.2. A finite incidence structure P = (V, B, 1) is called weighted
projective plane with parameters n? +n + 1,n+ 1,1 € N, if for any b € B there
is a mapping f3 : (b) — N, if and only if it satisfies the following axioms:

(WD.1) [V| =n®4+n+1;
(WD.2) |(A, B)| =1, for any two distinct points A, B € V;
(WD.3) ky =n+1, foranyblockb € B, where :
a) the image f,(A) is denoted by tap, and is called the weight
of the point A in the block b,
b)for A € V, its weight is tp = Z tApi, and
A€b;

¢) for b € B, the number kj, = Z taip iscalled the size of the block b.
Aieb

Definition 1.3. A weighted projective plane S = (V/, B, €) is an extension of
a weighted projective plane S = (V, B, €), if V C V' and for each b € B there is
b € B' such that (b) C (b'), and for each A € (b), t 4y = tap.

Definition 1.4. An extension (V',B’,€) of a weighted projective plane with
parameters n2 +n + 1,n + 1,1 defined by

)V =V;
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b)B = BU B where B" = {{A"}: A€ V}, and

c¢)for each A € V, to =r+n+ 1, where r is the number of block in B
containing A, is called a complete weighted projective plane with parameters
n?+n+1,n+1,1, and is denoted by Sl(2,n + 1,02 +n+1).

Next we compare complete weighted projective plane Sl(2, n+1,n2+n+1)
with the notion of totally symmetric (2,n-1)- quasigroup given below.

Definition 1.5. Let Q be nonempty set, n and m positive integers, and

fi(z,z2,...xn) = f(z1,22,...24)
a mapping from Q" into Q™. Then we say that Q(f) is an (n, m)— groupoid.

A (n,m) — groupoid Q(f) is said to be a (n,m)- quasigroup if and only if the
following statement is satisfied:
(A). For each "vector" (ai,as,...an,) € Q" and each injection ¢ from N, =
{1,2,...,n} into N,im there exists unique "vector" (by,be,...,byim) € Q"™
such that bap(l) =Aat,... 7b<p(n) = ap and
f(bl, b2, ceey bn) = (bn+1, bn+2, “ e ,bn+m)

In the paper [3] an (n,m)- quasigroup is interpreted as a (n,m)— quasigroup
relation.

Definition 1.6. A (n + m)- ary relation p C Q"™ is called (n,m)- quasigroup
relation if and only if the following statement is satisfied:

(A). For each "vector" (aj,asz,...,a,) € Q™ and each injection ¢ from N, =
{1,2,...,n} into N,im there exists unique "vector" (by,be,...,bpim) € Q"™
such that bap(l) =at,... 7b<p(n) = ap, and

(blv b27 SRR bn+m) € p.
The following theorem is proved in [3].

Theorem 1.2. A (n,m)- groupoid (Q, f) is a (n,m) — quasigroup if and
only if the (n +m) — ary relation p C Q"™ defined by

(1,22, ... Tpy1) € p= f(T1,22, .- Tnt1) = (Tng1s Tng2s - oy Tntm)
is an (n,m)- quasigroup relation.

Definition 1.7. A (n,m)- quasigroup is called totally symmetric, if and only if

f($1,$2, .. .’L'n) - (:U'fl—i-la Ln+2y - - ;xn—l—m) And f(y17y27 s yn) - (yn+17yn+27 s ,yn+m)
for any (r1,%2,...,Tnim) € Q™™ and any permutation (y1,%2,...,Ynitm) of
(1,22, ..., Tm). The (n+m)- ary relation p C Q™™ in this case is called totally
symmetric.
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The following theorem is proved in [7].

Theorem 1.3. Every complete weighted projective plane Sl(2,n +1,n2 +n+1)
defines a totally symmetric (2,n — 1)— quasigroup relation p C V"1 where

(A17A27' ",An—i-l) cEp<= {AlaAZa" . 7An+1} € B.

Conversely, any totally symmetric (2,n — 1)- quasigroup relation p C V"1
satisfying (4, A,..., A) = (A"*1) € p for any A € V, defines a complete weighted
projective plane S’ (2,n +1,n% +n + 1), where

{A17A27 . 7An+1} €eB& (AI,AQ, . 7An+1> € p.

2 A construction weighted projective plane of order 11

Theorem 2.1. A Frobenius group G of order 2/ acts on a projective plane P of
order 11 as a colineation group. Using this act the plane P may be constructed.

Proof. Let
G=(pa/p?=a’=1, p*=p7")

be a Frobenius group of order 24 which acts on a projective plane P of order 11
as a colineation group. The plane P has 11?4+ 11+1 = 133 points and same lines.
From 133 = 12- 11 + 1 and colineation (p) acts semiregular on a nonfixed points
follows that (p) has 11 orbits of length 12 and one orbit of length 1. We may set
that

P :(OO)(l[), 11, 12, ey 111)(20, 21, 22, ooy 211)(30,31, 32, e ,311) e
(11p,114,119,...,1144)

where 1o, 11, 12, ..., 111,20, 21, 22, ..., 211, 30, 31,32, - - ., 311, . - -, 110, 119, 119, .o, 111y
are all points of plane P.

From theorem of orbite follows that (p) has same orbit structure of lines. We may

set that

p =(loo) (1, lip, 1ip?, . i p™ ) (Ia, lap, 12p%, . . . laph)
(I3, 13p, I3p%, .. l3p™t) . (i, lup, L p?, . L pth)
Where
oo, 1, Lip, L2, lipth la, lap, Lop?, .. laptt, s, Isp, Isp?, ... Isptt, .
i, lup, lup?, ..l

are all lines of plane P.
Let I be unique line fixed by (p). We may set that

loo ={10,11,12,..., 111}
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Let l; is a line through oo. It is easy to see that /1 occurs at one point from each
orbits of points. Without a loss of generality, we may set that

ll = {OO7 10, 20, ey 110}.

Other 11 lines of orbit of lines I; obtained by acting of p, p?, p3,..., p'! on a line
l1. The lines l; and [ through 1g. Other 10 lines ls,ls,...,l11 through 1 line
in 10 remaining different (p)— orbits of lines in P. If constracted these lines then
the remaining lines of planes P are obtained by acting of p, p?, p, ..., p'! on lines
lo,l3,...,l11. From statement

lmllp’“‘zl, i=2.3,.. .11, k=0,1,2,3,...,11

follows
I = {10, 1,2, 35, ..., 1111}

where 1,, 2,, 3,, 4', 5/, 6', 7,, 8,, 9', 10,, 11" are (unneccessary different) numbers from
the set {2,3,...,11}.

We consider acting the involution a on a set points and set lines of plane P.
The order of involution « is even follows involution « is elation. From p* = p~!
follows that the point 1¢ is a center and the line [; is axis of involution «. Hence,
involution « fixes 12 lines Iy, l1, 12,13, ...,l11 and 12 points oo, 1¢, 29, 30, . .., 11g.
From 133 = 2 - 60 + 13 follows a has 13 orbits of length 1 (13 fixed points)
and 60 orbits of length 2. If we write a in a short way (writing only incides
0,1,2,3,...,11) we may set that

a=(0)(1)(2,11)(3,10)(4,9)(5,8)(6,7)

where (2,11) denoted that 2ac = 11 from the same orbit of points, (3,10) denoted
3a = 10 from the same orbit of points, (4,9) denoted that 4o = 9 from the same
orbit of points, (5,8) denoted that 5a = 8 from the same orbit of points, (6,7)
denoted that 6cc = 7 from the same orbit of points. From statement

lia:li, ’i:2,3,...,11
follows that l;, ©=2,3,...,11 are of type
li = {10,141, a2, a11, b3, b0, ca, cg, ds, dg, €6, €7}

where a, b, c,d, e are pairwise different numbers from the set {2,3,...,11}. We
may set that

lo = {10,21,22,211, 33,310, 44, 49, 55, 58, 66, 67 } .
Now we constructed lines [;, ¢ = 3,4,...,11 which are of type

li = {10,141, a2,a11, b3, bio, ¢4, c9, ds, dg, €6, €7}
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From statement

llep’“‘:l, i=3,4,....11, k=0,1,2,3,...,11

follows that only three from numbers i,a,b, c,d, e are from the set {2,3,4,5,6}
and other three are from the set {7,8,9,10,11}. From statement

lipsﬂljpk’:L i i =34, 11, ks=0,1,2,...,11

follows that the lines [; and [, ¢ # j, have exactly three common pairs of numbers
i,a,b,c,d,e. Using these statements for the lines [;, ¢+ = 3,4,...,11 we obtain
following unique solution for the lines:

I3 = {10,31,32,311, 43, 410, 71, 79, 85, 88, 96, 97 }

ls = {10,441, 42,411, 53,510, 84, 89, 95, 98, 106, 107 }

ls = {1o, 51, 52, 511, 63, 610, 94, 99, 105, 10s, 11, 117}

le = {19,61,3 4 62,611, 73, 710, 104, 109, 115, 115, 2¢, 27}
lz = {10, 71, 72,711, 83, 810, 114, 119, 25, 23, 3¢, 37}

ls = {10,81,82,811,93,910, 24, 29, 35, 38, 46, 47}

log = {10, 91,92, 911, 103, 1010, 34, 39, 45, 43, 56, 57 }

li0 = {10,101, 109, 1041, 113, 1119, 54, 59, 65, 63, 76, 77}
l11 = {10, 11y, 112,111y, 23, 210, 64, 69, 75, 73, 86, 87}

The Theorem is proved. .

Let P = (V, B, €) be projective plane of order 11 constructed in the theorem.
The weighted projective plane P' = (V',B’,€), where V.= V', B' = BUB"
where B” = {{Alz} A€ V} is a complete weighted projective plane of order
11. The relation 7 C V1! defined by

(A1, A2, Az, ..., A1, Anir) €7 & {A1, A2, A3, A, Al } € B or
A=Ay =A3=...= A = A4y,

is a totally symmetric (2,11 —1)— quasigroup relation satisfuing the condition
(A A A,... A A) = (A1) € 7 for all A € V. The number of point is |V| =
112 4+ 11 + 1 = 133, the number of blocks is )B’( — 1124+ 11+ 1 + 133 = 266 and
ta =124+ 12 = 24.

3 Conclusion

This paper presents the results obtained by acting a colineation group on a set
points and set lines of plane P which exists. Similar acting of a colineation group
on a set points and set lines of plane P whose question of existence is open, can
be studied.
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Apstrakt
U radu se metodom koraka konstruise rjesenje grani¢nog zadatka
~y" (@) + qu(2)y(z — 1) + g2 (@)y(z — 72) = Ay(2)
ylx — 1) =0,z € (0,7],
y(ﬂ-) = 07 ql(x)y QQ(-%") S L2[077T]a T1,T2 € (Oaﬂ-)

na segmentu [0, 7]. Potom konstruiSemo asimptotiku sopstvenih vrijednosti.

1 Uvod

Posmatrajmo diferencijalnu jednacinu

—y"(2) + q1(2)y(z — 1) + 2(@)y(z — 1) = Ay(x), 71,72 € (0,7) (1)
Rjesavacemo jednacinu za x € [0, 7]. Obzirom da u ovoj diferencijalnoj jednacini
funkcija y uzima razli¢ite vrijednost argumenata, ona predstavlja jednu jednacinu
sa pomjerenim argumentom. Jedan oblik jednacina sa pomjerenim argumentom
je jednacina sa kasnjenjem i jednadina (1) je tog tipa.

Velic¢ine 71, 70 su kasnjenja, a kako ne zavise od x ova jednaCina ima konstantna
kasnjenja. Funkcije ¢1(x) i ¢2(x) nazivamo potencijalima i ovdje smatramo po-
znatim. Posmatrac¢emo slucaj kada su q1(z) , g2(z) € La[0, 7].

Jednacini (1) pridruzi¢emo pocetni uslov

y(l’—Tl)EO,.TE[O,Tl] (2)

i grani¢ni uslov

y(m) =0 (3)

73



2 Konstrukcija rjeSenja

Ako u jednacini (1) stavimo A = 22, dobijamo

2

y(z) (1)

Rjesavanjem jednacine (1’) sa grani¢nim uslovom y(0) = 0 metodom varijacije
konstanti dobijamo integralnu jednacinu

—y"(2) + 1 (@)y(z — 1) + @2(z)y(z — 1) = 2

xT

1
vwz) = sinze ot [alt)sina(e - )y - n,2)de +
0
1 ’ .
+ 2 /Q2(t1) sin z(z — t1)y(t1 — 2, 2)dt; (5)
0

Metodom koraka odredi¢emo rjesenje jednacine (5) koje zadovoljava pocetni uslov
(2). Posmatrali smo slu¢aj 7 < 71, a kako su 71, 72 € (0,7) postoje ko,lop € N
takvi da je

0< <2< ...<koo <71 < (ko+1)T2 < ... < 2koma < 271 < (2ko+1)T2 < ...
o< lokory < o1 < < (loko + 1)72.
Specijalno, ako stavimo da je lop = kg = 2, 279 = 71 dobijamo:
1. z € (0,72] , a kako je 7o < 71 i y(x — 1) = 0 slijedi y(z — 12) =0
pa dobijamo  y(z,z) = sinzx

2. x € (7‘2,7’1] , 2 =7 Slijedi

xT

1
y(z,z) =sinzz + — / q2(t1)sinz(x — t1)y(t1 — 12, 2)dt1
z
T2
kada primjenimo prethodni korak dobijemo

T

1
y(x,z) =sinza + — /qg(tl)sinz(aj —t1)sin z(t; — mo)dty
z

T2

Uvedimo sledeée funkcije

bgi) (x,2) = /qi(tl)sinz(x —t1)sinz(t; — 7;)dt;

i
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bg)(x, z) = /qi(tl)sinz(:r - tl)b,(ﬁl(tl — T, 2)dty; i =1,k=2; i =2,k =2,3,4.

kT;
z t1—T71
oM (x,2) = / q1(t1)sinz(x—t;) / q2(t2)sinz(t—Ti—t2) sin 2(t2 — 72)dtadty
TI+72 2
z t1—72
ng’l)(x,Z) — / q2(t1)sinz(x—ty) / q1(t2)sinz(t1—mo—t2) sin z(ta — 11 )dtadty
T1+72 e
by (@, 2) = / au(t)sinz(z — )05 (0 — 1, 2)dby
21
xr
b * ) (2, 2) = / w(t)sina(e — )05 (1 = 7, 2)dty
47y

b:(f’l’Q)(x,z) = /qg(tl)sinz(x — tl)bél’z)(tl — T9, z)dt;

479

Na razmaku (71, 71 + 7] rjeSenje y(z, z) jednaline (5) sa uslovom (2) ima oblik
Loy 1,
= si =3y b5 (x, 2).
y(x,z) =sinxz + . ; 1 (x, 2) + ol (z,2)
Dalje, za x € (11 + T2, 271] = (372, 472] imamo
057 (@, 2) + 05" (,2)]
Kona¢no, na razmaku (27, 7] = (4712, 7| funkcija y(z, z) prima formu:

2 4 2
. 1 i 1 1 @
y(z,2) = sinxz + 2 E 1 bg )(az, z) + E y ;bg)(a:, z) + E 1 ?bg)(x, z)+
1= p= 1=

1 1 ™
+508 @ 4 V@ Y W (). (6)
TES3(2,1)
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3 Karakteristi¢na funkcija

Grani¢ni uslov y(m,z) = 0 definige karakteristi¢nu funkciju operatora L gene-
risanog sa (1,2,3), koju oznacavamo sa F. Radi kraceg zapisivanja koristi¢emo
oznake

b (2) = b (r, 2), b5 (2) = b5, 2).
Tada vazi
2 2

4
1 , 1 1
Fz) =sinmz+ 323 W) + 3 20D () + 5050 () + 2 () +
p=1 =1

+% > W) 9

7'(653(2,1)

Funkcija F je cijela funkcija eksponencijalnog tipa. Poznato je (vidi npr.u [4]) da
se nule z, funkcije F asimptotski ponasaju kao cijeli brojevi.
Koristimo elementarni identitet

1
sinz(m —t1)sinz(t1 — 7 — ta) sinz(ty — 75) = 1 sinz(m — 2ty + 75 — )+

1
+Z [SinZ(W—Qtl +2t2+7'j _Ti) —Sinz(ﬂ—’i‘i —Tj) —sinz(7r— 2t1 + 75 +Ti)] .

Definisimo i funkcije

s ti—7;
B (z) = / lai(t1) / gj(t2)dto] sin z(m — 261 + 75 + 7)dty
T1+T2 75
™ t1—m
90— [ at T sty g
T1+T72 Tj
s t1—7;
B5(z) = / i (t1) / gj(t2) sin 2(m — 2y + 2ty — 7 + i) dlp]dty, i # j
T1+T2 Tj
fi(2) = B0, i = 1,2, k=1,2.3. )

™

al(z) = /qi(tl) sin z(m — 2t1 + 7;)dty

Ti
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Uvedimo i sledece veli¢ine

™ t1—T7;

5 = [aede, 15 /qz h) /qz t)dtadty, i = 1,2
T t1—T7;
JQ(W)Z / qi(t1) / q;(t2)dtodty, i # j (9)
T1+T2 Tj

Funkcija (7) pomocu (8) i (9) dobija oblik

2
F(z) =sinmz + Qi Z[ai(z) — Jl(z) cos z(m — ;)| +
z
i=1
2 3 3
ZZﬁp J2 sin z(m — 27;) +Z +521)( )]
i=1 p=1 p=1
1 21
1,2 ™)
_F(J( )+J2( )) sinz(m — 71 — )+ Z b Z Z—pag)(z) (10)
7r€5'3(2 1) =3

4  Asimptotika nula funkcije F

U ovom radu trazi¢emo asimptotiku nula z, funkcije F u obliku

Ci(n) N Cs(n) o <Cg (n)

n n? n2

> ,(n— 00) (11)

Primjeni¢emo postupak analogan postupku koji se moze vidjeti u npr. [4]. Uko-
liko se ograni¢imo da vazi ¢;(z) € L2[0,7] i« = 1,2, u asimptotskim procjenama
koristiéemo klasi¢nu ¢injenicu da se Furijeovi koeficijenti takvih funkcija ponasaju

1 1. 1
po zakonu O (ns>’ 5> 3 ili 0<\/ﬁ>'

Koristeci (11) dobijamo

sinnz, = (-1 [T T, (GO (12)

n n2 n2

1 1 1 1
Zbog — =—+4+0 (3>, dovoljno je asimptotiku ¢lanova uz — nadéi s tacnoséu
Zn n n Zn
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1
do koeficijenata uz —. Otuda dobijamo
n

ol = 1) o+ EZTIGOD (G

n n2
sin z, (7 — 273) = (=1)" "L sin 2n7; + O <6‘17§n)> (13)
sin 2, (1 — 71— 1) = (=1)" " sinn(r + m)+0 <Cl(n)>
n

Definigimo sledece brojne nizove.

™
alV) = /qi(tl)cosn(%l —m)dty i=1,2, n=1,2,...
Ti

s

o / gi(ty) sinn(2ty — 7)dty

Ti

™

bl = /thi(tl) sinn(2t; — 7;)dt;

Ti

Dalje, vazi

_ (1) {agp N [Cl(n)(w 1) , Caln)(m +Ti)] bg)} .

n n?

+(_1)n+1 |:2C711(n) 4 QCZZ(n)] BS) +o (l)ﬁf’;(ﬂ)) (14)
Uvedimo 1 nizove
s t1—7;
b = / lgi (1) / 43 (t2)dts] sinn(2t, — 71 — 72)dty
14 75
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m t1—T;

bg,g) / [qi(tl) / q]'(tg) sin n(2t2 —T; + Ti)dtg]dtl

T1+T72 Tj
s t1—7;
bgﬁ) = / [qi(tl) / Qj(tg) sin n(2t1 — 2t2 + Tj — Ti)dtQ]dtl, n e N, (15)
T1+7T2 Tj

Tada vaze relacije

g g Cr (n)b"
6(1,]) — (—1)”"_16217;{) +0 <1(n)17”> ,p=1,2,3 (16)

P n
Koristedi jednakosti (11), (12), (13), (14) i (15), relacija (10) postaje

(="

2

F(zn) = nC1(n) + %Z(ag) — Jl(i) COS NT;)

_l’_

D — Oy ()b — (1 — 73)Cy (n) J{” sin nn} -

_1\n
(472{2 (prnJQ 3m2nn)+z +521 }
i=1 \p=1
—1)" , e
B (4n; ’(J2(1’2)+J2(2’1)) sinn(m + 12)4+0 <n§(n)) (17)

Odavde slijedi

2
Culn) —Ti i) . C "y
Ca(n) = Z 17571) 559 + m . T C1(n)J1( )smm'i — 1()2(:+T)b7(1)> n
i=1
L[S0 (i) 13
| 2k A s | S 20
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—E(J(l 2)+J( Y sinn(ry +72) (19)

Koristedi (18) iz (19) imamo

2 2
Cy( ;; 212 <J1(J)J1( )SII].TLT] sinnr; + J(j)g( ) _TTT —; T Jf”be) COSTLTj> +
1 2 3 1 3
+I Z Z (b Z’ — J2 sin 2n7’1) + o Z(bgﬁ) + b;(fhl))_
4 =1 p=1 & p=1
(1,2) (1,2) 2 2
—J :J sinn(r1+72)+0 ZZ Sl n (20)

Primedba 4.1. Posto su potencijali ¢1, g2 iz prostora Lo[0, 7], asimptotika nula

Cl(n) + CQ(TL) +o <CQ(7”L)

Zn =M+
n n2 n2

) , (n — 00) (21)

se odlikuje slozenoscéu koeficijenata C (n) i Cg(n).

e euw

n — oo 1 one sabirke koji ne i§¢ezavaju nego osciluju. Tako npr. u C1(n) sabirak
Jw (l)
217 cos nT; osciluje, a ¢lan ﬁ is¢ezava. Sli¢no je i kod Cy(n). Izraz
2 2 1 . . 1 .
G = Z Z 277r2J1(j)J1(1) sinnT; sinnt; — EJQ(I) sin 2n7; | —
i=1 | j=1

—(J2(1’2) + J2(2’1)) sinn(m + 72)

osciluje dok izraz

3
. 1 @i T T 26),6) 1 i)
G = Z 52 <J1 b,, 5 —J;7'b, cosntj | + Ean’p +

i=1 | j=1 p=1
1 3 2 2

F o S ED ) 40 | 30D el
p=1 =1 j=1

iS¢ezava pri n — oo.

Primedba 4.2. Asimptotika tipa (21) sa koeficijentima (18) i (20) ima izuzetan
znacaj u teoriji inverznih zadataka.
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Apstract

S. Kasahara [9], [10] in 1974, considered topological vector spaces over
topological semifield, and introduced the notion of ®-paranormed spaces.
O. Hadzi¢ [3], [4] introduced the notion of sets of ®-type, and proved admis-
sibility (in seance of V. Klee [11], [12]) of such sets. Sets of Zima’s type were
introduced by K. Zima [15] (for metric linear spaces) and O. Hadzi¢ [5] (for
arbitrary Hausdorfl topological vector spaces).

In this talk (paper) we shall prove that each set of ®-type is set of Zima’s
type, which implies that every the subset of ®-type can be affinely embedded
in a Hausdorff locally convex linear space.

1 Introduction

There are many approach to the theory of uniform spaces which are obtained by
Tychonov, Kurepa, Weil, Efremovich, and many others. One of them is introduced
by M. Ja. Antonovskii, V. G. Boltjanskii and T. A. Sarymsakov in 1960. They
considered uniform spaces as "metric spaces" in which distance between points
belongs to some topological semifield.

S. Kasahara [9], [10] in 1974, considered topological vector spaces over topo-
logical semifield, and introduced the notion of ®-paranormed spaces. In [1]| L
Arandelovi¢ and M. Rajovi¢ proved that topological vector space are ®-paranorm-
able if and only if it is product of locally bounded spaces.

Kasahara’s approach was applied in papers of O. Hadzi¢ [3], [4], O. Hadzi¢
and Lj. Gaji¢ [8], Lj. Gaji¢ [2] and S. Nesi¢ [13], [14], in which were given some
results in fixed point theory and related topics of nonlinear analysis.

O. Hadzi¢ [3], [4] introduced the notion of sets of ®-type, and proved admis-
sibility (in seance of V. Klee [11], [12]) of such sets.

Sets of Zima’s type were introduced by K. Zima [15] (for metric linear spaces)
and O. Hadzi¢ [5| (for arbitrary Hausdorff topological vector spaces). For its
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applications in nonlinear analysis see monograph [6]. H. Weber [14]| proved that
such set can be affinely embedded in a Hausdorff locally convex linear space.

In this talk (paper) we shall prove that each set of ®-type is set of Zima’s
type, which implies that every the subset of ®-type can be affinely embedded in
a Hausdorff locally convex linear space.

2 Preliminary Notes

By R we shall denote the set of all real numbers. Further, let X be a Hausdorff
topological vector space. Then there exists nonempty set A and family of metric
linear spaces {X;}iea (see Klee [10]) such that

X:HXZ».

1€EA

We shall denote by Ra the set of all mappings from A into R with Tychonoff
product topology and operations + and scalar multiplication as usual. If f, g € Ra
we shall say that f < ¢ if and only if f(t) < g(t) for each t € A. By Pa we shall
denote the cone of nonnegative elements in Ra. For ¢ = (¢;)iea € Ra we define
the i—projection as:

pi(q) = 4.

The triplet (X, ||.], ®) is a ®-paranormed space if and only if X is the Hausdorff
topological vector space, ||.] : X — Pa, @ is a linear, positive mapping from Ra
into R such that the following conditions are satisfied:

1) ||z] = 0 if and only if z = 0;

2) [|t] = [¢ll|);

3) llz +yl < ([l + [ly])-

Then for mapping ||.] is said to be ® paranorm.

Let (X,].], ®) be a ®-paranormed space. Then K C X is set of ®-type if and

only if for every n € N, every x1,...,2, € K — K and every Ay, ..., A, such that

Y>> Ai = 1 we have:
1D iwi] < - A ().
=1 =1

Let X,Y be topological spaces and f : X — Y. fis compactif it is continuous
an f(X) is a compact set. Let E be a topological vector space and g : X — Y be
a single-valued function. A function f: X — FE'is finite if it is compact and f(X)
is a subset of some finite dimensional subspace of E. A subset K C F is said to be
admissible if for every compact subset A C K and every U open neighborhoods
of zero in E there exists a finite function h : A — K so that h(z) — 2z € U for
each x € A.

Let E be a topological vector space, U be a fundamental family of open neigh-
borhoods of zero in F and K C E. We say that the set K is of Zima’s type if and
only if for every V' € U there exists U € U such that co(U (K — K)) C V.
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3 Results

Now we need the following Lemma.

Lemma 3.1. Let (X,|.], ®) be a ®-paranormed space. Then

2] < @([|=]),
for any x € X.
Proof: For any x € X we have
T T T T x
frg — — < - - = 2 - = .
I =I5 + 5] < ®(I2] +115) = @(2ll35) = @(ll2)

&

Now we present our main result.

Theorem 3.1. Let (X,|.], ®) be a ®-paranormed space and K C X. If K is set
of ®-type then it is set of Zima’s type.

Proof: Let U be a fundamental family of open neighborhoods of zero in X and
V € U. Kasahara [8],[9] proved that there exists real number ¢ > 0 and an
indecomposable idempotent p € Pa such that set

{z € X :|z]p <ep}
is nonempty open subset of V. Let
U={zxe X :9(||z])p < ep}.
By Lemma 3.1 we get that
UC{zreX:|z|p <ep}.

So we get that U is open subset of V' because ® is continuous and linear, which
implies that U is open neighborhoods of zero.
Let x1,...,z, € (K — K)N V. For arbitrary real numbers Ay, ..., A, € [0, 1]

such that Z A; = 1 we have:

=1

n n
1Y Aiwi] <7 \®([Jai]).
i=1 i=1
From z1,...,2, € (K — K)NV it follows that

O([|lz])p < ep
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for any 1 < ¢ < n which implies

n

1>~ Xiwilp <D Nid([la))p < ep.
=1

i=1

So we get that
n
Z)\il‘i S U,
i=1

which implies co(U (K — K)) C V.

¢

H. Weber [14] proved that set of Zima’s type can be affinely embedded in a
Hausdorff locally convex linear space. So we obtain:

Corollary 3.1. Let (X, |.],®) be a ®-paranormed space and K C X. If K is
set of ®-type then it can be affinely embedded in a Hausdorff locally convex linear
space.

O. Hadzi¢, [5] proved that set of Zima’s type is admissible. So we obtain:

Corollary 3.2. (0. Hadzic¢ [3], [4]) Let (X,||.], ®) be a ®-paranormed space and
K C X. If K is set of ®-type then it is admissible.
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Abstract

Using the the concept of the total Kurzweil-Henstock integral we shall try
to show that functions, which can take not only finite but infinite values in
the interval (—m, 7), can be expanded into a Fourier series over this interval.

1 Introduction

As is well-known to all of us, significant progress in Fourier analysis has gone
hand in hand with progress in theories of integration, 3, 9]. Perhaps this can
be best exemplified by using the so-called total value of the generalized Riemann
integrals introduced by Saric in his works [4, 5, 6, 7]. This brand new theory
of integration, which takes the notion of residues of real valued functions into
account, gives us the opportunity to integrate real valued functions that was not
integrable in any of the known integration methods until now. Accordingly, in
the main part of this paper, we shall see that real-valued functions, with infinite
discontinuities within the interval (—m, ), can be expanded into a Fourier series
over [—m, 7).

2 Preliminaries

The Lebesgue measure in the set of all real numbers R is denoted by i, however, for
E C R we write |E| instead of x (E). By N we denote the set of natural numbers.
Given a compact interval [—m, 7| let the collection Z ([—m,7]) be a family of all
compact subintervals I of [—m, 7r]. Any real valued function defined on Z ([—, 7])
is an interval function. For f : [—m, 7| — R the associated interval function of f
is an interval function f : Z ([-m,7]) — R, again denoted by f, [8]. A partition
P |—m, 7] of [—m,m] is a finite set of interval-point pairs ([a;, bi],x;), i = 1,...,v,
such that the subintervals [a;, b;] are non-overlapping ((a;, b;) N (a;, b;) = 0 for ¢ #
J, where (a;, b;) are the interiors of [a;, b;]), Ui<y [as, bi] = [—m, 7] and x; € [a;, b;].
The points {x;},., are the tags of P[—m, 7], [1, 2|]. If E is a subset of [—m, 7],
then the restriction of P[—, 7] to E is a finite subset of ([a;,b;], ;) € P [—m, 7]
such that each pair of sets [a;,b;] and E intersects in at least one point. In
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symbols, P [—7, 7] |g = {([ai, bi],2;) € P|—m, x| | [a;,b;] N E # 0}. It is evident
that a given partition of [—m, 7] can be tagged in infinitely many ways by choosing
different points as tags. Given ¢ : [—m,w] — R, named a gauge, a partition
P [—m, 7] is called d-fine if [a;, b;] C (z; — 6 (z3), 25 + 0 (z;)). Let P [—m, 7] be the
family of all partitions P [—m, x| of [—m,n]. Then, by Ps[—m,n] we denote the
family of all 0-fine partitions P [—m, 7] of [—m, 7] for some given § : [—7, 7] — R,
In what follows we will use the following notations: AF (I) = F (v)—F (u), where
w and v are the endpoints of I € Z([—m, 7)), >, AF([a;, b;]) = AF(P[—m, )
and ), f (%) |[ai, bs]| = (fAz) (P[—m,x]), whenever ([a;, b;], ;) € P[—m, 7. In
addition, if t € (0,7) and (I, t) is an interval function associated to 7 (x,t), then
S (las,bi), ) AF([as,bi)) — 7 (w1,2) las, i} = (YAF — yAz) (P [, 7] ).
The following two definitions come from |2].

Definition 2.1. A function f : [—m, 7] — R is said to be Kurzweil-Henstock
integrable to a real number A on [, 7] if for every € > 0 there exists a gauge ¢ on
[—7, 7| such that |(fAx) (P [—n,7]) — A| < ¢, whenever P [—n, 7| € Ps[—m, .
In symbols, A = KH — ffﬂ f.

Definition 2.2. Let v : Z[—m, 7] — R be an arbitrary interval function. Then,
a function ¢ : [—m, 7] — R is the limit of v on E C [—m, 7], if for every € > 0
there exists a gauge 0 on [—m, 7] such that |y ([a;,bi]) — g (z;)| < €, whenever
([ai, b, xi) € P[—m, 7] |g and P [—7, x| € Ps[—m, 7).

For a primitive F' : [—m, 7] — R, the derivative f could be defined as the limit
of the interval function ¢ : Z [—m, 7| — R defined by

o= S = 3 (D). 0

where Az (I) = |I|. In this case, according to Definition 2, given € > 0 there exists
a gauge 6 on [—m, 7| such that |AF ([ai, bi]) — f(zi)Ax ([ai, bi])| < eAx ([ai, bi]),
whenever ([a;,bi],z;) € P[—m,7||g and P[—m, 7] € Ps[—m, m]. Accordingly,
if E C [—m, 7|, more precisely if F' : [—m,7] — R is a function that is not
differentiable on [—, 7], then for a given € > 0 in the set

QM — {(2,1): x € [-m, 7] is inside T and |AF (I)| > ¢|I|}
we isolate two subsets:
QX — {(,1) : x € [-7, 7] is inside T and €|I| < |AF (I)] < &} and
ng{ ={(x,I) :x € [-m, 7] is inside I and |AF (I)| > ¢}.
Definition 2.3. Let F': [-m, 7| — R. The set (vss) [-m, 7] = {z € [-m, 7] : for

every € > 0 there exists a d-fine (z,I) € QX} is said to be the set of seeming
singular points of F on [—m, 7.
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Definition 2.4. Let F' : [—m, 7] — R. The set (vs) [-7, 7| = {x € [—m, 7] : for
every € > 0 there exists a J-fine (z,]) € Q’g{} is said to be the set of singular
points of F on [—m, 7.

When working with functions, which have a finite number of discontinuities
on [—m,m], it does not really matter, from the point of view of totalization of
the Kurzweil-Henstock integral, how these functions will be defined on the set F
of discontinuities. Hence, we adopt the convention that such functions are equal
to 0 at all points at which they can take values oo or not be defined at all.
Accordingly, we may define point functions Fe, : [—7, 7] — R and fe, : [—7, 7] —
R by extending F' and its derivative f from [—m, 7] \E to E by F., () = 0 and
fex () =0 for z € E,| so that

e B i )

| f(z),ifz e [—m7]\E
f@x(x)_{ 0,ifzeF '

The following two definitions come from [5].

Definition 2.5. Let v : Z[—m, 7] — R be an arbitrary interval function and
for F : [-m,7] = R let ¢ : Z|—m, 7] — R be an interval function defined by
(1), that converge, according to Definition 2, to g (x) and f (x), respectively,
almost everywhere on [—m, 7]. A point function g () is totally Kurzweil-Henstock
integrable, with respect to the differential form dF (z) = f (x)dx, to a real point
F on [—m, 7], if for every € > 0 there exists a gauge d on [—7, 7| such that

|(YAF) (P [—m, @) — F| <e, (3)
whenever P [—m, 7] € Ps[—m,x]. In symbols, F := KH — vt ["_gdF.
Remark 2.1. In case, any of the point functions g and f above is the limit of

the corresponding interval function on [—m, 7|, then in the previous definition (3)
can be replaced by

[(gAF) (P [=m,]) = F| <e or [(vfAz) (P[-m,7]) - F| <&,
respectively.

Definition 2.6. Let F : [-m,7] — R and E C (—m,m) be a set of Lebesgue
measure zero such that £ = (vs) [—m,w]. The linear differential form dF (x) =
f(z)dx, as the limit of AF (I) on [—m, 7|, where I € Z ([—m,]), is said to be
basically summable (BSs) to a real number R on E if for every € > 0 there exists
a gauge d on [—m, 7| such that

(AF = feo ) (P [=m, 7] |£) — R| <e,

whenever P [—7, 7] € Ps[—m, 7). If in addition E can be written as a countable
union of sets on each of which the linear differential form f (z)dz is BSs, then
[ (z) dz is said to be BSGs on E. In symbols, R := )" f (z) d.
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3 Main results

It is an old result (see [9]) that if v : [—m, 7] = R is a point function defined by
y(z,t) = S0 T, t) + (z —t) /2, where Ty (x,t) = sin [k (z — t)] /k, for every
fixed ¢t € (0,7), then the dispersion of function values on [—m, 7] is as follows

-5, ifx € [-m,1)
v (x,t) = 0,ifx =t . (4)
5, if x € (t, ]

Let 7 : Z ([—m,n]) — R be the associated interval function of . If I € Z ([—m, 7])
and v (I,t) = v (v,t) — v (u,t), where u and v are the endpoints of I, then

400 I m, if t € int.
(I, 1) => Tw(l,t)+ 5 = 3 if tis the endpoint of I, (5)
k=1 0,ift¢ 1

where 'y (1,t) = T'x(v,t) — I'x(u,t). In addition, let £ C (—m,m) be a set of
Lebesgue measure zero at whose points an arbitrary point function F', defined
and differentiable to f on [—7, 7] \ E, can take values +00 or not be defined at all
and t ¢ E. If we introduce into the analysis the interval function 7 (I,t) AFe,(I),
as the product of the two interval functions 7 (I, t) defind by (5) and AFe, (1),
whenever I € 7 ([—n, 7]), then, according to Definition 5,

m +oo 1
K?{—vt/ [ZGk(x,t)+§]f(:c)d:n:7rf(t), (6)

T k=1

where Gy (x,t) = cos [k (z — t)] is the limit of T'y(I,t)/Ax (I), since f (t) is the
limit of the interval function ¢ (I) = (AF.,/Az) (1) at the point t and therefore
for every € > 0 there exists a gauge d on [—m, 7] such that

|(YPer) (P [=m, 7] 8) =7 f (D) = 7 | bex([ai, bi],) = f ()] < e, (7)

whenever P [—m, 7| € Ps [—m, 7|, where [a;, b;], are the subintervals [a;, b;] to which
the point ¢ belongs.

On the other hand, considering the fact that > /% Tx(I,t) converges on
[—m, 7] it follows that "% (Ty/Ax) (P [, 7] ,t) = 45 Tw/Az) (P [—7, 7], t),
for every P [—7, | € P [—m, x]. Hence, (6) becomes the Fourier series of f at the
point ¢, as follows

—T

+oo T i
%ZICH—vt Gk(x,t)f(x)da:—i—%lCH—vt fx)yde=f@). (8)
k=1 -

The following theorem give us the opportunity to compute the Fourier co-
efficients for a function that can take not only finite but infinite values within
[—m, 7], using the Kurzweil-Henstock integral.
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Theorem 3.1. For [—m, 7] € Rlet E C (—m,7) be a set of Lebesgue measure zero
at whose points a primitive F' that is defined and differentiable on [—m, 7] \E and
its derivative f can take values +00 or not be defined at all. If Gy (z,0)dF (x) =
Gr (x,0) f (z) dx, as the limit of the point-interval function Gy (x,0) AFe, (I) on
[, 7|, where I € I ([—m, 7)), is basically summable (BSs) on E to the sum
Ry and Gy (x,0) fer () is Kurzweil-Henstock integrable to a real number Ay on
[—7, 7], for each k € N, then

X ™

KH — vt Gy (2,0) f (z)de = KH — Gi (2,0) fex (x)dz +Ri, (9)

for each k € N.

Proof. Let Foy and fe; be defined by (2). Since the point function G, (z,0) fer (2)
is Kurzweil-Henstock integrable to a real number Ay, on [—7, 7] and Gy, (z,0) dF (x)
is (BSs) on E to Ry, for each k € N, it follows from Definitions 2 and 6 that for
every € > 0 there exist a gauge d; on [—m, 7] such that

|(Gk fexAz) (P [—m,7],0) — Ag| < ¢,
whenever P [—m, 7| € Ps, [-m, 7|, and a gauge d2 on [—m, 7] such that
|(GkAFex - kaexAx) (P [_77777] |E 70) - %k‘ <g,

whenever P [—m, 7] € Ps, [, 7). In addition, fe; () = 0on E and G, (z,0) dF (x)
is the limit of G (z,0) AF(I) on [—m,n| \ E, that means that for every ¢ > 0 there
exists a gauge d3 on [—m, 7| such that

|(GkAF — GpfAz) (P [—7m, 7] \P [—-m, 7| |g ,0)| < 27e,

whenever P [—m, 7] € Ps, [—m,7]. A gauge § on [—7, 7] may be chosen so that
d (z) = min (01 (z), 02 (x),d3 (x)). Hence, for every € > 0 there exists a gauge ¢
on [—m, 7| such that

’(GkAFef) (P [—7T,7T] 70) - Ak - %k’ < ’(kaemAx) (P [—7T,7T] 70) - Ak’ +

+ |(GkAFex - kaea:A:E) (P [_7Ta 7T] 30) - %k‘ )
that is,

[(GLAFey — G fexAz) (P [—m,7],0) — Ri| <

< [(GRAF = GrfAz) (P [=m, 7] \P [=m, 7] [, 0)| +
+ ‘(GkAFem — kaexA.T) (P [—7T,7T] |E ,0) — §Rk| < (27T + 1) g,

whenever P [—m, 7| € Ps[—m, 7], so that given € > 0 there exists a gauge 0
on [—m, 7| such that |(GrAFe;) (P[—m,7]) — Ar — R| < 2(1 + 7) e, whenever
P[—m, 7] € Ps|—m,n]. Therefore,

KH — vt Gy (z,0) f (z)de = KH — i Gr (2,0) fer () dz + Ry

—T —T
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Let H (x) be the so-called Heaviside (unit) step function. It is easy to see that
dH (xz) = 0 (z) dx, where § (x) is the Dirac delta function that is zero everywhere
except at zero, is the limit of the interval function AH (I), associated to H (x),
on [—m, ] \Ep, where Ey = {0}. Since for every € > 0 there exists a gauge ¢ on
[—7, ] such that |AH(P[-m,7]|) — 1| < ¢ and |(GxAH)(P [—m,7],0) — 1| < ¢,
whenever P [—m, 7] € Ps[—m, 7| and k € N, it follows from Definition 5 that

™
KH — vt Gy (z,0)dH (x) = 1, (10)
—T
for each k € Ny, where Ng = NU {0}.

By Theorem 1 and Definition 6, we see that KH— [T Gy (x,0) 0ey (2) dz =0,
for each k € Ny, since Gy, (x,0) dH (z) are basically summable (BSs) to 1 on FEy,
for each k € Ny. Finally, it follows from (8) that

+oo
> Gy (o,t)+%:m5(t), (11)
k=1

at every point  belonging to the set [—, 7] \ Fy. This confirms that >/ Gy, («, )
is the limit of > 2Tk (I,t)/Az (I) on [, 7| \E;, where E; = {t} and t €
(—=m, 7). In addition, for any real-valued periodic function f (z) of period 2,
which is defined at a point ¢ € (—m,7), it follows that

™

Wf(t):,CH—Ut/ o (x—1t) f(z)de = (12)

—T

T k=1 k=1 -

+%IC7—[ — vt/ f(x)dz.
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Abstract

In the present paper we study some metric properties and dispersive
effects of weakly mixing (WM) measure-preserving transformations on gen-
eral metric spaces endowed with a probability measure; in particular, we
investigate connections of WM discrete time dynamical systems with the
theory of probabilistic metric spaces. Further, continuing the work begun
by B. Schweizer and A. Sklar [Z. Wahrsch. Verw. Geb. 26 (1973), 235 —
239|, in [Huse Fatki¢, Slobodan Sekulovi¢, and Hana Fatki¢, Probabilistic
metric spaces determined by weakly mixing transformations, Proceedings of
the 2nd Mathematical Conference of Republic of Srpska - Section of Applied
Mathematics (2012), 195-208] is proven that if (S,d) is a separable metric
space endowed with a probability measure P and if T is a transformation
on S that is weakly mixing with respect to P, then for any « > 0 and al-
most all pairs of points (p,q) in S?, there is a distribution function F' such
that the average number of times in first (n — 1) iterations of T that the
distance between points T™(p) and T™(q) is less than = converges to F(x)
as n go to infinite. The collection of these distribution functions is almost
an equilateral probabilistic pseudometric space and the transformation T'
is (probabilistic-) distance-preserving on this space. We apply this result
to establish several facts, e.g. the fact that under iteration of WM trans-
formation T, k-tuples of distinct distances d(p, q) behave asymptotically as
independent, identically distributed random variables.
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1 Introduction and preliminaries

In this work we shall study actions of the group Z of integers on a probability
space X , i.e., we study a transformation 7' : X — X and its iterates T",n € Z.

Specifically, we shall investigate some metric properties and dispersive effects
of weakly mixing (WM) transformations on general metric spaces endowed with
a probability measure; in particular, we shall study connections of WM discrete
time dynamical systems with the theory of probabilistic metric (PM) spaces. We
shall generally refer to Billingsley [1]|, Cornfeld, Fomin and Sinai [3|, Fatkié¢ [6],
Hille [14], Schweizer and Sklar [21] and Walters [24].

Suppose (X, 4, P) is a probability space. As usual, a transformation 7" : X —
X is called:

(i) measurable (P - measurable) if, for any A in 4, the inverse image T 1(A)
is in 4;

(ii) measure-preserving if T is measurable and P(T~1(A)) = P(A) for any A
in 4 (or, equivalently, measure P is said to be invariant under T);

(iii) ergodic if the only members A of 4 with T—1(A) = A satisfy P(A) = 0
or P(X\ A)=0;

(iv) weakly mizing (or weak-mixing) (with respect to P) if T is P - measurable

and
n—1

Tim % " |P(Ti(4) N B) — P(A)P(B)| =0
=0

for any two P- measurable subsets A, B of X.
(v) strongly mizing (or mizing, strong-mizing) (with respect to P) if T is P -
measurable and
nh_>nca>o P(T"™(A)N B) = P(A)P(B) (1)

for any two P- measurable subsets A, B of X.

We say that the transformation T : X — X is invertible if T is one-to-one
(monic) and such that T'(A) is P - measurable whenever A is P - measurable
subset of X.

A transformation T on a probability space (X, 4, ) is said to be measurability
- preserving if T(4) C A (i.e., if T(A) is P - measurable whenever A is P -
measurable. In this case we also say that the transformation T preserves P -
measurability.

If (X, 4, P) is a probability space, and T : X — X is a measure-preserving
transformation (with respect to P), then we say that ® := (X, 4,P,T) is an
abstract dynamical system. An abstract dynamical system is often called a dy-
namical system with discrete time or a measure-theoretic dynamical system or an
endomorphism. We shall say that the abstract dynamical system ® is: (i) in-
vertible if T is invertible; (ii) ergodic if T is ergodic; (iii) weakly (resp. strongly)
mizing if T is weakly (resp. strongly) mixing (see [2, pp. 6 - 26]).

2010 Mathematics Subject Classification: 60B05, 28A10, 54E35.
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If T is a strongly mixing transformation of a probability space (X, 4, P),
then, as is well-known, 7" is both measure-preserving and ergodic. Furthermore,
if T: X — X, in addition (to being strongly mixing on X with respect to P), is
invertible, then (1.1) is equivalent to (the well- known result):

Tim P(T"(A) N B) = P(A)P(B) 2)

for any p - measurable subsets A, B of X.

In this work we consider a metric space/( extended metric spaces, i.e., if we
allow d to take values in [0,00] (the nonnegative lower reals) instead of just in
[0,00), then we get extended metric spaces) (X, d) on which a probability measure
P is defined. The domain of P, a o - algebra 4 of subsets of X | is assumed to
include all Borel sets in (X, d); in particular, therefore, all open balls in (X, d)
are P - measurable (see [10]).

The (ordinary) diameter of a subset A of X | i.e., the supremum of the set
{d(z,y)|x,y € A}, will be denoted by diam(A). We can define the diameter of
the empty set (the case A = @) as 0 or —oo, as we like. But, like many other
authors, we prefer to treat the empty set as a special case, assigning it a diameter
equal to 0, i.e., diam(&) = 0, which corresponds to taking the codomain of d to
be the set of all nonnegative real numbers (if the distance function d is viewed
here as having codomain R, this implies that diam (@) = —o0) (see [10]). We
call P nonsingular if there exist two open balls K1, Ko, and a positive number
xo such that P(K;) > 0, P(K32) > 0, and d(wi,wz) > 0 for all w; in Kj,wy in
Ks. We call P pervasive if P(K) > 0 for all open balls K in X. Note that any
pervasive measure is nonsingular if X has more than one point.

If A is P-measurable, then the (ordinary) essential diameter of A, denoted by
ess diam (A), is the infimum of the set of diameters of all P-measurable sets B
such that B C A and P(B) = P(A).

Let (X,d) be a metric space/(extended metric space), and let A be a subset
of X. For any positive integer k > 2, we define the the geometric diameter of
order k of A (kth diameter of A), denoted by 0x(A), to be the quantity

6u(A) = supd G| [ dlwias) | a1,z e Ay (3)

1<i<j<k

Note that d2(A) is the (ordinary) diameter of the set A. The sequence (dx(A))
can be shown to be decreasing (see, e.g., [14] and [19]), and therefore has a limit
as k tends to infinity. By definition, the (geometric) transfinite diameter of A is

7(A) := lim 0;(A). (4)
k—o00
Note that 0 < 7(A) < 6;(A) < diam(A), and that B C A implies 7(B) < 7(A).

Example 1.1. [19, p. 167] Let A be the closed unit disk (or the unit circle).
Then

o(A) == "V, 1(4) = 1.
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Example 1.2. [19, p. 169] The closed set {0}U{1/k : k = 1,2, ...} has transfinite
diameter zero.

If A is p-measurable subset of X, then, for any positive integer k& > 2, the
essential geometric diameter of order k of A, denoted by ess 0;(A) , is the infimum
of the set of geometric diameters of all y-measurable sets B such that B C A and

w(B) = p(A), ie.,
ess 0k (A) := inf{0x(B)|B is pu - measurable, B C A, u(B) = u(A)}.  (5)

The general theory of geometric diameters and transfinite diameters plays an
important role in complex analysis. It is related to the logarithmic potential
theory with applications to approximation theory and the Cebysev constant (see,
e.g., [19]).

Investigations in [3 - 12], [18], [21] and [22] have shown, however, that many
important consequences of (1.2) persist in the absence of invertibility and/or the
strongly mixing property.

Many problems in mathematical analysis can be dealt with within the frame-
work of metric spaces (see [10]). This very fact compelled mathematicians to
introduce the spaces as general as topological spaces as well as the spaces such as,
probabilistic metric spaces and eve probabilistic information spaces (probabilistic
topological spaces, intuitionistic fuzzy (quasi-) metric spaces, quasi-fuzzy topolog-
ical spaces etc.). In that respect, in 1942 K. Menger [16] proposed probabilis-
tic/statistical generalization of the theory of metric spaces. Specifically, he pro-
posed replacing the number d(p, ¢) (the distance between p and ¢, elements/points
of a nonempty set X) by a real-value function F,, whose value Fp,(z), for any
real number x, is interpreted as the probability that the distance between p is
less than z. From it follows that Fj, (for all p,q in X) is probability distribution
function.

For the sake of convenience, we recall some of the basic concepts related to
the theory of probabilistic metric spaces (for further details, see |6, 10, 12, 21]).

Definition 1.1. A real function F defined on the extended real line R :=
[—00, +00] is called a distribution function briefly, a d.f.) if it is nondecreasing
and satisfies F(—o0) = 0, F(400) = 1.

The set of all d.f.’s that are left-continuous on the unextended real line R :=
(—00,40) is denoted by A and the subset of all F’s in A satisfying F'(0) = 0 is
denoted by AT (the set of distance functions). Let D be the subclass of A formed
by all functions F' € A such that lim, , - F(x) =0 and lim, o F(x) = 1. The
subset of all F’s in D satisfying F'(0) = 0 is denoted by D*.

The sets A, AT, D and DT are partially ordered by the usual pointwise partial
ordering of functions.

Definition 1.2. For any a in R, €, the unit step at a, is the function in A given
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0, —o0 <z < a,
eq() = for —o0o < a < 400 (6)
1, a<x < +400;

(7)

0, —o0<zx< 400,
fool@) = 1 r = +00.

Note that e, < ¢ if and only if b < a; that e is the minimal element of
both A and A™; and that e ., is the maximal element of A, and £y the maximal
element of AT,

Definition 1.3. A triangle function is a binary operation 7 on AT that is commu-
tative, associative, nondecreasing in each place, and has €¢ as an identity element.

Continuity of a triangle function means uniform continuity with respect to the
natural product topology on AT x AT, Typical (continuous) triangle functions are
convolution and the operations 77, which are given by 77 (F, G)(z) = sup{T(F'(u),
G())lu+v =z}, for all F,G in AT and all z € R. Here, T is a continuous t -
norm, i.e., a continuous binary operation on [0, 1] that is commutative, associative,
nondecreasing in each place, and has 1 as identity.

Example 1.3 (21, pp. 70 - 71). The most important ¢ - norms are the functions
W Prod and M which are defined, respectively, by

W(a,b) = max {a + b— 1,0}, Prod(a,b) = ab, M(a,b) = min{a, b}.
Their corresponding ¢ - conorms are given, respectively, by
W*(a,b) = min {a + b, 1}, Prod*(a,b) = a + b — ab, M*(a,b) = max {a, b}.

In the following we shall define some functions, say F', on R and consider
them automatically extended to R by F(—oc0) = 0 and F(oo) = 1.

{F; : i € I} is a family of functions in AT, then the function F': R — [0, 1]
defined by

F(z) =sup{Fi(z):i € I},z € R,

is the supremum of the family {F; : i € I'} in the order set (AT, <) : F = sup,¢; .
To define the infimum of the family {F; : i € I} put

I'(z) =inf{F;(x):ieI},x € R.

Since the function I' is nondecreasing, but not necessarily left continuous on
R, we have to regularize it by taking the left limit

G(x) =1"T(x) := lim I'(2') = sup I'(z'),z € R

/
T’ —T ' <z

Then G(x) < T'(z),Vx € R, the function G belongs to A" and G = infc; F;
- the infimum of the family {F; : i € I'} in the order set (AT, <).
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Definition 1.4. A probabilistic metric (briefly, PM) space is a triple (S,§, 7),
where S is a nonempty set, 7 is a triangle function, and § is a mapping from S x S
into A such that, if F,, denotes the value of § at the pair (p, ¢), the following
conditions hold for all p,q,r in S:

(PM1a) Fpq = €o;

(PM1b) Fuq # €0 if p # g;

(PM2) Fpq = Fop;

(PM3) Fpr = 7(Fpg, For)-

If (PM1a), (PM2) and (PM3) are satisfied, then (S, F,7) is a probabilistic

pseudometric space.

The mapping F is called the probabilistic metric on S and (PM3) is the prob-
abilistic analogue of the triangle inequality.

Every metric space can be regarded as a special kind of PM space. For if
(S,d) is a metric space, if F': S x S — AT is defined via Fj,, = Ed(pg), and T is a
triangle function such that 7(g4,ep) < €444 for all a,b > 0 —e. g., if 7 is given by
7 (F, G)(x) = sup,y,— T(F(u), G(v)), for all F,G in A" and all z in R, where
T is a continuous t - norm — then (S, F, 7) is a PM space from which the original
metric space can be immediately recovered.

It is well known that the simplest metric spaces are discrete metric spaces,
and by analogy are defined the simplest probabilistic metric spaces: PSM space
(S,3) is said to be equilateral if there exists (distance) distribution function G,
which is different from step functions ¢ and €4, such that

(Vg€ S,p#q) S(p.q) =G.

Although equilateral spaces look trivial, they naturally appear as the spaces gen-
erated by strongly mixing transformations and weakly mixing transformations on
metric spaces.

Let A be a class of PSM spaces and let 7 be a triangular function. We say
that 7 is universal for A if each PSM space in A is PM space relative to 7.

In the second part of this introductory paragraph we define notions and bring
out the basic facts on a very important, special class of generalized metric spaces,
so called transformation-generated spaces. Such spaces were introduced and stud-
ied from the ergodic theory point of view in |20, 21, 12|. They represent the limits
of PPM spaces, each of is up to isometry the so called E space (see [21, §9.1 and
§11.1; Theorem 11.1.1]) constructed in the following way:

Let (S,d) be a metric space, and let ¢ be transformation on S, i.e. a function
from S into S. The iterates of ¢ are defined recursively by:

#°(p) = p and ¢"*1(p) = ¢(¢"(p)) for each p € S and for each n € Ny.
For brevity, we denote ¢™(p) by ¢"p.

For an arbitrary p € S, sequence {¢"(p)}52, is trajectory of p under the
transformation ¢.
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Further on, for an arbitrary pair of points p,q in S, an arbitrary natural
number n and an arbitrary real number z, let

X, ¢, x,n) = {0 <m <n:d(¢"p,¢"q) <z},

where |A| denotes the number of elements of a (finite) set A.

Hence, x(p,q,x,n) denotes how many times, in the first n — 1 iterations, is
the distance between nth iterations of ¢ in p and ¢ less than .

Let, for n € N and (p, q) € S?, FISZ}) denote a function defined by

1
x(p,q,z,n)

FM(~00) =0, F{M(c0) =1, FM(z) = -

pq

for each € R. Hence, Fég)(n € N) are the function for which

n—1
1 1
1 2 n
By =capa) B = 5(Capa) + Catonon) - Fg) = — D a@mpomay,
m=0

where, for each fixed t € R, &; is a unit step function in ¢. Hence, for an arbitrary
x>0, FZSZ;) (x) is the average number of times in the first (n — 1) iterations of ¢
that the distance d(¢"p, ¢"q) is less then x.

Clearly, for every fixed pair (p,q) € S? and for every fixed n € N, FZSQ) is non-
decreasing function, it has minimal value 0 (which takes for every non-positive
value of argument z), has maximum value 1 (which takes for every value of ar-
gument z which is larger of the largest among the numbers €ggnpgng); 1 =

0,1,...,n—1), and it is continuous from the left on R. Hence, F;gg) is probability
distribution function, continuous from the left, and for an arbitrary real number
x, the value F,Sg ) (x) can be interpreted as the probability that distance between
initial segments (size n with respect length), which belong to trajectories of the
points p and ¢, be less than . Consequently, FZSZ;) belongs to AT, and if metric
d never takes value oo then FIS(?) belongs to the set A™T.

For any n € N function ™, defined on S x S by

(n)  _ pa(n)
g(m) =1pg"

satisfies the conditions . - .
n) n) _ ~(n
g(M) = o g(p,q) - S(q,p)’

i.e. each of the spaces (S5, 8’(”)) is probabilistic metric space. It has been proved
in [21, §11.1] that each of the spaces (S,§™) is isometric with E - space, and
therefore (S, S(”)) is probabilistic pseudometric space with triangular function 7y .
However, our primary interest is not the sequence {(S,§"™)} of probabilistic
pseudometric spaces itself, but its limits, which exhibits information about the
sequence of distances {d(¢"p, " q)} behavior over the asymptotic average. It has
been proved (see [21, p. 176]) that, in weak sense, this limit always exists. Hence,
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we are interested in asymptotic behavior of the sequences {F((;L;) ()}, and in that
sense, for each x € R, we take

Fpq(z) = lim inf F(z)(= lim (inf{ £ - m > n})) (8)
and
Fpy(@) = lim sup B (2). 9)

For arbitrary p,q in S, functions Fj, and Fj, are probabilistic distribution
functions such that Fp,(z) < F, (z) for each z € R. Without loss of generality,
we can assume that these distribution functions are normalized in such a way
that they are continuous from the left on R so from Fp, < F it follows that
Fpq(z) < Fj,(7) not only for some x but for all z from some positive interval with
positive length. We call function Fj, the lower distribution of p and ¢, whereas
F}, is the upper distribution of p and g.

It causes no great difficulty to prove (see |21, §11.1; Theorem 11.1.2]) that
the lower distribution satisfies (one version of Menger’s triangular inequality)
inequality

Fpq(u+v) = W(Fpq(u), Fgp(v))

for all real numbers w,v (where W(z,y) = max(x +y — 1,0) for all z,y € [0, 1]).
It follows that, if § is mapping from S x S into the space of distribution functions,
defined by

g(pa Q) = qu7

for all p,q in S, then the pair (S,§) is probabilistic pseudometric space (with
triangular function 7). We call this space probabilistic metric space determined
by transformation (or transformation-generated space, defined by the metric space
(S,d) and transformation ¢), and we denote it by [S, d, ¢].

Example 1.4. Strongly mixing transformations exhibit dispersive effects. Thus,
for example, the dispersive character of the functions C,, defined by

Cy, = 2cos(n arc cosg)7 (10)

ie., Cp = 2C,(x/2) (where C, is the standard nth-degree Cebysev polynomial),
is brought out by the fact that if I is a subinterval of [—2, 2] with P.(I) > 0 (where
P, is the Lebesgue-Stieltjes F, measure on [—2,2] determined by F.(z) = 1/2 +
(1/m) arc sin(z/2))) if n > 2 and m is any integer such that m > (log(2/P.(I))/
logn + 2), then C*(I) = [—2,2]; i.e., the mth image of I is the entire space (see
[21, p.184] and [6]).

A strongly mixing transformation 7' that is one to one cannot exhibit such
extreme behavior, for in this case 7! is also measure preserving. Nevertheless,
as was shown in [3] and [18], under iteration, all strongly mixing transformations
tend to spread sets out. Indeed any weakly mixing transformation cannot exhibit
such extreme behavior; for as H. Fatkié [5] has shown, we have the following
result:
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Theorem 1.1. |5, Theorem 3|. Let (X,d) be a metric space, let 4 be a o-algebra
of subsets of X and p a normalized (probability) measure on 4. Suppose further
that every open ball in (X,d) is u-measurable and has positive measure. Let T be
a transformation on X that is weakly mizing with respect to p and suppose that
A is p-measurable subset of X with positive measure. Then

lim_sup 0, (T™(A)) = 0(X), (11)
where O is the geometric diameter of order k given by (1.3).

Note that the hypotheses of Theorem 2.4 are such that ess diam (X) = diam
(X).

Theorem 1.4. shows that any set A of positive measure necessarily spreads
out, not only in (ordinary) diameter, but also in geometric diameter of any finite
order. Thus, even though A may not spread out in "volume" (measure), there is
a very definite sense in which A does not remain small.

2 Main results

In this section of the paper we continue work from a previous paper [12], where
is proven that if (S,d) is a separable metric space endowed with a probability
measure P and if T is a transformation on S that is weakly mixing with respect
to P, then for any # > 0 and almost all pairs of points (p,q) in S?, there is a
distribution function F' such that the average number of times in first (n — 1)
iterations of 7' that the distance between points 7" (p) and T"(q) is less than x
converges to F'(x) as n go to infinite. The collection of these distribution functions
is almost an equilateral probabilistic pseudometric space and the transformation
T is (probabilistic-) distance-preserving on this space. In that direction, we have
the following result, which is Theorem 2.1 in [12] and is a substantial improvement
of Theorem 11.3.4 in [21]:

Theorem 2.1. [12, Theorem 2.1|. Let [X,d,T] be a transformation-generated
space. Suppose that the following conditions hold:

(1)
(i)
)
)

The metric space (X, d) is separable.

There is a probability measure P, defined on o-algebra F of subsets of X.
(iii) Every open ball in X belongs to 4.

(iv) T : X — X is weakly mizing with respect to P.

Then there is a unique distribution function G with the following properties:

(a) For all x € [—00,0),
Gr(x) = PP(D(2)), (12)

where P®) is the product measure on the set X x X, while, for any z € R,
D(z) denote the set of all pairs (p,q) in X x X such that d(p,q) < x.
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(b) There is a subset Ay of X x X with P (Ag) = 1 such that for all (p,q) € Ag
the sequence of distribution functions (FZSZ;));O:l defined by

1
F) (—00) = 0, 3 (00) = 1 and FY)(2) = - x(p,q,2,n) ( € R), (13)
where

x(p,q,x,n) = card{0 < m < n:d(¢"p,¢"q) < x},

converges to G, i.e. for each point x € R holds

n—1

. 1
nILHSO n Z q(rmprmg)(T) = G (), (14)

m=0

where, for each fived point t € R, ; is a unit step function at t (see (1.6)
and (1.7)).

Technique developed in the proof of this theorem surpasses the needs of this
proof and, it can be successfully employed in further investigations.

We apply this result to establish several facts about the connections of WM
discrete time dynamical systems with the theory of PM spaces, e.g. the fact that
under iteration of weakly mixing transformation 7', k-tuples of distinct distances
d(p, q¢) behave asymptotically as independent, identically distributed random vari-
ables.

The space [X,d, T| in Theorem 2.1 is called the weakly mizing transformation-
generated space determined by the separable metric space (X, d) and the weakly
mixing transformation 7' and is denoted by [X,d, T]was. It follows that under
the hypotheses of Theorem 2.1, the associated weakly mixing transformation-
generated space [X, d, T is almost an equilateral probabilistic pseudo-metric space.
If the probability measure P is nonsingular, then there exist two open balls @1, Q2,
and a positive number zg such that P(Q1) > 0, P(Q2) > 0 and d(q1,g2) > x¢ for
all g1 € Q1,92 € Q2. This yields

Gr(zo) <1—PH(Q1 x Q) =1 — P(Q1)- P(Q2) < 1, (15)
whence Gp # g9 and [X, d, T]w s is an equilateral probabilistic metric space.

Remark 2.1. If P in Theorem 2.1 is pervasive, then we note that x in (2.4) can
be taken to by any number less than ess diam (X). Also, it follows that under
the hypotheses of Theorem 2.1, the associated weakly mixing transformation-
generated space [X,d,T| is almost an equilateral probabilistic metric space if,
instead of the conditions that the measure P is nonsingular, assume that there is
an = > 0 such that P®)(D(z)) < 1, because then G # o. Note that in this case
Ap (in Theorem 2.1) cannot contain any pair of the form (p, p), whence

PO({(p,p):pe X}) =0, (16)
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Theorem 2.2. Under hypotheses of Theorem 2.1, for any o > 0 there is a subset
Ay of X x X with PP (A,) = 1 such that the sequence of a-moments (m(o‘)Fé;L)),

n—1

m W F = % > d(T™(p), T™ (@), (17)

m=0

converges for all pairs (p,q) in Ay. If, in addition, there is an oy € (0,00) such
that |z|* is uniformly integrable in (Fég)) , then for all o € (0, ap] and for all
pairs (p,q) in Aq N Ao (where Ay as in Theorem 2.1)

lim m(o‘)Fp(Z]) =mGp < 0, (18)

n—oo
where mB Gr is a-th moment of Gr as in Theorem 2.1.

Proof. For each fixed x € [—00, +00] let D(z) be the subset of X x X defined by

D(z) = {(p,q) | d(p,q) < z}.

If © € [—00, 0], then D(z) is empty, therefore automatically P (where P(?) is the
product measure on the set X x X) measurable with P(?)(D(z)) = Gp(z) = 0. If
x € (0,400), then it readily follows from the separability of (X, d) that D(z) may
be expressed as a countable union of open Cartesian rectangles of the form A x B,
where A is an open ball of small diameter, compared to x, and B is the set of all
points ¢ such that d(t,t') < z for all points t' € A. Hence D(z) is P(®-measurable.
Now, the P(®)-measurability of the sets D(x) and the continuity of the metric d
together imply that for any « in (0, 00), the function d® is P(®)-measurable. Since
T is weakly mixing with respect to P, the product transformation 7' x T" (defined
on X x X by (T xT)(p,q) = (T(p),T(q))) is weakly mixing with respect to P(?),
Hence T x T(= T?) is ergodic on X x X and he Birkhoff ergodic theorem can
be applied to the sums in (2.6) to yield that for all @ € (0, ap) and for all pairs
(p,q) in Ay N Ag the limit in (2.7) exists and is equal to m(®) Gy =

For any positive integer n, we denote the n-fold product 7" x T x --- x T of
a transformations T with itself by 7", and the n-fold product of a probability
measure P with itself by P("). Then the next lemma is readily established:
Lemma 2.1. Let (X, 4, P) be a probability space. For any positive integer n, let
(X",ﬂl(”),P(”)) be the probability space in which 4™ is the product o-field 4 x
Ax---x 4 and P™ the corresponding product measure. For any transformation
T on X, let T be the n-fold product of T with itself. If T is weakly mizing with
respect to P, then T™) s weakly mizing with respect to p®).

Next, using Lemma 2.1 and the techniques developed in the proof of Theorem
2.1, by working with 7%) rather than T® we can extend Theorem 2.1 to k-tuples
of pairs of points as follows:
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Theorem 2.3. Under the hypotheses of Theorem 2.1, for any k > 0 there is a sub-
set Ay, of X with P(Zk)(Ak) = 1 such that, for any 2k-tuple (p1,q1,...,Pk,qk) €
Ay,

n—1

: 1 m m

lim = " Xpgy)xex Do (T ™01, a1), - (T (o, )]
m=0

= Gr(z1) - ... Grla). (19)

Note that Theorem 2.3 shows, loosely speaking, that under iteration of weakly
mixing transformation T, k-tuples of distinct distances d(p,q) behave asympto-
tically as independent, identically distributed random variables.

Let (X,d) be a metric space with a probability measure P defined on a o-
algebra 4 of subsets of X including the Borel sets, and T": X — X be a transfor-

mation that is measure preserving with respect to P. The a-harmonic diameter
(0 < a<9) of order k(k > 2) of a set A(C X) is defined by

N k o
D(A) = sup (2) > ) k€A 5L (20)
1<i<j<k

Note that Dga)(A) — diam (A).

Comparison of (2.9) with (1.3) and (2.8) and the proof of Theorem 3 in [5]
quickly leads to the following conjecture (open problem):
Problem 2.1. Does Theorem 1.1. remain valid when "geometric diameter of
order k" is replaced by "a-harmonic diameter of order k"7

References

[1] P. Billingsley, Ergodic theory and information, John Wiley & Sons, Inc., New
York - London - Sydney, 1965.

[2] I. P. Cornfeld, S. V. Fomin,YA. G. Sinai, Ergodic Theory, Springer Verlag,
New York - Heidelberg - Berlin, 1982.

[3] T. Erber, B. Schweizer, A. Sklar, Mizing transformations on metric spaces,
Comm. Math. Phys. 29 (1973), 311 - 317.

[4] H. Fatki¢, On mean values and mizing transformations, in: Proc. Twenty -
fourth Internat. Symposium on Functional Equations, Aequationes Math. 32
(1987), 104 - 105.

[5] H. Fatki¢, Note on weakly mizing transformations, Aequationes Math. 43
(1992), 38 - 44.

108



6]

7]

18]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

H. Fatki¢, On probabilistic metric spaces and ergodic transformations, Ph. D.
dissertation, Univ. Sarajevo, 2000, 170 pp; Rad. Mat. 10(2) (2001), 261 -
263.

H. Fatki¢, Characterizations of measurability-preserving ergodic transforma-
tions, Sarajevo J. Math. 1(13) (2005), 49 - 58.

H. Fatki¢, On measurability-preserving weakly mizing transformations, The
First Bosnian-Herzegovinian Mathematical Conference, The Mathematics
Department of the Faculty of Natural Sciences and Mathematics of the Uni-
versity of Sarajevo , July 1, 2006; in: Resume of the Bosnian-Herzegovinian
mathematical conference, Sarajevo J. Math., 2(15) (2006), 259 - 260.

H. Fatki¢, Measurability-preserving weakly mizing transformations, Sarajevo
J. Math. 2(15) (2006), 159 - 172.

H. Fatki¢, M. Brki¢, Strongly mizing transformations and geometric diame-
ters, Sarajevo J. Math. 8(21) (2012), no. 2, 245 - 257.

H. Fatkié¢, S. Sekulovié, Hana Fatkié, Further results on the ergodic transfor-
mations that are both strongly mizing and measurability preserving, The sixth
Bosnian-Herzegovinian Mathematical Conference, International University
of Sarajevo, June 17, 2011, Sarajevo, B&H; in: Resume of the Bosnian-
Herzegovinian mathematical conference, Sarajevo J. Math. 7(20) (2011),
310 - 311.

H. Fatkié, S. Sekulovié, Hana Fatkié, Probabilistic metric spaces determined
by weakly mizing transformations, in: Proceedings of the 2nd Mathematical
Conference of Republic of Srpska - Section of Applied Mathematics, June
8&9, 2012, Trebinje, B&H, pp. 195-208.

M. Grandcolas, Regular polygons and transfinite diameter, Bull. Austral.
Math. Soc. 62 (2000), 67- 74.

E. Hille, Topics in classical analysis, in: Lectures on Modern Mathematics
(T. L. Saaty, ed.), Vol. 3, Wiley, New York, 1965, pp. 1-57.

A. Kolesdrovd, R. Mesiar, C. Sempi, Measure-preserving transformations,
copulee and compatibility, Mediterr. J. Math. 5(3) (2008), 325 - 339.

K. Menger, Statistical metrics, Proc. Nat. Acad. Sci. USA. 28 (1942), 535 -
537.

R. Pikuta, On some notions of chaos in dimension zero, Colloq. Math. 107
(2007), 167 -177.

R. E. Rice, On mizing transformations, Aequationes Math. 17 (1978), 104 -
108.

109



[19] E. B. Saff, Logarithmic potential theory with applications to approzimation
theory, Surv. Approx. Theory 5 (2010), 165 - 200.

[20] B. Schweizer, A. Sklar, Probabilistic metric spaces determined by measure-
preserving transformations, Z. Wahrsch. Verw. Geb. 26 (1973), 235 - 239.

[21] B. Schweizer, A. Sklar, Probabilistic metric spaces, North-Holland Ser.
Probab. Appl. Math., North-Holland, New York, 1983; second edition, Dover,
Mineola, NY, 2005.

[22] C. Sempi, On weakly mizing transformations on metric spaces, Rad. Mat. 1

(1985), 3 -7.

[23] S. V. Tikhonov, Homogeneous spectrum and mizing transformations, (Rus-
sian) Dokl. Akad. Nauk 436 (4) (2011), 448 - 451; translation in Dokl. Math.
83 (2011), 80 - 83.

[24] P. Walters, An Introduction to Ergodic Theory, (GTM, Vol. 79), Springer -
Verlag, New York - Heidelberg - Berlin, 1982.

110



THIRD MATHEMATICAL CONFERENCE OF THE REPUBLIC OF SRPSKA
Trebinje, 7 and 8 June 2013.

The Hilbert Transform on the Spaces S(R) and
LP(R),1 <p< o0

Amina Sahovi¢
University "Dzemal Bijedi¢" Mostar

amina.sahovicQunmo.ba

Fikret Vajzovié¢

University of Sarajevo

Sead Peco

University "Dzemal Bijedi¢" Mostar

sead.peco@unmo.ba
Original scientific paper

Abstract

We give a new and simple formula for the Hilbert transform on the
Schwartz space S(R). Using this result we obtain a simple formula for the
Hilbert transform on the spaces LP(R), 1 < p < oo. At the end of this paper,
we give a result "stronger" than the previously obtained one for the Hilbert
transform on a Hilbert space.

1 Introduction

The Hilbert’s result for the Hilbert transform on the space L?(R) is well-known. In
|8] we have studied the Hilbert transform on some Banach spaces. Particularly, in
[8] we have obtained the following result (Theorem 1.1) for the Hilbert transform
on a Hilbert space.

If H is a Hilbert space, {U (t)},cg is a strongly continuous group of isometries
in B(H), then the infinitesimal generator A of the group {U (t)},cr can be written
as A = i(By — B_) , where By and B_ are positive hermitian operators such
that By B_ = B_B, =0 on D(A).

Theorem 1.1. (proved in [8]) Let H be a Hilbert space and let {U (t)},cg be a
strongly continuous group of isometries in B(H) with the infinitesimal generator
A. If 0 is not an eigenvalue of the operator A%, then the Hilbert transform H is
defined on the whole H and

Hx =i(Eix—E_x), forallx€H,

where the orthogonal projections from the space H onto the closed linear hull of
H spanned by R (By) is denoted by E4.
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Theorem 1.1 is the generalization of the Hilbert’s result for the Hilbert trans-
form on the space L?(R):

e Theorem 1.1 is valid on any Hilbert space (not only on L?(R));

e in Theorem 1.1, {U (t)},cp is any group of isometries (not only the group
of translations).

Furthermore, the representation formula for the Hilbert transform in Theorem
1.1. is simple.
In this paper we give a new and simple representation formula for the Hilbert
transform on the space S(R) (Theorem 2.1). Using this result we obtain the
equivalence of the formula in Theorem 1.1 for the Hilbert transform on the spaces
LP(R),1 < p < oo (Theorem 2.2). At the end of this paper we formulate and
prove a theorem "stronger" than Theorem 1.1(Remark 2.2, Theorem 2.3).

First, we recall some notations and basic notions. Let X be complex Banach
space, and let B(X) denote the complex Banach algebra of all bounded linear
operators on X.

Definition 1.1. If the map t — U (t) from the real axis R into the Banach algebra
B(X) satisfies the conditions

i) U(tl +t2) = U(t1)U(t2), (tl,tg S R),
ii) U(0) = I, (I = identity operator),
then the family {U (t)},cg is called a one-parameter group of operators in B(X).
The group is said to be strongly continuous if tlir(r)l Ut)f = f for every f € X
—U4

in the norm of X (for short, in X). If there is a constant M > 1 such that
|U(t)]| < M for all t € R, then the group {U (t)},cp is said to be bounded.

The infinitesimal generator A of the group {U (t)},c is defined by

oUW -f
Af = =

whenever the limit exists in X. A is a closed linear operator with domain D(A)
dense in X. The range of A is denoted by R(A).

Definition 1.2. (see [3]) Let {U (t)},cp be a strongly continuous group of op-
erators in B(X). A continuous linear operator H. v (0 < e < N < 00) on X is
defined as follows

1 Ul(t
Honf:=— / ﬁdt (f € X).
™ f
e<[t|<N
If lil’I(l] H, nf exists in X, we denote it by H f, and call it a Hilbert transform of
e—

N—oo

f,i e
Hf:= lim H.yf.
e—0

N—o0
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Let {U (t)},cr be a bounded strongly continuous group in B(X) such that
|U(t)|| <1 for all t € R with the infinitesimal generator A.

Note that in this case {U () },cp is a group of isometries in B(X),ie. U (t),t €
R is a bounded linear operator on X that has a bounded inverse linear operator
(defined on the whole X)), and such that |U(¢)x| = ||z|| for all z € X.
Namely, from [[U(t)z| < [U(#)]||z]| < [lz[| and
lz|| = |U(=t)U@)z| < [|U(=OIU@)z| < ||U(t)x| for all x € X and ¢ € R it
follows ||U(t)z|| = ||z| for all z € X and t € R.
Let us set

Ct) = %

One readily verifies that C(-) is a bounded strongly continuous cosine operator
function on X, such that ||C(¢)|| < 1 for all ¢ € R, and that its infinitesimal
generator is A% | i. e. C(-) is a function from R into B(X) satisfying

a) C(0) =1, (I = identity operator),
b) C(t+s)+C(t—s)=2C(t)C(s), t,s €R,

[U(t) +U(~t)], teR. (1)

c) the function C(-)f is continuous on R for every f € X
d) ||C(t)]] <1 for every t € R.

The infinitesimal generator of C(-) is defined by the limit in norm as ¢ — 0 of
29O with natural domain (see [1], 2], [6]).
Let F,,a > 0 a family introduced in [10] as

For:=1lmF,,x, x€ X,a>0 (2)
a\O

where

a a+tiu

1 _
Foot = — du/ [AR(AQ,A2)+)\R()\2,A2 d\, \=a+iy, i=+v—1.

i
0 ati0

Here A2 is the infinitesimal generator of C(-) defined by (1), the resolvent of A2

is denoted by R(\%, 4%), i.e. R(\%, A%) = (\2 — A?)~! € B(X).

We remark that the family of bounded linear operators Fy,a > 0 exists for
every bounded strongly continuous cosine operator function on X. In [4], it is
proved that the limit in (2) exists for all z € X and a > 0, and that

0 2 o . 2
Fap= 2 / (t) Cotyzdt — 2 (f) C<2t>xdt. 3)
™ t ™ t a
0 0

Since ||C(t)|| < 1 for all t € R, (3) implies that ||F,|| < a for all a > 0 and that
the function a — F, is strongly continuous on [0, +00).
Let us note some further properties of operators F,,a > 0 (proved in [4]):
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. F,x
lim
a—+oc0

=z, v€X (4)

i)
F,Fpx = FyF,x = 2/Fuxdu +(b—a)Fuz, € X,0<a<b. (5
0
iii) A2F,x = F, A%z for all x € D(A?%),a >0
iv) Fur € D(A%), k=1,2,3,..., a> 0,z € X

v)
the set UFa(X) is dense in X. (6)

a>0

Let Ag be an operator defined by AgF,r := aF,xz — F?z, v € X,a > 0, where
Fy,a > 0 is a family defined by (2). The operator Ay has a closed extension
denoted by Ay (proved in [8]). In [8] the operator Ay is called the positive square
root of —A?. A detailed investigation of some of its properties is given in [8] and

[9].

Theorem 1.2. (proved in [8]) If X is a complex Banach space, {U (t)},cp is a
bounded strongly continuous group in B(X) such that |U(t)|| < 1 for allt € R
with the infinitesimal generator A, C(-) is defined by (1), Ay is the positive square
root of —A?, Hilbert transform H is defined by Definition 1.2, then

HAz = —A,x for all x € D(A?). (7)

2 The Hilbert transform on the spaces S(R) and
LP(R),1 <p< oo

We will need the following lemma.

Lemma 2.1. If X is a complex Banach space, {U (t)},cg is a bounded strongly
continuous group in B(X) such that ||U(t)|| < 1 for all t € R with the infinitesimal
generator A,C(-) is defined by (1), Fa,a > 0 is defined by (2), Hilbert transform
H is defined by Definition 1.2, then

1 7 at — sin at
0
s (8)
1 at — sin at

for all x € R(A),a > 0.
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Proof. By definition of the operator A, and using (5) and (3), we get

a
A Fux = aF,x — Fan =al,r — Q/Fuxdu for a >0,
0

and
a 2 a [ee] . 2
2/Fudu:2-/ /SthutC’(Qt)dt du =
T
0 0 0
4 Toey |t
- /Ciz ) /sin2 utdu | dt =
v
0 0

o
4 a sin 2at
== [ (S -2 o@)dt
7r/<2t2 4¢3 )C( )
0
Using (1) and the following relation

d

o —U(t)x = AU (t)x = U(t)Az, = € D(A),

we then obtain

7'(' 22 4¢3
0
_ —4/ SIS et + 47 4SO Ot)ad
R 2 T t2 t3
0
_ _270281nat —at(1 + cosat) C(t)adt
T t3
0
for z € D(A),a > 0.
The last integral is finite and
2 7O2sin at — at(1 + cos at)C(t)xdt _ 2 7 at — sin at /C(t):rdt _
s t3 7r t2
0
1 [ (at—sinat
/ <“ sina ) [U(t) + U(—t)] zdt.
T
0
This, and

1
T 12

[ (at —sinat)’ B
O/ () V() + U(=t)] wdt =
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1 p t —sinat)’

. at —sina

= lim t2> [U(t) 4+ U(—t)] zdt =
N—oo €

1 t —sinat
— —— lim SRR U + U(-t)] @
T €—0 t
N—o0

+

€

1.
+ — lim
T e—0
N%OO{

N
(“t_;m“t> U (t) — U(=t)] Awdt

and SA=SpolN 0 ag N — +o00 and 259 — (0 as e — 0 imply that

N

1 lgr(l) [ (4=3nat) [U(t) — U(—t)] Azdt exists, i.e. that the integral

N—oo €
1 at — sin at 1 at —sinat
— U(t)—U(—t)] Axdt = — ———U(t)Axdt
(M= wo - vl asa =1 [ 25 A
0 —00
is finite.
So,

—A Foo =1 [ “=500ly () Azdt for © € D(A),a > 0.

Since AF,x = F, Az for all x € D(A),a > 0 and (6), from the last equality and
from (7) (Theorem 1.2.), we get (8) for all z € R(A) and @ > 0. The lemma is
proved. .

From now, X = L, (R),1 < p < oo, {U () },cp is the group of right transla-
tions in B(X) defined by

U f](z):=flx—1t), feX,teRxeR. (9)

It is well-known that {U (t)},cg is a strongly continuous group of isometries in

B(X) (JU(t)|| = 1 for all t € R) . We denote its infinitesimal generator by A.

S(R) will denote the space of functions ¢ on R having derivates of all order and

satisfying sup ’xkqb(") (z)| < oo for all indicies k,n € Ng = {0,1,2,...}, where
zeR

™ denotes the derivate of n order of the function ¢. It is well-known that S(R)

is a Fréchet space with the system of semi-norms {sup ’xk’g{) )| ik,n € NO} .
€R

Definition 2.1. The Fourier transformation f of a function f € S(R) is defined
by

) ﬁm/‘ e~ f(2)da

and the inverse of the Fourier transformation f of a function f € S(R) is defined
by
== [ e
= — e z)dx
21 J 0o
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b))

Remark 2.1. a) It is known (see |5]) that the Fourier transformation and
the inverse of the Fourier transformation ””” from S(R) into S(R) are linear

continuous in the topology of S(R), and that f=7f fe S(R).

b) f € S(R) can be written in the following form (see [7])

z) cos zx + b(z) sin zx] dz, (10)

I
0\8
=)

where

1 1
a(z) /f ) cos zudu and b(z /f ) sin zudu. (11)
T

o
Theorem 2.1. The Hilbert transform H on the space S(R) has the representation
o0
= / [a(z)sin zx — b(z) cos zz] dz, f € S(R), (12)
0
where a(z) and b(z) are defined by (11).
Proof. Let us recall that 0 is not an eigenvalue of the infinitesimal generator A of

the group {U (t)},cr defined by (9) in B(X), X = L, (R),1 < p < co. Therefore,
by lemma 2.1. and (9), we obtain

HES @) =+ [ =0~ o+ o) (13)
0

for f € S(R) and a > 0.
But, by remark 2.1 b),

flatt) = flz—1t) =

= /{a(z) [cos z(x +t) — cos z(x — t)] + b(2) [sin z(x + t) — sin z(x — t)]} dz =

oo
= / [—2a(z) sin zx sin zt + 2b(z) cos zx sin zt] dz
0

for f € S(R) and a > 0.
Thus, from (13), we get

o o0

2 _
(HFof) () = —= / at ~ sin at/ ) cos zx sin zt — a(z) sin zz sin zt] dzdt =
7r

0
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e o]

t — sin at
b(z) cos zx — a(z)sin zx| dz wsinztdt
t2
0

0

3 o

for f € S(R) and a > 0.

Since -
at —sinat . 0 for a <z
——5 — sinztdt = ,
t (a—2)5 for a>z
0

now we have
(HF,f) (x) = — / [b(z) cos zx — a(z) sin zz| (a — z)dz
0

for f € S(R) and a > 0.

Since the operator H is continuous on X (Riesz’s result) and (4), from the last
equality it follows, by dividing the last equality by a and by taking the limit as
a — oo on both of its sides, that (12) holds. The theorem is proved. o

Now, using this result (Theorem 2.1) we can obtain the equivalence of the
formula in Theorem 1.1. for the Hilbert transform on the spaces L, (R),1 <p <
00.

Theorem 2.2. If X = L, (R),1 < p < oo then there are subspaces L1 and Ly of

the space X such that X = L, + Loy (i.e. X is a direct sum of subspaces L1 and
Lo of the space X ), and the Hilbert transform H has the representation

Hf=i(P-f-Pif), fEX,
where P_ and Py are continuous projections from X onto L1 and Lo respectively.

Proof. From (12) (Theorem 2.1) and (10) it follows

flx)+i(Hf)(x) [a(z) cos zx + b(2) sin zzx] dz+

i‘ Il
\»8 ~—3

[a(z) sin zx — b(2) cos zzx] dz =

o0

[a(z)e™® — ib(2)e"*"] dz = /ei” [a(z) —ib(z)]dz =

0

0\8 0\8 °

11 7 17
el /f(u) coszudu—i/f(u) sin zudu | dz =
s s
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r [i/eizuf(u)du dz =

o0

. 2 . 9o T .
= [ e\ =f(2)dz = — [ " f(z)dz
[l
for f € S(R).
So,
@) +i(H () =2 / ¢ f()dz, f € S(R). (14)

Let X =L, (R),1 <p < o0.

Set L := {f € S(R’suppf - (—oo,()]}, and L" = {f € S(R‘suppf - [0,+oo)}.
Let us denote the closure (in X) of L' and L" by L, and Ly respectively. Tt is
well-known from the theory of Hardy spaces that the set L' + L” is dense in X

Let f be any element belonging to X. Then there are f;L e L' and f;; e,
n=1,2,..., such that

Jut fn 75 f (0= 00). (15)
Since H is continuous on X, it follows
H(fo+ f) == Hf (n— ). (16)
From (14) we get
f(@)+iHf)x)=0 foral f €L,

and

12

F @)+ i Hf ) () =2f" () forall f L,
ie.

/

(Hf Y(z) =if (x) forall f € L', and (Hf )(x) = —if (z) forall f €L

Thus,
H(f;—l—f;:):z(f;—fg), for every n=1,2,.... (17)

Hence,
2if,, :Z(f;—i-f;;) +H(f,ll+f;:> , forevery n=1,2,....

, [e.e]

From this, (15), and (16) it follows that the sequence {fn} | converges to a
n—=

limit point f1 € Ly as n — oo, and then from (15) it follows that the sequence

" S
{fn} converges to a limit point fo € Lo as n — oo. Therefore, from (15),
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(16) and (17) we obtain
f=hi+fo,and Hf = H(fi + f2) =i(f1 — f2) =i(P-f — P+ f),
where P_ and P, are continuous projections from X onto L; and Ls respectively.
Note, the uniqueness of f; and then of fo immediately follows from 2if; = H f+if.
Also from this, since the operator H is continuous, it easily follows that P— and
P, are continuous. The theorem is proved.

_|

Remark 2.2. It is easy to see that the following "stronger” than Theorem 1.1
Theorem 2.3 is valid.

Theorem 2.3. If H is a Hilbert space and {U (t)},cp is a strongly continuous
group of isometries in B(H) with the infinitesimal generator A, then there are
subspaces Ho, H,H_ of the space H satisfying:

a) H is a direct and orthogonal sum of subspaces Ho, Hi ,H_ of the space H, i.e.

H=HoH ©H_;

b) the Hilbert transform H is defined (and continuous) on the whole H and

Hx =i(Eyx — E_x) for all x € H,

where Egy, B+ and E_ are orthogonal projections from H onto Hy,Hy and H_
respectively.

The proof of Theorem 2.3 immediately follows from Theorem 1.1 when applied
on H & Hy, where H = Hy & (Ho Hp), and Hy = {z € H; Az =0}, and from
the fact that Hx = 0,z € Hy (it easily follows from U(t)z = z,x € Hp).
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Apstrakt

U ovom radu se konstruiSe rjeSenje i karakteristi¢na funkcija grani¢nog
zadatka generisanog diferencijalnom jednac¢inom sa linearnim kagnjenjem,
potom se uspostavlja vaZna relacija izmedu potencijala ¢ na segmentu [£7, 7]
i takozvane prelazne funkcije ¢ na segmentu [—m, 7]. Taj dobijeni rezultat
otvara moguénost rjeSenja inverznog zadatka.

1 Uvod

Ovaj rad je posveéen uspostavljanju relacije izmedu potencijala ¢ i takozvane
prelazne funkcije ¢ spektralnog zadatka sljedeceg tipa

—y" (@) +q(2)y (@ — 7 () = Ay(x) (1)
ylx—7(x)=0 =z < 7(x) (2)

y (0) = hy (0) = (3)

y () + Hy () = 0 (4)

Pretpostavimo da je g€Ly [0,7]. Osim toga, neka je 7 (z) = az + 8, «,BERT
i a < 1. Funkcija v(z) = 2 — 7(x) = (1 —a)x — B je strogo rastuca, jer je

/

v (z) =1 — a > 0. Njena inverzna funkcija je

1 p
—1 o . .. . —1 _ o
7)) = oyt o, vrijedin T (0) = =&

Uslov (2) ispunjen je na razmaku [0, &;) .
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Ograni¢imo se na slucaj h = H = oco. Tada iz (1) i (3) dobijamo integralnu
jednacinu
x

y(x,z) =sinzx + i/q(tl)sinz(:n —t)y(ti—7(t1),2)dt; 22=X (5)
0

Rjesenju zadatka (1-3) posvecena je monografija [4].

2 Rjesenje zadatka (1,2,3)
Za x€ 0, &) iz (5) dobijamo
y(z,z) =sinzzx

Na razmaku (&1, 7] jednalina (5) postaje

1 x
y(z,z) =sinzx + /q (t1)sinz(z —t))y (t1 — 7 (t1) ,2)dt1, 22=X  (6)
z
&1

Lema 2.1. Postoji kg€ Ny takav da vazi

Ery < T<Eror1; & =7""(0).

Dokaz 2.1. Ako je 1%>7r tada je kg = 0 pa se nema §ta dokazivati. Pret-

e

postavimo da je & =71 (0) = % < 7. Konstruigimo niz

&G=~"0) =" (7”“ (0)) 1=2,3,...
Za | = 2 dobijamo

52—71(51)—71<1fa>—( GO

l—a)2 l1—a

Nastavljaju¢i proceduru konstrukcije ¢lanova niza & dobijamo

l

_ BB
&_Z(l_a)k_l—a

k=1

1 B

Zbog 0 < o < 1 vazi ﬁ > 1 pa geometrijski red

o0

1
Z W divergira za —+ oQ.
k=0 @&

Stoga postoji najmanji ko€Ng takav da vazi {,+1>7 dok je &, < .
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Posledica 2.0.1.
ko

(&, 7] = (G-1, 8] U (oo 7] (*)

1=2
Na osnovu (*) rjeSenje integralne jednaline (6) se konstruiSe metodom
promjenjivih koraka na razmaku (§_1,¢].
Uvedimo sljedece funkcije
x
ag (x,2) = /q (t1)sinz(xz — t1) sin z7y (1) dty
3
z
agi1 (x,2) = /q(tl)sinz(a: —t1)ag (v (t1),2)dtr, 1=1,ko
&

Lema 2.2. RjeSenje y;(x, z) na razmaku (§_1,§], [ =1,ko—1 dato je sa

l

1
y (z,2) =sin zz + Z R skt (z,z) (7)
k=1

Dokaz se izvodi metodom matematicke indukcije. Radi ilustracije raspisimo
rjeSenje za | = 2.

x
1
y2 (x,2) =sinzx + — /q (t1)sinz(x — t1)sinzy (t1) dt;
z
&1

x
1 v(t1)
+ Zg/q (t1)sinz(x — t1)/ q (t2)sinz(y (t1 — t2) sinzy (t2) dt2dty
& &1
Na zavr$nom razmaku (g,, 7] C (kg Eko+1] rjeSenje ima oblik

ko
. 1 1
Yk (2,2) = sinzz + ;a32 (z,2) + kg_z Z—kask+1 (z,2) (8)

Primedba 2.1. U [5] je posmatran slu¢aj bilinearnog kasnjenja sa ciljem kon-

strukcije asimptotike svojstvenih vrijednosti.

3 Karakteristi¢na funkcija
Stavljajuéi x = 7 i koristeci grani¢ni uslov y (7, z) = 0 dobijamo karakteristi¢nu

funkciju F(z) =y (7, z), z€C operatora L.
Dakle,
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ko
1 1
F(z) =sinmz + s (m,2) + Z kst (7, 2) 9)
k=2
Funkcija F je cijela funkcija eksponencijalnog tipa sa prividnim singularitetom
u nuli. Zapravo liH(l)F (z) = 0.
z—r

Koristeéi elementarni identitet

sinz(m—ty)sinz(t1 — 7 (t1)) = % [cos z(m — 2t1 + T(t1) — cos z(m — 7(71)] .

imamo,
1/ 1/
ag (m,z) = /q(tl) cosz(m— 2t +71(t1))dty — — /q(tl)cosz (m—7(t1)) dt1
z z
&1 &
1/ 1/
= 2/q(t1)cosz(7r+ (v — 2)t1 + B) dt1 — 2/q(tl)cosz(w— aty — f8) dty
3 &

Neka je O=7m+4+28+ (a—2)ty, dt; = %7G|;i|§11|l«j(w)

Tada vazi
1 761 1 ,8 9 1 7'('751 1 /8 0
T+ 0 — T— 03—
asz(W,Z)_§ / 2_@Q< 2o )Cos@al@—2 / aq<a>cos«9d9
—m) ~(m)

Definisimo takozvanu prelaznu funkciju ¢ na sljedeéi naéin
07 IS <_7T7 - (ﬂ-))u(ﬂ-—gl?ﬂ-)
~ —0
7= 7aa(50) be (— (m) 7 () (10)
e (0) - La(Z2), be(v(m),m - &)

Iz (10) vidimo da poznati potencijal ¢ na segment [£;,7] u pri poznatom
kasnjenju 7 () = az + ,§ = % jednozna¢no definige prelaznu funkciju ¢ na
segmentu [—m, 7| . Zapravo, dato kasnjenje znac¢i poznavanje funkcije v(x) pa su
poznati i brojevi —y (m) i 7 (7).

Postavimo obrnuto pitanje: da li data prelazna funkcija ¢ dobro definise po-
tencijal ¢7

Parametre £, +v (7),« i 8 smatramo da su poznati. Radi davanja odgovora
na postavljeno pitanje, izvr§imo particiju segmenata [, 7] 1 [y (7), 7 —&1] u

skladu sa prirodom preslikavanja koji ostvaruju funkcije 61 = 7 + 5 — (2 — a)t;
T+8—01

odnosno t; = —5—

126



Funkcija 01 : [§&1, 7] — [—v(7),m —&] je strogo opadajuca. Istovremeno
funkcija 0] =7 — f — aty : [&1, 7] = [y (1), 7 — &) je takode strogo opadajuca.

Stavimo 61 = 2§+g” Tada imamo
01 ([01,7]) = [=v(m),v(m)], O2([61,7]) = [v(m),m],
2

Neka je dp = m,m0 = v (7). Dalje, 61 (02) = m1, 07 (d2) = n2
U opstem slucaju

01 (0k) = mk—1, 07 (o) =m KENp

Navedimo vrijednosti nekoliko prvih ¢lanova niza oy, :

5y = 46 + a’m L= 85 — 4af + a3 + 2a’w 5y = 163 — 1683 + o1 + 207
2-a)?’ (2-a) ’ 2-a)
55 — 328 — 4803 — 80T + 32027 + 2ot + a1
(2-a)
Indukcijom dokazujemo relacije
=& = g™ "
T—& —n = %V(W), KeN
Na osnovu (11) moZzemo pisati
oo
&1, 7] U Oks O—1, m),m =&l = |J -1, m] (12)
k=1 k=1

Iz (10) slijedi
gt)=2-a)g(0)=2-)g(x+ 8- (2-a)t1), telh,d]  (12)

Dakle, na segmentu [d1,7] = [d1,d0] potencijal ¢ je jednoznalno odreden
pomocu prelazne funkcije ¢ na segmentu [y (7) , o). Za t1€ [d2, 61) imamo 01 € (10, 1]
1 vrijedi jednakost

- 2—-« —28+(2—a)t "
) = (2 - a)ion) + =g, 1= 0 C s sy )

(0%

Vrijednosti funkcije ¢ na razmaku [01, dg) su poznate iz (12), a ¢(61) je un-
aprijed data pa je funkcija ¢ pomocu (12”) dobro definisana i na [d2, 1) .

Potpuno analogno nastavljamo proces konstrukcije potencijala ¢ na svakom
razmaku [0k1,dx), kEN na osnovu poznatog potencijala na razmaku [0k, dx—1),
keN.

Dobijeni rezultat zna¢i da se rjeSavanje obrnutog zadatka za posmatranu
jednacinu svodi na odredivanje prelazne funkcije operatora.

Primedba 3.1. U [11] i [12] koristi se prelazna funkcija za rjesavanje inverznih
zadataka pri homogenom kaSnjenju to jest pri otklonjenom argumentu az, 0 <
o< 1.
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Abstract

The study of complex differential equations in recent years has open
numerous questions regarding the determination of frequencies of zero so-
lutions, dispositions of zero solutions, oscillatory of solutions, asymptotic
behavior, growth rank and so on. This paper presents the result of research
seeking for model of determination of location of zero solutions of complex
homogenous differential equation of first order with analytic coefficients.
Using the sequence-iteration method, which seemed to us better in applica-
tions, the new approach to problem solving has been developed and opened
the perspectives in further research.

1 Introduction

Complex homogeneous linear differential equation (CHLDE) of the first order
is equation

O (z,w(z),w(2)) =0 (1.1)

where ® is given function, w (2) = F (2) = u + v is complex function of complex
variable z = x + iy, where u = u (z,y) and v = v (z,y) are continuously differen-
tiable functions in area G (for the further details, see [1]).

As derivative of a function w (z) depends on four partial derivatives u/y, u/y, vy, vly,
(1.1) transforms into equation

D (z,y;u(x,y), v (T,y); We, Wy, vy, vly) =0 (1.2)

Here, according to the definition of equality of complex numbers we obtain the
real system

@y (z,y;u(z,y),v(x,y); wy, uly, vy, vly) = 01.3 (1)

q)Q (%?JQU(%Q);U(%y);wx,u/vaxav/y) =0
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of partial differential equations (PDEs) of the first order with two unknown real
functions u (x,y) and v (z,y).
From the normal form of CHLDE of the first order (1.1)

w' (2) = F (z,w (2)) (1.4)

we obtain complex integral w(z) = [; F (z,w(z))dz + ¢, where L is path that
connects points zg and z and where ¢ = a + tb is orbitrary complex constant.
Independence from the path is valid only if at (1.1) ® is analytical function from
its arguments. Then for solutions w (z) = u (z,y) + v (z,y) Cauchy-Riemann
conditions must be applied in advance.

The idea is to observe at the system of PDE (1.3) and assume that w (z) is an
analytical function. The problem is to find a zero solution w (z) = 0, ie zero real
functions u (z,y) = 0 and v (z,y) = 0 of a region of G (see |7])

Let G is circular sector 2| = R, 0 < argz < 7. There may or may not be a
certain number of zero solutions w (z) = 0. Those zeros can be “included”, if we
draw a direction y = kz, k = tan, where k continuously changes. Direction
y = kx shall encompass all zeros from G. At a certain direction there shall be
one zero, and at another one more zeros, but isolated and finitely many zeros,
at certain direction not a single one zero. Therefore, the number of zeros shall

depend on k, and locations of zeros shall depend on zeros of a function

u(z,y) =u(z, kx) =U(z), v(z,y) =v(z,kx) =V (z). (1.5)

From Cauchy-Riemann conditions and from real functions (1.5) by substitution
of y = kx we obtain one complete real homogenous linear differential equation of
the second order U” (z)+ A (z) U’ ()+ B (z) U (z) = 0, for which Sturm theorems
apply.

In the following text we consider first order complex homogenous linear differential
equations in form

dw
E—l—a(z)w(z) =0 (1.6)

where a (z) = a (z,y) + if (z,y) is given analytical function.

It is easy to prove that non-trivial solution of CHLDE (1.6), has no zeros. Only
trivial solution has zeros. If a (z) = 0 then solution of CHLDE %" = 0 has only
one zero at point z = 0.These discussion can be easily generalized on the case of
CHLDE of n-th order ‘f;ﬁ” = 0, because after successive integrations we obtain
polynomial P,,_; (z), which has exactly n — 1 zeros, real or complex, simple or
multiple. Also, we can link it with small Picard theorem. Namely, equation
f(z) = A, where f (z) is analytical function, A complex constant, has solution if

A =0, that is, if A =0+ 0 = (0,0). On the other hand, solution of CHLDE
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of the first order % = 0 is arbitrary constant w (z) = ¢ = a1 + ib;. Therefore,
infinite number of solutions is possible, for each real pair (a1, b;).

2 Main results

2.1 Behavior along direction

Theorem 2.1. Real and imaginary part of the solution w (2) = u (x,y)+iv (z,y)
of complex homogenous linear differential equation of the first order (1.6), with
analytical coefficient a(z) = a(z,y) + 6 (z,y), each has countless number of
zeros. Those zeros, except at trivial solution w (z) =0, are never common. Zeros
for u(x,y) and for v(x,y), along arbitrary direction y = kx, 0 < k < oo,are
respectively in the solutions of the equations

/m (B (z,kz) + a (z, kz) k) dow = —arctan% (2.1.1)
0 1

/rr (B(x,kx) + a(x, kx) k) de = arctanz—l (2.1.2)
0 1

where a1 and by are arbitrary constants.

Dokaz 2.1. From general solution w(z) = Cexp(— [, a(z)dz) = u(z,y) +
iv (z,y), where L is path that connects points zp and z, and C' = a; + iby is
arbitrary constants, according to the definition of equality of complex numbers
we obtain

R o L e
- [al cos/(/a (2,1) dz + @ (2,y) dy) + b sin/(ﬁ (2,) dz + o (z, y) dy)} ,
v (7,y) = exp (—/a(x,y)dx—ﬁ(%y)dy)

Joreos [ @+ atea) - asin [ (3@ d+ateaan]

Area G (circular sector |z] = R, 0 < argz < 7) is covered by directions y =

kx, 0 < k < oo. Then real function u (z,y = kx) and v (x,y = kz), transform
into functions from z and parameter k.
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These functions do not have a common zero, but each can have its own zero. Zero
is determined from the equations

aj cos /m (B (x,kx) + ka (z, kz)) dx + by sin /x (B (x,kx) + ka (z,kx))de =0
0 0

and
by cos /x (B (z,kx) + ka (z, kz)) de — ay sin /x (B (x,kx) + ka (z, kz)) de = 0,
0 0

or if we express through the tangent we obtain formula (2 1.1) and (2.1.2). As
tanges unambiguous function to be within a period of —F to 7, the value of the
tangent (2.1.1) or (2.1.2) occur only once, and they can co1nc1de in a common
point. Therefore, u (z,y) and v (z,y) may have each of their zero, but have in
common. So, u (z,y) = v (z,y) only in (0,0).0

Example 2.1. Non-trivial solution w (2) = u (z,y) + v (x,y) of CHLDE of the
first order w’ (z) — w (2) = 0 does not have real zeros for each z. Zeros of the
functions for u (x,y) and v (x,y), along arbitrary direction y=kFkr, 0<k<oo
are respectively in points x,, = %arctan ‘Z—i, Ty = —% L arctan bi

Along z—axis is k = 0. Here, zeros of function u (z,0) are at z, = oo, and zeros
v (x,0) are at x, = —oo, which means that there are no finite zeros. Along
direction y = z, therefore along line where k = 1, zeros for u (z,z) are at x, =
arctan ¥ 3o, and for v (v,z) are at z, = — arctan b Along y—axis is k = oo, and
zeros for u are at x,, = 0, and for v are at z, = 0. Thus, there is one zero O (O, 0).
Now observe the sector |z| = R 0 <argz < 5, and let the constants are ay, by >

0. Then x, = tarlw arctan , Yu = kx, = arctan ‘” and z, = —tarlw arctan b1
Yu = kx, = — arctan a—ll, S0 the zeros u (z,y) are at pomts M, (4, yu), and zeros

v (x,y) are at points M, (:cv,yv)

If0 <2, <R, then 0 < tanga arctan bl < R. If ordinate y, = arctan bl < R,
then there is only one intersection at point M,. Hence, for one k = tan ¢, that is
for one ¢ and for § < tan (Rk), there exists only one zero M,. However, if §
increases, for example from R to 2R, then ordinate y,, = arctan Z—ll is greater than
R, and lower than 2R, and for same ¢ there is one more zero. We conclude, for
given k = tan ¢, constant and positive, for given R, which is variable parameter
and for a1,b; positive and variable constants following apply:

. for 0 < arctan bl < R, there is one zero z, of function u (z,y),

° for R < arctan b1 < 2R, there are two zeros x,, and ], of function u (x,y),
. for 2R < arctan bl < 3R, there are three zeros x,, z.,,«! of function u (z,y),
° for (n — 1) R < arctan ¢+ < nR, there are n zeros y, i,7y, - - mff“l) of

function u (x,y) and no zeros of function v (x,y) .0
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Example 2.2. For CHLDE of the first order w’(2) + (1 —22)w (2) = 0 from
analytical function a(z) = 1 — 2z follows a(x,y) = 1 — 2z and 5 (z,y) = —2y.
General solution of the equation is

w(z) = (a1 + i) exp (— [ (1 — 2z) do + 2ydy) -

~[cos (f (2z — 1) dy + 2ydz) + isin ([ (22 — 1) dy + 2ydz)] .

Zeros for u(x,y) are solutions of equation —ka? + k (x —332) = —arctan Z—ll,
while from (2.1.2) follows, zeros for v (x,y) are in solutions of equation —kz? +
k (:c — x2) = arctan 2—11. Here we obtain quadratic equtions for abscissas of ze-

ros, for u (z,y) we have z12 = ﬁ <k‘ + \/k:2 + 8k arctan ‘g—ll), and for v (x,y) we

obtain z34 = ﬁ (k + \/k2 — 8k arctan %) Ordinates of zeros are respectively

y1,2 = kr1o and y3 4 = kx34.
Due to simplicity of the coefficient a (z), this CDE can be directly solved.{

2.2 On rationality of increasing of order at resolving of the sys-
tem of PDEs

CHLDE of the first order (1.6), with analytical coefficient a(z) = a(z,y) +
i (z,y) can be written in the form

ou .Ov

O i 1 (o) u o) Ao v (o) +

+i (B (z,y)u(z,y) + a(z,y)v(z,y)) = 0.

From here we obtain the real system of PDEs of the first order

gi = —a(z,y)u(z,y)+6(zy)v(zy),
g:: = —Bz,y)u(r,y) —a(r,y)v(r,y).2.2.1 2)

The system (2.2.1) can be transformed to the system of one PDE of the second
order and one algebraic equation. For example,

1 0p (9u+
/J’(x,y)@x) oz

9%u
2 + (20 (z,y) —

+ (ﬁ (z,y) 8‘1 (ZEiZi) +a?(z,y) + B2 (m,y)) u(z,y) =0, (2.2.2)
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ou

B(ZL’,y)’U(fL‘,y) = %—i—a(:p,y)u(:r,y).

During the elimination of the function u (z,y) or v (x,y), it was notice that is
better not to increase order of DE, but is better to stay at lower order and
seak for separate zeros of mentioned real functions, especially along the direc-
tion y = kx, 0 < k < oo.

Theorem 2.2. General solution of CHLDE of the first order (1.6) with analytical
coefficient a (z) = a(z,y) +if (z,y) is

D (1 (x,y,u) , @2 (z,y,u)) = 0, (2.2.3)

where ® is arbitrary differential function and 1,2 linearly independet first in-
tegrals of characteristic system of equations.

Dokaz 2.2. Multiply the first equation of system (2.2.1) with « (z,y) and the
second with § (z,y) and sum them. Since w(z) = u(z,y) + iv (x,y) is the ana-
lytic function, it follows that Cauchy—Riemann conditions apply and in the end
we obtain equation

a(z,y) gz —B(z,y) g:; + (o (z,y) + B2 (2,9)) u (z,y) = 0. (2.2.4)

This is the quasi-linear first order PDE which is equivalent in terms of finding
solutions to the system of ordinary differential equations in symmetric form
dx dy du

o (II?, y) B - (37, y) - (a2 (x,y) + 52 (l’,y)) : (225)

Since a(x,y) and 5 (z,y) are given, follows ¢; (z,y,u) = ¢1 and @3 (x,y,u) = c2
are linearly independent two first integrals, which depends on « (z, y) and g (z, y).
The general solution of PDE (2.2.4) is precisely the expression (2.2.3).0

Remark 2.1. It is known that if the differential equation has an analytical solu-
tion w (z) = u (z,y) +iv (x,y), then for the u (x,y) and v (z,y) are valid Cauchy-
Riemann conditions. Therefore, the imaginary part v (z,y) of the solution w (z),
of CHLDE of the first order (1.6), has been characterized by a system of ordinary
differential equations

dx dy dv

alry) ~ —Blwy)  — (@2 () + P y) (22:5)
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Theorem 2.3. General solution w (z) = u (z,y)+iv (z,y) of CHLDE of the first
order (1.6), with analytical coefficient a (z) = a(x,y) + i (x,y), along arbitrary
direction y = kx, 0 < k < 00 is given with

T o? (z, kx 2 (z, kx
w(z’)z—(1+z’)/0 ( 7122;53:)( F) b 1 ey e, (2.2.6)

Dokaz 2.3. From the system (2.2.5), for the function u (z,y), we obtain the DE

Z—Z = % It follows that for an arbitrary direction y = kz, 0 < k < oo we can

determine k = %, that is k = % From the second equation of system (2.2.5),
dx

. du . . . .
Aog) = “2E iRy D the same direction we can find a solution

_ T a? (z, kx) + % (v, kx) e
w(z, k) = /0 e (2.2.7)

that is from

This formula gives the behavior of the real part of the solution w (z) = u (x,y) +
i (z,y).

Similarly, from the second equation system (2.2.57), in the direction y = kx we
have

T o? (z, kx 2 (z, kx
v(x,k):—/o ( ”ngki)( k) 12 4 o, (2.2.8)

Based on (2.2.7) and (2.2.8) follows (2.2.6).0

Corollary 2.1. Only trivial solution w (z) = 0 of CHLDE of the first order (1.6),
with analytical coefficient a (z) = a(x,y) + i8(x,y), along arbitrary direction
y=kx, 0 <k < oo has zero.

Dokaz 2.4. From (2.3.6), for z = z+iy = 0, that is, for x = 0 and y = kz = 0, it
follows that the integral is equal to zero. Then ¢j+icy = 0, thatisc¢; =« (0,0) =0
and co = v (0,0) = 0.

Hence, the functions u (x,y) and v (z,y) have their zeros, but common zeros are
possible only for ¢; = ca = 0. Accordingly, only the trivial solution w (z) = 0 has
zero z = 0.

The following is a formula for the exact number of zeros along direction if we
already know the location.
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Theorem 2.4. Number of zeros of sine solution of CHLDE of the first order
(1.6), with analytical coefficient a (z) = o (z,y) +i6 (z,y), along arbitrary direc-
tion y =kz, 0 <k < oo, from O(0,0) to the point (R,kR) is

1 (R
n=F [/0 (ko (x, kx) + B (x, kx)) dx| , (2.2.9)

s

E[.] denotes the entire part of argument. Number of zeros of cosine solution is a
for one less.

Dokaz 2.5. From the general solution CHLDE of of the first order (1.6), with
analytical coefficient a (z) after elementary transformations we obtain that the
zeros of the real and imaginary part of the solution is possible only for

cos/r (B (x,y)dz + a(z,y) dy) —O,sin/x(ﬁ(:r,y)d:r—i—a(x,y)dy) =0.
0 0

It follows that the zeros of cosine and sine solution, along arbitrary direction
y=kzr, 0 <k < oo are given by

R T
/ (B (x,kx) + ka (z,kx))de = (2n—1) 5 n=12...
0

R
/ (B (z,kx) + ka (x,kx))de = nm, n=0,1,....
0

Considering the sine function characteristic which within one period 27 has three
zeros 0,7, 27, and of the cosine function characteristic to have a two zeros 7, 37”
at the same period, it is concluded that the cosine solution has one less zero than

the sine solution. ¢

Remark 2.2. If we now move along Ozx-axis, then z = z, so w(z) = w(x) =
u (x) + v (x). Here, by substitution in system (2.2.1) we obtain ordinary system
of DE, with two unknown functions u (z) and v (z). Eliminating one function,
for example v (x), from first equation of the system and substituting in second
equation of the system, we obtain complete HLDE of the second order

o () + <2a (z) gg;) o (z) +

a(z) B (z)

! — Ckz.’L' 25[) ul\xr) =
(@ - 2D L 2w+ 2 @) ule) =0
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which by substitution

w(z) = exp <—; / (Za () — ggg) d:):) S (2)

where S (x) is new unknown function transforms into canonical DE of the second
order S” (z) + ¥ (z) S (z) = 0, for which applies Sturm theorem, (for further
details, see [2],[3],4],[5],[6],[7])-

It is well known that solution of CHLDE (1.6) does not have mutual zeros, except
w(z) = w (z) = 0, that is, only for u (y) = v (y) = 0.

Remark 2.3. An important direction, Oy-axis till now has been excluded from
observed directions, because for kK = oo it couldn’t be encompassed by expression
y=kx, 0 <k < oo. This direction is called singular direction. Along it, CHLDE
of the first order (1.6), with analytical coefficient a(z) can have solution, even
zeros of solution.

Indeed, along Oy-axis is x = 0, so CHLDE (1.6), written in developed form,
must contain derivatives from y. Since CHLDE has analytical solution, that is,
Cauchy-Riemann conditions apply, then system (2.2.1) becomes

By)u(y)+a(y)v(y)=0. (2.2.10)

This is mixed algebraic-differential system, which is also called singular. Elimi-
nating u (y) from the second equation of the system, and substituting into first

one, we obtain DE of the first order with separated variables. Its general solu-

tion is v (y) = c1exp (f %dy) Solutions for u (y) are obtained without

quadratures. Since system (2.2.10) is mixed, this case is treated separately. Note
that system (2.2.10) also has trivial solution for u (y) = v (y) = 0.

Example 2.3. General solution of CHLDE of the first order w’ (z) + zw (2) = 0
along direction y = kz, 0 < k < oo, is

w (x, kx) = cexp <x(k2_1)> (cos (k:):Q) —isin (k:cz)) .

Zeros of sine solution are z = +,/%%, n = 0,1,..., and their number along
direction, to point x = Risn = F [%Rﬂ. Zeros of cosine solution are x =
+./(2n—1) 5, n = 1,2,..., and number of zeros to abscissa r = R is n =

137



E [% + %RQ]. We note that separate sine and cosine zeros there are more if k is
growing.

3 Conclusion

Question on location of zeros even the simplest complex differential equations,
is very difficult and certainly not elementary. Moreover, it has been solved only
for certain classes of differential equations. In this short presentation a goal was
determination of number of zeros solutions of complex linear homogenous differ-
ential equations of first order. The idea on location of isolated zeros according to
arbitrary direction in first quadrant, have proved useful,where with simple appli-
cation of elementary theorems on substitution of independent variable a problem
transferred to ordinary differential equations.
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Abstract

In this paper we generalize the theorems of Hemuinkuit and Edelstein.

1 Introduction

Let (X,d) be a metric space and T : X — X. A mapping T is contractive if it
fulfills the condition ([1]):

d(Tz,Ty) < d(z,y), x #y, =,y € X. (1)

A mapping T is a generalized contractive mapping if it fulfills the condition (where
r#y, v,y € X)

d(Txz,Ty) < max {d(x,y),d(x,T:n),d(y,Ty), d(z,Ty) ;—d(y,Ta:) }, (2)

Obviously, if T' is a contractive mapping, then it is also a generalized contractive
mapping (i.e. (1) = (2)), but not vice versa.

Example 1.1. Let X = [0,4] be a set of real numbers with the standard
metric d(z,y) = |r —y| and T : X — X a mapping defined by

%, z=0
Tzr=1{ %, x€(0,3] (3)
I, w € (3,4].

Then the mapping T fulfills the condition (2) but not (1). Also [1] confirms that
the condition (2) is fulfilled. One can conclude that the condition (1) does not
hold based on the fact that the mapping 7" defined by (3) is not continuous on X
(it has discontinuities at the points x = 0 and = = 3) while contractive mappings
(i.e. mappings fulfilling condition (1)), are necessarily continuous.
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2 Main results

In this section we prove the generalized Hembimguii theorem ([3], [1]).
Theorem 2.1. Let T : X — X be a continuous mapping of a compact space
(X,d). If T fulfills the condition (2), then T has a unique fized point.
Proof. Define a function f: X — R' by f(x) = d(x,Tz), x € X. Then f is
a continuous function, because 7" is a continuous mapping. Since X is a compact
metric space, there exists u € X such that

f(u) =d(u,Tu) =min {f(z) : 2 € X}. (4)

Assuming that for each £ € X it holds that x # Tz, which is equivalent with
f(u) > 0ie. d(u,Tu) > 0, we can apply the condition (2):

d(TuT?v) = d(Tu, T(Tu))

< max {d(u, Tu),d(u, Tu),d(Tu, T(Tu)),

d(u, T(Tu)) + d(Twu, Tu)
T

= max {d(u, Tu),d(Tu, T?u),

2
Since
d(u, T?u) < d(u, Tu) + d(Tu, T*u) < 2max {d(u,Tu),d(Twu, T2u)}
ie. p )
T

du, T7u) < max {d(u, Tu),d(Tu, T?u)},
it holds that

d(Tu, T?u) < max {d(u, Tw), d(Tu, T?u)}. (5)

Based on (4) and (5) we conclude that
d(Tu, T?u) < d(Tu, T?u)

which is a contradiction. Therefore, f(u) = 0, i.e. Tu = w. This proves the
existence of a fixed point. Let us now prove that the fixed point is unique.
Suppose that T has another fixed point v, (T'v = v) and v # u. Then, based on
(2), we have:

d(u,v) = d(Tu, Tv) < max {d(u, v), d(u, Tu),d(v, Tv), d(u, Tv) —;— d(v, Tu) }

= max {d(u, v), d(u,u),d(v,v), d(u, v) + d(v, u) }

2
= d(u,v),

which is a contradiction. Therefore, the mapping 7" has a unique fixed point. [
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The condition that the mapping 7" must be continuous in Theorem 2.1 can’t
be ignored, as shown by Example 1.1. Here a discontinuous mapping T of a
compact metric space X = [0,4] has no fixed points. The following theorem
reduces the continuity condition using that 7" should be orbitally continuous, and
the compactness is replaced by the existence of an iterated sequence that has a
convergent subsequence which must fulfill the condition (2), and not (1), as stated
by the Edelstein theorem ([2]).

Theorem 2.2. Let (X,d) be a metric space and T : X — X orbitally
continuous mapping that fulfills the condition (2). If there exists o € X such
that the sequence (T"xo)nen contains a convergent subsequence (T™xg);en, then
U= li>m T™xg is a unique fized point of the mapping T.

Iz’rgi)f. We consider two mutually exclusive cases:

(i) There exists ng € N such that 770 zy = T"0x;

(ii) For each n € N it holds that T tzg # T"xg, i.e. d(T" ag, T"x0) > 0.

In the case (i) T™0xo = u is a fixed point, because of T'u = u. We now consider
the case (ii)

d(T™" g, T 20) = d(T(T"x0), T(T™ ' a0))

< max {d(T":co, T"'on), d(T"xo, T(T"x0)), d(T"'on, T(T"'on)),

d(T"zo, T(T" 1 x0)) + (T g, T(T"x0)) }
2

= max {d(Tn,Io, T Hag), d(T"xo, TV (T g, T 22y),

0),d
d(Tn$0, Tn+2.730) + d(Tn—HxOTn-HxO) }
2

d(T" g, T2
= max {d(T%m T 2g), d(T" M ag, T ), (T"o, ) }

2
Since
d(T™xo, T 2a0) < d(T"xg, T ag) + d(T™ g, T 220)
< 2max {d(T"zo, T ag), d(T™ g, T”+2x0)}
ie.

d(Tn$0, Tn+2.7}0)
2

< max {d(T"x, T ag), d(T" g, T"+2xo)}
we find that

d(T" 2o, T 220) < max {d(T" =, T Hag), d(T" My, T"*on)}
wherefrom

(T g, T 2a0) < d(T™zo, T 20) (6)
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since d(T"ag, T 2xg) < d(T"Hag, T"212) is impossible.
This proves that the sequence (d(T"xo, T" '20))nen is decreasing, and since
it is non-negative, there exists

lim d(T"zo, T ag).

n—oo

Since the iterated sequence (T"x)nen has a convergent subsequence (7™ xg);en,

i.e. lim T™xy = u and since 7' is an orbitally continuous mapping, it follows that
1—00

lim T(T"xg) = Tu and lim T(T" ' zg) = T(Tu)

1—00 1—00

S0

lim d(T™xzo, T" ' 2g) = d(u, Tu) and lim d(T" " xg, T 220) = d(Tu, T?u).

i—00 1—00

Considering the fact that (d(T™ixzg, T" 120))ien and (d(T™ twg, T 220))ien
are both subsequences of a convergent sequence (d(T"xzg, T"'20))nen Wwe con-
clude that

d(u, Tu) = d(Tu, T*u). (7)

If Tu # u, applying the same method used to prove (6), we obtain

d(Tu, T?u) < d(u, Tu)
which is impossible because of (7). Therefore, Tu = u. Fixed point uniqueness is
proved the same way as in Theorem 2.1. O

References

[1] Lj. Ciri¢, Some recent results in metrical fixed point theory, Beograd, 2003.

[2] M. Edelstein, On fixed and periodic point under contractive mappings, J.
London Math. Soc., 3 (1962), 74-79.

[3] B. B. Hempimruii, MeTon HemOOBWKHBIX TOYEK B aHaum3e, Y cm. Mar.

Hayx,(1936), 141-174.

142



THIRD MATHEMATICAL CONFERENCE OF THE REPUBLIC OF SRPSKA
Trebinje, 7 and 8 June 2013

A Note on Generalized Operator Quasicontractions in
Cone Metric Spaces

Ljiljana Paunovi¢
University of Pristina-Kosovska Mitrovica
Faculty of Teacher Training Prizren-Leposavic, Serbia

ljiljana.paunovic76@gmail.com
Original scientific paper

Abstract

In a recent paper [Fized point theorem for generalized operator quasi-
contractive mappings in cone metric spaces, Afrika Mat., DOI 10.1007/
$13370-012-0105-7], X. Zhang has used bounded positive definite linear op-
erators on the given Banach space in an attempt to obtain a more general
fixed point result in a normal cone metric space. We will show in this paper
that most of the conditions in his theorem are superfluous and that the proof
can be obtained in a much easier way, by reducing it to a well known Ciri¢’s
result on quasicontractions in standard metric spaces.

Key words: metric space, solid cone, cone metric space, generalized operator
quasicontractive mapping.

1 Introduction

L.G. Huang and X. Zhang introduced cone metric spaces in [4], replacing the set
of real numbers by an ordered Banach space as the codomain of a metric. Thus,
they reconsidered the notion of K-metric spaces that was used earlier (see, e.g.,
[12]). A lot of known metric fixed point and common fixed point results were
subsequently extended to this new setting (for a review of these results till 2010
see [5]).

In a recent paper [13|, X. Zhang has used bounded positive definite linear
operators on the given Banach space in an attempt to obtain a more general
fixed point result in a normal cone metric space. We will show in this note that
most of the conditions in his theorem are superfluous and that the proof can be
obtained in a much easier way, by reducing it to a well known Ciri¢’s ([1]) result
on quasicontractions in standard metric spaces.

2 Preliminaries

We recall some properties of cones and cone metric spaces. The details and proofs
can be found in [4, 5].
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Let F be a real Banach space with the zero vector . A proper nonempty and
closed subset K of E is called a (convex) cone if K+ K C K, A\K C K for A >0
and K N (—K) = {0}. We shall always assume that the cone K has a nonempty
interior int K (such cones are called solid).

Each cone K induces a partial order < on Fbyrzr Sy y—ze€e K, x <y
will stand for x < y and x # y, while z < y will stand for y — x € int K. The
pair (E, K) is an ordered Banach space.

Definition 2.1. [3] A cone K in a Banach space (E, || - ||) is called:
1° normal if

inf{ ||z +yl 2,y € K, [lzf| = llyll =1} > 0;
2° semi-momnotone if there exists k > 0 such that, for all z,y € F,
0 <z Xy implies ||lz|| < k|ly|; (1)
3° monotone if, for all z,y € F,
0 <« <y implies |lz|| < ||y, (2)
i.e. it is semi-monotone with k = 1.

The next lemma contains results on cones in ordered Banach spaces that are
rather old (1940, see [8]). It is interesting that most of the authors (working with
normal cones after 2007) do not use these results, which can be applied to reduce
a lot of results to the setting of ordinary metric spaces.

Lemma 2.1. /8, 3] The following conditions are equivalent for a cone K in the
Banach space (E, | -||):
1° K is normal;
2 for arbitrary sequences {xn}, {yn}, {zn} in E,
(Vn) zp, 2 yn = 2p and lim z, = lim 2z, =z imply lim y, = z;
n—00 n—00 n—00
% K is semi-monotone;

4° there exists a norm ||-||1 on E, equivalent to the given norm |||, such that
the cone K is monotone w.r.t. || - 1.

The smallest constant k satisfying the inequality (1) is called the normal
constant of K. It is clear that it is always k > 1.

Example 2.1. [10] Let E = C4[0,1], with [[z]| = ||2]ec + [|7/]|cc, K = {z €
E : z(t) > 0}. This cone is non-normal. Consider, for example, x,(t) = % and
yn(t) = % Then 0 X, = Yy, and limy, 00 yn = 0, but [z, ]| = maxejo g ‘%‘ +
maxefo, 1] [t = % + 1 > 1; hence x,, does not converge to zero. It follows by

2° that K is a non-normal cone.
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Let X be a nonempty set and (F, K) an ordered Banach space. A function
d: X x X — FE is called a cone metric and (X, d) is called a cone metric space if
the following conditions hold:

(C1) 6 = d(x,y) for all x,y € X and d(z,y) = 0 if and only if z = y;

(C2) d(z,y) = d(y,x) for all z,y € X;

(C3) d(x,z) 2 d(x,y) +d(y, 2) for all z,y,z € X.

Let x € X and {x,} be a sequence in X. Then it is said that:

(i) {xn} cone converges to z if for every ¢ € E with 6 < c there exists a natural
number ng such that d(z,, ) < cfor all n > ng; we denote it by d-lim,,_,oc T, = &

orxnixasn%oo;

(ii) {zn} is a cone Cauchy sequence if for every ¢ € E with 6 < ¢ there exists
a natural number ng such that d(z,, z,) < ¢ for all m,n > ny;

(iii) (X,d) is cone complete if every tvs-Cauchy sequence is tvs-convergent
in X.

Suppose now that (X,d) is a cone metric space over a normal solid cone
K in a Banach space E (with the normal constant satisfying k& > 1). Then
D(z,y) = ||d(z,y)]|| is a symmetric on the set X, that is, a mapping from X x X
into [0, +00) with the following properties:

(s1) D(z,y) > 0 and D(z,y) =0 if and only if x = y;

(s2) D(z,y) = D(y, ).

It satisfies also:

(53) D(z,) < K(D(z,2) + D(z,)).

The cone metric d and the associated symmetric D = ||d|| in X generate two
topologies: t4 and tp. Their bases of neighborhoods consist of the sets

B(y)={ze X :d(z,y) < c}and B:(y) ={x € X : D(z,y) <e},

where y, c, € are, respectively, a given point from X, a given interior point from
K, and a given positive number (for details see [9]).

Theorem 2.1. [9] Let (X,d) be a cone metric space with a normal solid cone K
and let D be the associated symmetric. Then tg =tp.

In other words, the spaces (X, d) and (X, D) have the same collections of open,
closed, bounded and compact sets, and also the same convergent and Cauchy
sequences, and the same continuous functions. Also, the interior of the cone is
the same in both equivalent norms. If the normal constant k& = 1, then the
symmetric space (X, D) is a metric space.

Thus we obtain the following principal remark: From Lemma 2.1 and Theorem
2.1 it is obvious that, in the investigation of cone metric spaces with normal solid
cones, we can assume that the normal constant can be taken to be £ = 1. This
follows from the fact that we can deal with the space F, equipped with the norm
| - |1, which is equivalent to || - ||. Taking into account Lemma 2.1 and Theorem
2.1, it follows that results for normal solid cone metric spaces can be derived from
the respective results for metric spaces. Namely, if d is a cone metric on X and
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the norm || - || is monotone on the cone, then the composition || - [[od = D is
a usual metric on X. Clearly, non-expansive and contractive (with respect to d)
self-mappings of X are also non-expansive and contractive (respectively) with
respect to the metric || - || od = D.

3 Main results

Let (E,|| - ||) be a Banach space with a cone K C E. Consider the set B(K)
of bounded linear operators A on E that are positive-definite, i.e., A(K) C K
holds. Moreover, let B(K, 1) denote the subset of B(K) containing operators
A having the norm ||A]| < 1. X. Zhang in [13], called a mapping f : X — X
generalized operator quasicontractive on a cone metric space (X, d) (over K) if
there exists A € [0,1) such that for all z,y € X there exist a, b, ¢, d, e > 0 satisfying
a+b+ct+d+e<1,and A,B,C,D,E € B(K,1) such that the following inequality
holds

d(fz, fy) = MadAd(z,y) + bBd(z, fx) + cCd(y, fy) + dDd(z, fy) + eEd(y, fz)).

(3)
Note that the constants a, b, ¢, d, e, as well as the operators A, B,C, D, E depend
on the points x,y, but we will not write a;y, ... in order to avoid cumbersome
notation. The following example is inspired by [13, Example 1].

Example 3.1. Let E = R? and let K = {(x,y)" € R? : 2 > 0,y > 0}, which
is a normal cone with k = 1. Let X = {a,b,c} and define a cone metric d on X
by d(z,z) = (0,0)" for € X, d(a,b) = d(a,c) = (1,1)7, d(b,c) = (0,1.1)T and
d(z,y) = d(y,z) for z,y € X. It is easy to see that (X, d) is a cone metric space.

Let f: X — X be defined by fa = b, fb = fc = c. Take A = [006 006} .

B(K,1) and X = }—2 Then it is easy to check that the inequality d(fx, fy) <

AAd(x,y) is fulfilled for all x,y € X. Hence, f is a generalized operator quasicon-
tractive mapping on X.
X. Zhang proved the following.

Theorem 3.1. [13] Let (X,d) be a complete cone metric space over a normal
cone K with normal constant k. Let f : X — X be a generalized operator quasi-

contractive mapping with contractive constant A. If one of the following conditions
hold:

1. f is continuous;
2. Mk < 1;

3. there exists xg € X such that

{A(x,y),B(x,y),C(:c,y%D(m,y),E(x,y) HEANTES 0(330’00)}
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is a compact set (here, A(x,y), B(z,y),C(x,y), D(z,y), E(z,y) are opera-
tors A, B,C, D, E from (3.1) and O(xq,00) is the orbit of f at the point xo),

then f has a unique fized point x* € X. Moreover, in the cases (1) and (2),
any Picard sequence {f"x} converges to x*; in the case (3), the Picard sequence
{f"xo} converges to x*.

We shall prove that the previous result can be obtained without assuming any
of the conditions (1)—(3).

Theorem 3.2. Let (X, d) be a complete cone metric space over a normal cone K
and let f: X — X be a generalized operator quasicontractive mapping. Then f
has a unique fived point x* € X and any Picard sequence {f"x}, x € X converges
to x*.

Proof. According to Lemma 2.1, 3° < 4°, there exists a norm on F (denoted by
| - ||), equivalent to the original one, which is monotone, i.e., the implication (2)
holds. As in Theorem 2.1, denote D(z,y) = ||d(x,y)||. Then D is a standard
metric on X, and (X, D) is a complete metric space. The inequality (3.1) implies
that

D(fx, fy) = |ld(f=, fy)|
< M|aAd(z,y) + bBd(z, fx) + cCd(y, fy) + dDd(x, fy) + eEd(y, fz)||
< MallAllfld(z, y)[| + ol Bl[[d(z, fz)[| + cl|[C[ld(y, fy)ll
+d|[Dll[|d(z, fy)l| + el E[[[|d(y, fz)])
< Ma+b+c+d+e)max{||d(z,y)l, [|d(z, fo)ll, ||y, fy)l,
lld(z, fy)ll, lld(y, fx||}
< Amax{||d(z,y)| |d(z, f2)[l, |d(y, fy)ll, (. fy)ll, l|d(y, fz)}
= Amax{D(z,y), D(z, fz), D(y, fy), D(z, fy), D(y, f)}

holds for all 2, € X. In other words, f is a Cirié-type quasicontraction (|1]) in
a complete metric space (X, D). Hence, f has a unique fixed point z* € X, being
the limit of an arbitrary Picard sequence {f"x}. =

Remark 3.1. Since the mapping f in Example 3.1 fulfills all the conditions of
Theorem 3.2, it follows that f has a unique fixed point (which is * = ¢). As was
shown in a similar situation in [13, Example 1|, no scalar cone-quasicontractive
condition is satisfied in this case. However, the statement from [13, Remark 1]
does not hold, since Theorem 3.2 and its proof show that the result can still be
obtained by reducing it to the standard metric arguments.
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Abstract

In this survey of our recent results, the kernels K, (z) in the remainder
terms R, (f) of the Gaussian quadrature formulae for analytic functions f
inside elliptical contours with foci at F1 and a sum of semi-axes p > 1, when
the weight function w is of Bernstein-Szegé type

(1—)F1/2(1 +1)F1/2

4
(1+7)?

, te(-1,1), ~e(-1,0),

w(t) = wg:Fl/QFFl/Q) (t) =
1- t?

are given. Sufficient conditions are found ensuring that the kernel attains
its maximal absolute value at the intersection point of the contour with
either the real or the imaginary axis. This leads to effective error bounds
of the corresponding Gauss quadratures. The quality of the derived bounds
is analyzed by a comparison with other error bounds intended for the same
class of integrands.

1 Introduction

Let the weight function w be a nonnegative and integrable function on the interval
(—1,1). Consider the Gauss quadrature formula

1 n
/ Qe dt = Golfl + Rl Gulfl = XA (m) (M) (1
- v=1

which is exact for all algebraic polynomials of degree at most 2n — 1. The nodes
7, in (1) are zeros of the orthogonal polynomials 7, with respect to the weight
function w.

In this paper w is the weight function of Bernstein-Szegd type

(1 )F1/2(1 4 1)F1/2
4y 2 ’
(147)?

w(t) = wFY/2F2 (4 =

5 te(-1,1), ~e€(-10).

(2)
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The weight functions under consideration are special cases of the (more gen-
eral) Bernstein-Szegd weight functions

WF2FD) 4y _ (1— )TV + T2
8,8 C BB —2a)t2 +25(B — )t + a? + 62’

€(—-1,1), (3)

where 0 < a < 8, B # 2, |d] < B — «, having in the denominator an arbitrary
polynomial of exact degree 2 that remains positive on [—1,1]. Namely, if we
set a =1, =2/(14+7), -1 <~y <0, and 6 = 0, (3) reduces to (2). The
weight function (3) have been studied extensively in 1], and therefore the results
obtained there can be specialized in the case of (2).

Let I' be a simple closed curve in the complex plane surrounding the interval
[-1,1] and D = intT" its interior. If the integrand f is analytic in D and con-
tinuous on D, then the remainder term R, (f) in (1) admits the contour integral
representation

1 7{ Ko(2) f(2)dz. (@)
T

n(2)
where ) ) )
on(2) = onw(2) = /1 —— w(t)dt.

The modulus of the kernel is symmetric with respect to the real axis, i.e.,
[Kn(Z)] = [Kn(2)]-
The integral representation (4) leads to the error estimate

R < "5 (el ) (gl £ 5)

27 zel zel

where ¢(I") is the length of the contour I'. In order to get estimate (5), one has
to study the magnitude of |K,,(z)| on T

In many papers error bounds of |R,(f)|, where f is an analytic function, are
considered. Two choices of the contour I' have been widely used:

e a circle C, with a center at the origin and a radius r (> 1), i.e., C, =

{z] |z] =71}, r>1(cf. [2], [4], [5]), and

e an ellipse &, with foci at the points F1 and a sum of semi-axes p > 1,

Sp:{ze(C|z:;(pew—kplew),ogﬁgwr}. (6)

When p — 1 the ellipse shrinks to the interval [—1, 1], while with increasing
p it becomes more and more circle-like. The advantage of the elliptical contours,
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compared to the circular ones, is that such a choice needs the analyticity of f in
a smaller region of the complex plane, especially when p is near 1. In this paper
we take I' to be ellipse &,, then (5) has the form

R < 52 (max 1,21 (a1 )

2w 2€E, 2€E,

Since the ellipse £, has length 6(5 ) = 4e71E(¢), where ¢ is the eccentricity
of &, ie., e =2/(p+p1), and E(c) = W/2 V1 —€25sin?60df is the complete

elliptic integral of the second kind, the estlmate (7) reduces to

2F 2
< 22 (e, ) U1, = ©)

where || f||, = max;eg, [ f(2)[. As we can see, the bound on the right-hand side in
(8) is a function of p, so it can be optimized with respect to p > 1.

The derivation of adequate bounds for |R,,(f)| on the basis of (8) is possible
only if good estimates for max.cg, |[Kn(2)| are available. Especially useful is
knowledge of the location of the extremal point € £,, at which |K,,| attains its
maximum. In such a case, instead of looking for upper bounds for max.cg, [ Ky (2)|
one can simply try to calculate |K,(n,w)|. In general, this may not be an easy
task, but in the case the Gauss-type quadrature formula (1) there exist effective
algorithms for calculation of K,(z) at any point z outside [—1,1] (see Gautschi
and Varga [2]).

So far the approach (8) was discussed for Gaussian quadrature rules (1) with
respect to the Chebyshev weight functions (see [2], [3])

1 14+t 1—1¢
)= —— ) =v1-¢, =/ =/ —
wl() m? w2() w3 l—t ) 1+t7

and later has been extended by Schira to symmetric weight functions under
restriction of monotonicity type (either w(t)v1 —t? is increasing on (0,1) or
w(t)/v/1 —t? is decreasing on (0, 1)), including certain Gegenbauer weight func-
tions (see [7]). Concerning error bounds and estimates for the Gauss-Turdn
quadrature formulae of analytic functions see [11] and reference therein.

With respect to the rational modification of the Chebyshev weight function

| Rn(f)]

of the second kind, i.e., the weight function of Bernstein-Szegd type wgl/z) (t) =
wfyl/Q,l/?) (t)

Y

4 -1
wgl/z)(w —V1-¢ <1 _ 7)2,52) , te(-1,1), ~e(-1,0),

(14~

we found in [8] sufficient conditions ensuring that there exists a p* = p, = p}, ,
such that for each p > p* the kernel K,, attains its maximal absolute value at
the intersection point of the ellipse with the imaginary axis. For this specialized
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case, we obtained much smaller values for p = p} than ones obtained by Schira
(except for 7 close to 0 and n even), especially for large values of n. Observe

that the weight function w(l/ 2)( t) belongs to the class considered by Schira [7]

( (2 ( t)/v/1 — 2 is decreasing on (0, 1)). (—1/2

In [9] the same problematic with respect to the weight function wy / )(t) =
wg—1/27—1/2) (t)

Y

4 —1
w2 () = (1/V1-12) - ( 7)2#) , te(=1,1), ~ye(-1,0),

1+

has been considered. With respect to this symmetric weight function of Bernstein-
Szegé type, sufficient conditions are found ensuring that there exists a p* = p;, =
Pr,~ such that for each p > p* the kernel K, attains its maximal absolute value at
the intersection point of the ellipse with either the real or the imaginary axis. The
corresponding analysis is much more complicated than the one in [8]. Observe
that this weight function does not belong to the class of the ones considered by
Schira [7].

The paper [10] is a continuation of the previous two [8], [9], as this methodology
works good in the cases when the modulus of kernels have rather complicated
forms. With respect to the weight function of Bernstein-Szegd type

-1/2,1/2 [T (1~ 2 -1,1 -1
w’y () 1—¢ < (1+7)2t> ) te( ) )7 76( 70>7

which is not symmetric and therefore does not belong to the class of the ones
considered by Schira |7], sufficient conditions are found ensuring that there exists
a p* = p;, = p;, such that for each p > p* the kernel K, attains its maximal
absolute value at the intersection point of the ellipse with the positive real semi-
axis. In an analogous way (using the substitution ¢ := —t) a similar analysis could
be derived with respect to the weight function of Bernstein-Szegd type

1—¢ 4 -1
w1271/ (¢ 1_7752) te(=1.1 € (—1,0).
0 =1 ( TiEt) o tel-L1. 9e(-L0)

In this way we rounded off this problematic with respect to the corresponding
rational modification (of Bernstein-Szegs type) of all 4 classical Chebyshev weight
functions. In this paper a survey of those results is presented.

2 Maximum of the modulus of kernel of the Gauss
quadrature formula with the weight function w,(t) =

Wi (1) (v € (1,0))

For the weight function under consideration, the corresponding (monic) orthogo-
nal polynomial 7, (t) = 7, ~(t) of the degree n has the form (see [1]):

Tat) = T (1) = 5 Unl0) = AUna0)], 21 9
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where U,, denotes the Chebyshev polynomial of the second kind, characterized by

sin(n 4 1)6
sinf

Up(cosf) =
As usual we use the substitution
1 3 .
e=o(E+€7h), g=pet

Using the well-known facts (cf. [2])

§n+1 _ éf(n+1) 1 B
Un(e) = =g #=3(+¢ b,
e N (n+1)
U,(t Tsin(n +1)0sin6 T
2 —
/1 z—t L-dt /0 2z —cosf d0 gn+l’

on the basis of direct calculation, we obtain that the kernel can be expressed
(v € (=1,0), n € N) in the following way

m(1+7)*(1 =) (E &)

Knq(2) = .
T ) €+ e[ — ) (e — D))
(10)
Namely,
Lorm, () V1I-#2
on(2) = ony(2) = /;1 »—1 L Iy 2 dt.
(1+9)?
We use the decomposition
1 _ Ay n At + A3 , (11)
(z—t)<1— 27 t2> pot g g
(1+7)? (1+7)?
where
(1+9)° —dy —dvz
A = Ay = Az = :
B e B e e N () L o

Multiplying (11) by 2", (t)v'1 — t? and integrating over the interval [—1, 1], we
obtain

onr(s) = A /_11 Un(t) =1Un2() 73 4

z—1
! V1-12
L oon / e () (At + Ag) — 2 .
A+ 7
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If n > 2, in the last equality the second integral is equal to zero, then the
formula (10) can be derived easily.
If n =1, we have

L U2(t)v/1 —¢2
wor=a [ D0 T Ly, [ UHOEE

dy
11— t?
(147)?
where Uj(t) = 2t. On the basis of [1, Eq. (3.22)], we have
/1 UZ(t)V1 — 2 g 1+ v)2m
—1 1— 4’7 t2 N 2

(1+7)?
Finally, using the representation Up(z) = 2z = £ + €71, we obtain
m(1+7)*(1 —~€?)
El1+7)2 —y(E+EHAE+ETY

which represents (10) for n = 1.
From here on, we use the usual notation (see for example [2])

Klﬁ( )

aj = %(pj +p77), jeEN
Using (10), and on the basis of
11— 7% = (1+ 729" — 27p% cos 20)/°,
€ — &7 = V2 (az — cos20)/2,

|(1+ 7)? =€+ 5_1)2‘ = [(1+7%)? —4y(1 +7*)as cos 20
4+ 2v%(ayq + cos 46)] 1/2 ,

gl _g=(n+l) _ oy (gn—1 £—n+1)‘ — V2 [agnto — cos(2n + 2)0
4+ y*(agn_2 — cos(2n — 2)0)
—  2vy(agn cos 20 — ag cos 2nb)] 1/2 ,

we obtain (for n € N)

7(1 4 v)?(ag — cos 260)1/? (1 + +2p* — 2vp? cos 29) 1/2

[Kny(2)] = 1/2
P (L +72)2 — (L +2)az 00520 + 29%(as + cos 40)]
y 1
[a2n+2 — cos(2n + 2)0 + y2(agn—2 — cos(2n — 2)0) — 2~y(agy, cos 20 — as cos 2n9)]1/2.

(12)

Numerical experiments showed us that there exists a p* = pl = p*(n,7y) > 1 so

that | K, ,(2)| attains its maximum value on the imaginary axis, i.e., at 6 = m/2,
for each p > p*. We stated and proved it in [8], as follows.
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Theorem 2.1. For the Gauss quadrature formula (1), n € N, with the weight
Junction w(t) = w%l/Q)(t), v € (—1,0), there exists a p* € (1,+00) (p* = pl =
p*(n,7)) such that for each p > p* the modulus of the kernel | K, ~(2)| attains its
mazimum value on the imaginary axis (0 = 7/2), i.e.,

i -1
| (2 = | (5007 ).

Proof. On the basis of (12), in order to demonstrate the theorem we have to prove
the following inequality for 6 € [0, 7/2]:
(ag — cos20) (1 +~%p* — 2yp* cos 20)
(1++2)%2 — 4v(1 4+ 72)ag cos 20 + 2v2(ay + cos 46)
1
aznt2 — cos(2n + 2)0 + 2 (azp—2 — cos(2n — 2)0) — 27y(agy, cos 20 — as cos 2nb)
(a2 + 1) (1+7%p" + 29p%)
(1 +9%)2 +4y(1L +12)ag + 272%(as + 1)
1

X

X .
aony2 + (=1)" + 72 (azn—2 + (=1)") + 2v(agn + (—1)"az)
(13)
First, we have

az —cos20 < as + 1. (14)

Second, let us prove that for each p > 1 and v € (—1,0) there holds

1+ ~%p* — 2yp? cos 20

(14~2)2 — 49(1 4+ y?)ag cos 20 + 2% (a4 + cos 46) 15)

1++%p" + 29p°

< .
T (T2 +4v(1 +92)az + 293 (as + 1)

Let us denote

A = 14920+ 29 (>0), A1 =—4yp’cos’ 0,
B = (1+9*)?+4y(1+9%az +27*(as + 1) (> 0),
By = —8y(1+~?)agcos®f — 442 sin® 26.

The inequality (15) can now be written in the form

A+ Ay <é
B+ By ~— B’
that is
AB; — BA; >0,
1.e.

(1 + ~%'+ 2’yp2) (—8v(1+ v?)ag cos® @ — 4% sin? 26)
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— (A+9*)?+49(1 +9%)az + 29*(as + 1)) - (—4vp” cos® ) > 0.

The last inequality is satisfied for § = w/2. Therefore, let us consider the case
when 0 € [0,7/2), and divide the last inequality by cos? . We obtain

(1 + 2" +270?) (=87(1 ++?)as — 169 sin?0)
+ Ao (L +42)2 + 4y(1 +9%)az + 27*(as + 1)) > 0.
The last inequality holds if
1 + ot +2907) (L +9)as + 27)

1
= P (L) +49(1+ 9% az + 29%(as + 1)) > 0.

Now, we use a4 = 2a% — 1, and conclude that the last inequality holds, since
the left-hand side of it becomes

A+ Pas + D]+ = S0 +7) + aal?

2
- %[(1 + 7"+ p7%) + 41+ 7p°)" - éPQ[(l +90%) + (v +p 7))
= I+ 07 + 4]+ )

2
=2 (L+ 70 = 29> (L +90") (v + %) = ?p° (v + p72)*}
= S+ + 57 +49](1+ 70
—p*(1+7p%)* = 29(1 +7p%)* — p 27 (1 +p%)*}
= %(1 +10°) (Vo + 2y +p77)
1 2

= S+ e +p )

Therefore (15) holds, for each p > 1, v € (—1,0), 6 € [0,7/2].
Now, let n be EVEN. We put

C+Cy= agnio—cos(2n+ 2)0 + v (agn_o — cos(2n — 2)0)

(16)
—  2v(agn cos 20 — ag cos 2nb),
where
C = agnez+ 147 (azn—2 + 1) + 2y(azn + a2),
C; = —2cos*(n+1)0 — 2+ cos*(n — 1)0 — 4yag, cos® § — 4yag sin® né.

For the second fraction in (12) there holds

1 1
<77
c+C — C
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if C1 > 0. This is satisfied if § = 7/2, so we consider the case when 6 € [0,7/2).
Using the well-known inequality

1)0
COS(TH_)’ <n+1, n even,
cos
we conclude that
Cy cos?(n +1)6 ycos?(n —1)6 sin? nd
= 92 T 9228 N dyag, — dyag—— e > 0
cos2 6 cos2 6 7 cos2 6 Vo RN Cag =

if there holds
—2(n+1)* = 29*(n — 1)* — 4yas, >0,

i.e., after dividing the last inequality by 2,
—(n+1)%2 = ~+%*n —1)? = 2vas, > 0. (17)

This is satisfied for each p > pg (> 1).
Finally, let n be opD. In (16) we now take that

Cc = aon+2 — 1+ ’YQ(CLQn_Q — 1) + 27(a2n — CLQ),
C; = 2sin®(n+1)0 + 2v*sin®(n — 1)0 — 4yag, cos® 6 + 4yag cos? nb.

For the second fraction in (12) there holds 1/(C + Cy) < 1/C, if C; > 0. This is
satisfied if # = 7/2, so we consider the case when 0 € [0,7/2). Similarly as in the
previous case we conclude that

Cy sin?(n +1)6

=2
cos2 6 cos2 6

if there holds

2 2
n—1)60 cos” nb
( ) — dvyag, + 4vyas o520 >0,

sin
92
e cos2 0

—4~vagy, + 4fyn2a2 >0,
i.e., after dividing it by —4~, if there holds

aon — nlas > 0. (18)
If n = 1, then the expression ag, — n2ay is equal to zero. If n > 1, let us write it
in the form h(z) = cosh(nx) — n? cosh(x), where x = In p?>. We have that h'(z) =
ng(x), where g(x) = sinh(nx)—nsinh(z). Since ¢’'(x) = n(cosh(nz)—cosh(x)) > 0
for x > 0, g(0)=0, we conclude that the function ¢ is positive for x > 0. For
the function h we conclude that it is strongly increasing for x > 0, h(0) < 0.
Therefore, the inequality (18) holds for each p > po (> 1), n = 3,5,..., and
p>1for n =1. Observe that (18) does not depend on ~.

Taking p* = pg for n even and p* = po for n odd, because of (14) and (15),
the inequality (13) holds on the interval [p*, +00). =
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3 Numerical results

The proof of Theorem 2.1 is of practical importance. Namely, on the basis of the
conditions (17) and (18), we can determine the intervals [p*,4+00) on which the
modulus of the kernel K, ,, attains its maximum value on the imaginary axis. For
some values of n,y the values of p* are displayed in the tables 1 and 2. Observe
that the results become very satisfactory when n increases.

(n,7) P (n,7) P (n,7) P
(2,-0.001) 9.741 (2,-0.1) 3.081 (2,-0.2) 2.593
(2,—0.3) 2.346 (2,—0.5) 2.073 (2,-0.7) 1.917
(2,-0.8) 1.86 (2,-0.9) 1.814 (2,-0.99) 1.778
(10, —0.001) 1.796 (10, —0.1) 1.427 (10, —0.2) 1.38
(10, —0.3) 1.354 (10, —0.5) 1.327 (10,—0.7) 1.313
(10, —0.8) 1.309 (10,-0.9) 1.306 (10, —0.99) 1.305
(30, —0.001) 1.259 (30,—0.1) 1.166 (30, —0.2) 1.153
(30, —0.3) 1.146 (30, —0.5) 1.139 (30,—-0.7) 1.135
(30, —0.8) 1.134 (30,-0.9) 1.134 (30, -0.99) 1.134
(50, —0.001) 1.16 (50, —0.1) 1.108 (50, —0.2) 11
(50, —0.3) 1.096 (50, —0.5) 1.092 (50,—0.7) 1.09
(50, —0.8) 1.09 (50, —0.9) 1.09 (50, —0.99) 1.089
(100, —0.001) 1.085 (100,—0.1) | 1.06 (100, —0.2) 1.056
(100, —0.3) 1.054 (100,—0.5) |  1.052 (100, —0.7) 1.052
(100, —0.8) 1.051 (100,—0.9) | 1.051 (100,—0.99) | 1.051

Table 1: The values of p* for some n € 2N and v € (—1,0)

” S . o n S
3 1.774 5 1.528 7 1.41
9 1.339 13 1.256 15 1.23
25 1.155 35 1.119 45 1.097
55 1.083 65 1.073 75 1.065
85 1.059 95 1.053 145 1.038

Table 2: The values of p* for some n € 2N+ 1 and v € (—1,0)

Remainder terms for quadrature formulas are traditionally expressed in terms
of some high-order derivative of the involved function. This is a serious disadvan-
tage, if such derivatives are not known, do not exist or are too complicated to be
handled.

Let us consider numerical calculation of the integral

/f 1_t2 2dt, (19)
(1+7) !
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with
et

f) = :
C(a+ RO+ ) (c+ )™
where c<b<a< —-1; k€N, {,m e Ny.
Under the assumption that f is analytic inside &,
error bound

from (8) we obtain the

max

Ru(F)] < ), (20
T - nt |5 (a1, 1) (a1 )]

and p}; is defined by Theorem 2.1. In the case under consideration |a| = 3(pmax +

—1
pmax)'
The length of the ellipse £, can be estimated by (see |6, Eq. (2.2)])

1 _ 3 4 b _
UEy) < 2may <1 1% 2 - 1M " ggg™ 6> , (21)
where a; = (p + p~1)/2.
For z € £,, we have

eez _ eeul C059-(:05(%(p7,o’1)sine) .eieul Cose-sin(%(pfp’l)siné)’

and from this it follows that

max e¢"| = e (22)
ze&yp

The above maximum is attained at 8 = 0.
Further, we have

1 1 o1
ja+ 2] \/CLQ—}—%(CLQ—1)+2CLCL1€OS€—|—C0820 ~ latai

where the equality holds for & = 0. We have used the facts that the function
under the squared root has minimum at § = 0 and ay = 2a3 — 1.
On the basis of the above analysis and (22), we have

e? ay
e e

(a+ 2)k(b+ 2)t(c+2z)™

e
a4+ ai]* b+ a1t lc+ar ™’

max
z€€,

where the maximum is attained at # = 0. Now, 7,(f) (> 7,(f)) has the form

. 1 _ 3 _ 5 _
mf) = {7“” <1 SIM T Y e 6)

el
&

la +ai|F|b+ai|t|c+ ar|™
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(1+ V)Q(CLZ + 1)1/2 (1 + fyp2)
pn+1 [(1 + 72)2 + 47(1 + 72)a2 + 2’72(0,4 + 1)]
X [aznse + (1) + 72 (azn-2 + (=1)") + 2y(az, + (_1)%2)]—1/2} ‘

1/2

Let —vV2 <a< —1, ¢ < b < a. This condition means that the function f is
analytic inside the elliptical contour &, .., where ppax = 1+ V2. Therefore, the
results obtained by Schira [7] cannot be used here. Also, the classical error bound
in this case is difficult to determine, since the derivatives f(2)(t) for higher values
n are too complicated to be handled. However, we can use the error bound (20)
based on the results of Theorem 2.1.

The error bound (20) is valid for integrands analytic on a neighborhood of
the interval of integration and should be compared with other error bounds in-
tended for the same class of integrands. There are several classical error bounds
for Gaussian quadrature rules of analytic functions. See Theorem 4 in [12] or
Theorem 1 in [13], where the contour I' is the ellipse &£, given by (6). We also
take into account the error bounds appearing in [4], where the contour I' is the
circumference C, = {2z € C: |z| =7} (r > 1).

Therefore, the error bound 7, (f) (|Rn(f)| < 7n(f)) of the Gauss quadrature
formula (1) with respect to the weight function (2), for the integrand f under
consideration, can be given by (see Stenger [12, Eq. (38)])

el

ulf) =) = _nt {200 ‘ b

T 1<p<pmax \ P2 Ja+ ar|F b+ ar]f e+ ai ™

where po = m(14+7)/2 (cf. [1, Egs. (2.24),(2.27)]), or by (see von Sydow [13, Th.

1])
Pu(f) = P07V (f) = inf {(1 74{02 e }

1<p<pmax P~ Ja+arF b+ ar]f e+ ar ™

or by (see Notaris [4, Eq. (3.28)])
o2m(1 + )2 22 ry/r2 — 1

n — »(Not) — i
Tn(f) = Tn t (f) = 1<7}gfmax { (1— 772)[1 — o2 _ 772(1 _ 7—2n—2)]

e€
]a—i—r!"’\b—i—r!ﬂc—i—r!m}’

where 7 =7 — V72 — 1 and ryax = |al.
Let the integrand f be specialized by k = 1,¢ = 5,m = 10, and

a = —1.408333333333333, b= —1.892857142857143, ¢ = —2.408695652173913,

which means that ppax = 2.4.

We have been calculating the values of fﬁf“’“)(f), Sy (f), o) (f),rn(f) for
the corresponding integral I(f) given by (19). The results do show the effe-
ctiveness of the error bound (20) as compared to, for instance, the error bounds
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given by fq(zsmn)( ), f’%syd)( f). For some values of v and n = 15,35, the obtained

results are displayed in Table 3. (Numbers in parentheses indicate decimal expo-
nents.)

5 PG ) [ #8YD o [ 80 | rs(n) A8 ) | 28D [ 25V [ raslh)

—0.1 || 1.63(=6) | 1.61(—6) | 2.64(—7) | 3.66(—7) || 5.04(—21) | 4.84(—21) | 8.31(—22) | 1.11(—21)
—0.2 || 1.45(=6) | 1.43(=6) | 2.01(=7) | 2.30(=7) || 4.48(—21) | 4.30(—21) | 6.34(—22) | 9.04(—22)
—0.3 || 1.27(=6) | 1.26(—6) | 1.48(—7) | 2.41(=7) || 3.92(—21) | 3.76(—21) | 4.69(—22) | 7.19(—22)
—0.4 || 1.09(=6) | 1.08(—=6) | 1.05(—=7) | 1.86(—7) || 3.36(—21) | 3.23(—21) | 3.33(—22) | 5.49(—22)
—0.5 || 9.04(=7) | 8.93(=7) | 6.97(—=8) | 1.35(—7) || 2.80(—21) | 2.69(—21) | 2.24(—22) | 3.97(—22)
—0.6 || 7.23(=7) | 7.15(=7) | 4.30(=8) | 9.01(=8) || 2.24(—21) | 2.15(—21) | 1.39(—22) | 2.64(—22)
—0.7 || 5.42(=7) | 5.36(—7) | 2.34(—8) | 5.32(—8) || 1.68(—21) | 1.62(—21) | 7.54(—23) | 1.55(—22)
—0.8 || 3.62(=7) | 3.58(=7) | 9.99(—9) | 2.48(—8) || 1.12(—21) | 1.08(—21) | 3.25(—23) | 7.17(—23)
—0.9 || 1.81(=7) | 1.79(=7) | 2.42(—9) | 6.51(—9) || 5.60(—22) | 5.37(—22) | 7.87(—24) | 1.88(—23)

Table 3: The values of ﬂ(LSten)(f),fﬁlsyd)(f),f%NOt)(f),rn(f) for n = 15,35 and

some 7y € (—1,0)

At the end, let us consider numerical calculation of the integral (19), with

f(t) = f(t) = cost.
The function f(z) = cos z is entire, and for it holds

max |cos z| = cosh(r),
ZECT‘

and

= cosh(b
rzréag;\cosz\ cosh(by),

where by = 1(p— p71).

For some values of v and n = 5,9, the obtained results of fﬁLSten)(f), fflsyd)(f),
f’SLNOt)( f),rn(f) are displayed in Table 4. The results do show the effectiveness of

the error bound (20).

4 The corresponding results for w(fl/z)(t) and w§71/2’1/2)(t)

Theorem 4.1. For the Gauss quadrature formula (1) with the weight function
(-1/2) (t)

w- there exists a p* = p;, = p;, , € (1,+00) such that for each p > p* the
modulus of the kernel ‘K&}l/m(z)‘ attains its maximum:

a) on the real axis (positive real semi-azis (0 = 0)), 1. e.,

_ _ 1 _
RG] = K (G +0).

max | K,

z€€,
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v [ YD [ ANY G | () pStem 7y [ SO (7)) [NV () | ()

—0.1 | 7.57(=9) | 5.97(=9) | 1.41(=9) | 1.35(—9) || 2.27(—20) | 1.78(—20) | 4.11(—21) | 4.01(—21)
—0.2 | 6.73(=9) | 5.30(=9) | 1.11(=9) | 1.07(—=9) || 2.02(—20) | 1.59(—20) | 3.25(—21) | 3.17(—21)
—0.3 | 5.89(—9) | 4.64(—9) | 8.48(—10) | 8.13(—10) || 1.76(—20) | 1.39(—20) | 2.49(—21) | 2.43(—21)
—0.4 | 5.05(=9) | 3.98(=9) | 6.23(—10) | 5.98(—10) || 1.51(—20) | 1.19(—20) | 1.83(—21) | 1.78(—21)
—0.5 | 4.21(=9) | 3.32(=9) | 4.32(—10) | 4.16(—10) || 1.26(—20) | 9.88(—21) | 1.27(—21) | 1.24(—21)
—0.6 | 3.37(=9) | 2.66(=9) | 2.77(—10) | 2.66(—10) || 1.01(—20) | 7.91(—21) | 8.11(—22) | 7.91(—22)
—0.7 | 253(=9) | 1.99(=9) | 1.56(—10) | 1.50(—10) || 7.55(—21) | 5.93(—21) | 4.56(—22) | 4.45(—22)
—0.8 | 1.69(—9) | 1.33(=9) | 6.91(—11) | 6.66(—11) || 5.03(—21) | 3.96(—21) | 2.03(—22) | 1.98(—22)
—0.9 | 8.42(—10) | 6.63(=10) | 1.73(—11) | 1.67(—11) || 2.52(—21) | 1.98(=21) | 5.07(—23) | 4.95(—23)

Table 4: The values of f%swn)( f), f,(Lsyd)(f), ﬂ(lNOt)(f), rn(f) for n = 5,9 and some
€ (-1,0)

(i) v € (=1/3,0), n=2,
(i) v € (—=1/2,0), n > 3,
(ii1) v =—1/2, n > 5;

b) on the imaginary azis (0 = 7/2), i.e.,

K2 (2) ‘K 2 (2(0 p 1))',

max
2€€,

(7') v e (_170): n=1,

(”) v E (_17 _1/3); n=2,
(i) 7 € (—1,-1/2), n > 3,
(iv) ¥ = —1/2, n = 3,4,

¢) on the line which bisect the angle between the azes (0 = 7w/4) i.e.,

_ _ 1 _ ' _
K0 = |3 (gt o+ o)
ifvy=-1/3, n=2.

max
z€&,

Theorem 4.2. For the Gauss quadrature formula (1) with the weight function
w$71/2’1/2) (t) there exists a p* = p;, = p;, ., € (1,+00) such that for each p > p*
the modulus of the kernel ‘K( 12 1/2)(2)‘ attains its mazimum on the real axis

(positive real semi-azis (0 = 0)), i. e,

_ 1 _
K( 1/2 1/2)( ) _K7(1,'yl/271/2) (2(p+p 1)>’

max
2€€,

for v € (—1,0).
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Theorem 4.3. If n = 1, for the Gauss quadrature formula (1) with the weight

function wg_l/Q’l/g)(t) there exists a p} = pi., € (1,+00) such that for each

p > pi the modulus of the kernel ‘K£;1/2,1/2)

axis (positive real semi-azis (0 = 0)), i.e.,

K| = K5 (G007

(z)‘ attains its mazimum on the real

max
2€&p

for v € (—1,0).

The proof of Theorem 4.1 can be found in [9], and the proofs of Theorems 4.2,
4.3 can be found in [10].
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Abstract

We consider the action of the automorphism group Z(n) of Z,, on the set
of k—sets of Z, in the natural way. Although elementary in its nature, it
has not been fully analyzed and understood yet. The vast class of enumer-
ative and computational problems problems is related to this action. For
example, the number of orbits on the set of k—sets of Z,, is one of them that
we are interested in. Those enumerative problems are mainly resolved by
application of Pdlya’s theory.

1 Introduction

Let Z(n) be the automorphism group of cyclic additive group Z,. We consider
the action of the group Z(n) on the set of elements of Z,,, given by

(x,t) = tx (t€Z(n), x € Zy).

There is a natural way to induce this action on the set Oy, that denotes the set of
all subsets of Z,, of size k. In order to answer to some of the standard enumerative
questions regarding this action, we need to determine the cycle index of Z(n)
acting on Z,. We first find the cycle index of the permutation groups Z(p™) acting
on Zym, where p is a prime number and then use technique described in [4] in
order to find the cycle index of the product of permutation groups. Consequently,
our goal is to obtain the cycle index of Z(n) acting on Z,.

Besides this combinatorial aspect of the described action, we were interested in
some computational questions as finding the stabilizer of a k—set A C Z,,. Once
a stabilizer is found, there is a straightforward way to determine the orbit that a
set A belongs to.
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Motivation for this type of action is twofold. Firstly, it is very natural, elemen-
tary group action that, to the best of our knowledge, has not been fully analyzed
and understood yet. There are couple of papers, like |5, 6] that deal with the very
similar things but not in the same fashion.

Another motivation for the action of Z(n) on the set O comes from one fact
related to the factorizations of abelian groups. In the case of an abelian group G,
a factorization is a collection of subsets

a:[Blv"'aBk]

such that that every element g € G has a unique representation g = sjs2... Sk,
where s; € B; for 1 <i < k. The subsets B;, 1 <1i <k of G are called the blocks
of the factorization.

Suppose the case of factorization of Z,,, into two blocks [By, Ba| of size m and
n respectively. Given t,s € Zy,, such that ged(t,mn) = 1, ged(s,mn) = 1, it is
proven that [tB1, sBs] is also factorization of Z,,,. That is why it is substantially
enough to have just representatives of orbits of m and n—sets for describing all
factorization of Z,,.

2 The notion of (r, k)—coprime residue set in Z,

In this section, we introduce the notion of a (r, k) —coprime residue set in Z, and
give their analysis from the algebraic and number theoretical point of view. Here,
by natural number we assume positive integer.

Definition 2.1. Let 7, k be natural numbers such that ged(r, k) = 1, » < k and
let k& be a divisor of natural number n. A set of integers

Zi(n) ={x € Z(n)| x = r (mod k)}
is called (r, k)—coprime residue set in Z,.
Firstly, we prove that any (r, k)—coprime set in Z,, is not empty.

Lemma 2.1. Let r, k,{,n be natural numbers such that ged(r, k) =1, r < k and
n = kl. Then (r,k)-coprime set )} (n) is nonempty.

Proof. We prove for given r, k and n and ged(r, k) = 1, there exists ¢ such that
ged(r +ut,n) =1
Let p;" be a general prime power divisor of n. Then, there exists ¢; such that
ged(r + kt;,pit) =1

Namely, if p; | k, then p; 1 r and ¢; = 0 suffices. If p; 1 k, than any number ¢; such
that

ti# —r/k (mod py)
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will work. By Chinese Reminder Theorem, there exists ¢ such that
t=t; (mod p;)

and ged(r + kt,n) = 1. We need to prove that there exists € Z(n) such that
x =71 (mod k). Let x = r + kt (mod n). Since k | n then x = r (mod k). Also,
it is easy to see that ged(z,n) = 1 and therefore x € Z(n).

4|

Lemma 2.2. Let r, k, ¢ be natural numbers such that ged(r,k) =1 and r < k. It
follows that
T4 (kO] = [Ty (KO)].

Proof. According to Lemma 2.1, both sets Z} (k¢) and Z} (k{) are nonempty.
Let = € I} (k0). 1t follows that '] (k¢) C Z}(k¢). Hence, we have

|2 T (k0| = |Z5 (k)]

and therefore
\Z7(kO)| < [Ty (ke)| (1)

Similarly, 2Z} (k¢) C Zj(k¢) implies
T} (k0)] < [T (k)] )
From inequalities 1 and 2, it follows that
IZi (kO] = | Zi (k0)|
4

Lemma 2.3. Let k,{ be natural numbers and k > 1. Then Z}(k() is a subgroup
of Z(k?).

~—

Proof. According to the definition of Z}(k(), it is clear that Z.}(k() C Z(k(
Apparently the identity, 1, is in Z}(k¢). For any z,y € Z}(k(), it holds zy~!
1 (mod k), i.e. zy~! € I} (kf) that concludes the proof.

Nl

Lemma 2.4. Let k and ¢ be relatively prime natural numbers and k > 1. Then,
it holds
Ti(ke) = Z(0).

Proof. Let A be a mapping from Z} (k() to Z(¢) defined by
A(z) =z mod ¢

First, we show that Im(A) C Z(¢). Let « € T} (k(). Then,
zr=al+b, 0<b</{ Sincex € Z}(kl), then by the definition of that set, it
follows that = € Z(kf). Therefore ged(x,¢) = 1 and consequently ged(b,?) = 1.
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Thus, b € Z(¢), so we have A(z) € Z(¢).

A is evidently homomorphism, according to properties of modulo operation.

A is one to one. Let z,y € T} (k¢) and A(z) = A(y). From the definition of
Zl(k(), we have z = 1 (mod k) and y = 1 (mod k), so = y (mod k). From
A(z) = A(y) it follows z = y (mod £). Since k and ¢ are relatively prime numbers,
then x =y (mod k¢), so A is one to one.

A is onto. Let z € Z(¢). We have to find = € Z}(k{) such that A(z) = ¢, or in
other words = z (mod ¢) . That x must be of the form 1+ kt, so we should find
such a t for which it holds x = z (mod ¢). From gcd(k, ) = 1, there exist m,n € Z
such that mk+nf = 1. Let us define t = (z—1)m, i.e. x = 1+ (z—1)mk. Clearly,
x =1 (mod k). Note that x = 1+ (2 — 1)(1 — nf), that is x = z + nl(1 — z),
so x = z (mod ¢). Now, we need to prove that ged(x,¢) = 1. Let p be a prime
divisor of z and I. Then, p divides z, from which we would have that p | gcd(z, £)
what is impossible since z € Z(¢). Therefore, ged(z, k¢) = 1. At the end, we need
to provide that x < kf. If x = 14 (z — 1)mk is not less than k¢ then we should
take x = 14 (z — 1)mk (mod kf) and all previously given arguments hold. .

Corollary 2.1. Let r, k, ¢ be natural numbers such that r < k, ged(k,f) =1 and
ged(r, k) = 1. Then, it holds

|Z1.(KO)]| = ().
Proof. Tt follows directly from Lemma 2.2 and Lemma, 2.4. o

Our goal is to find the cardinality of the set Z;(kf) when k and ¢ are not
necessarily relatively prime numbers and when ged(r,k) = 1. As we sow in
the proof of Lemma 2.1 it holds ged(z,kl) = 1 < ged(z, k') = 1 where £ is
the largest divisor of ¢ that is relatively prime to k. This gives us idea for the
following lemma.

Lemma 2.5. Let k, ¢ be natural numbers and k > 1. It follows that

[z (k)] = o0

where ¢ is the largest divisor of { that is relatively prime to (.

Proof. According to Lemma 2.3 _}(k{) is a subgroup of _(kf). Let us define a
homomorphism S from Z} (k) to Z}(k¢') in the following way

S(x) =z mod kl'

This is evidently epimorphism and Ker(S) = {1 +tkl' |0 <t < %}. Therefore,
we have that

0
7 (kO] = T (k)] 5

By Corollary 2.1 it follows that |Z}(k¢')| = ¢(¢') and this concludes the proof.
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Lemma 2.6. Let k, ¢ be natural numbers and k > 1. Then it follows that

o(k0)
Iy (k0)| = :
Proof. By Lemma 2.5 it holds that
Tk
A k

where ¢’ is the largest divisor of ¢ that is relatively prime to k. Let £ = ¢'¢".
Clearly, ¢" | k. Then gcd(kf”,¢') = 1 and therefore ¢(kf) = ¢p(k€")p(¢'). Since
" | k then

¢kt = k("] (1 - ;) = 0"(k)
plk

Therefore, .
VT (ke

what implies

(k)
Okt) = o
|Z3 (k0)]
. o(k0)
Ti(k0)| =
_|
Corollary 2.2. Let k, ¢, r be natural numbers such that ged(r, k) =1 and r < k.
Then,
o (kL)
(kb)) = ——.
Proof. 1t follows directly from Lemma 2.2 and Lemma, 2.6. o

3 Action of Z(n) on k—sets of Z,

It is well known fact [7] that automorphisms of Z,, are mappings m; : Z, — Zy, of
the form
m(z) =tx, (v €Zy)

where ged(t,n) = 1. We denote the automorphism group of Z,, by Z(n). There is
actually obvious isomorphism between group Z(n) and the multiplicative group
of all positive integers that are coprime to n. Further we will denote by Z(n) that
group too, but it will be clear from the context which of those two we have in
mind.
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Consider the following, natural action of the group Z(n) on the additive cyclic
group Z, by multiplication, Z, x Z(n) — Zy,

(z,t) >t (t €Z(n), x € Zy)

Naturally, we can extend this action to k— sets in Z,,. By k—set we assume a set of
size k. Let O, be the collection of k—sets of Z,,. Given a set A = {a1,aq,...,a;},
let us define multiplication of the set A by an element t € Z, in the usual way,
that is

tA = {tal,tag, ‘o ,tak}.

We consider the following type of group action O x ,(n) — Oy defined as
(A, t) > tA (t€Z(n), A€ O)

If not specified differently, the term action will be further reserved for the one
described above. By ; we denote the set of elements of order d in the Z,.
Obviously,
m:@m
din

and |Q4| = ¢(d), where ¢ is Euler’s phi function.

3.1 Cycle index of Z(n) and orbits of k—sets of Z,

There is a class of interesting enumerative problems regarding the action of Z(n)
on Oy that principally could be answered by applying Pélya’s theory. There is
a lot of literature about PélyasH™™s counting theory. For instance see [1, 2, 3|.
Frequently, the main combinatorial problem about the action of a permutation
group acting on a set is to determine its cycle index. We determine cycle index
of the group Z(n) acting on Z, and show that it contains information about the
number of orbits of k—sets of Z,. Firstly, we give basic definitions.

Definition 3.1. (Type of a Permutation) Let M be a set with |M| = m. A
permutation m € Sy is of the type (A1, Ag,..., A\p), iff 7 can be written as the
composition of \; disjointed cycles of length 4, for i = 1,...,m. Hence, by \;(7)
we mean the number of cycles of length ¢ in the decomposition of 7 into disjoint

cycles. Shortly, we write
m
ctype(m) = <H z')‘i)
i=1

Definition 3.2. (Cycle Index) Let P be a set of |P| = n elements and let T’
be a subgroup of Sp. The cycle index of I' is defined as a polynomial in n
indeterminates z1, ..., Ty, defined as:

1 i A
Zipy (@1, .. xp) = WZH% ()

yel =1
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The following famous theorem is Pélya’s theorem [10], published in 1937.

Theorem 3.1. Let P and F be finite sets with |P| = n, and let I' < Sp. Further-
more let R be a commutative ring over the rationals QQ and let w be a mapping
w: F = R. Two mappings f1, fo € F¥ are called equivalent, iff there exists some
v € I' such that f1 oy = fa. The equivalence classes are called mapping patterns
and are written as [f]. For every f € F¥ we define the weight W (f) as product
weight
W(f) =[] w(f®).
pEP

Any two equivalent f’s have the same weight. Thus we may define W([f]) := W(f).
Then the sum of the weights of the patterns is

YWD = Zwey | Do wy) Y wy)f.. Y wy)”

[f] yeF yeF yeF

There are extensions of Pélya’s theorem to cases of a different definition of the
weight function and equivalence classes |2|. We will need the following elementary
lemma. For proof, see for instance [9].

Lemma 3.1. Let G = {(a) be a cyclic group where |G| = n. Then
(ad) = (a*T) if and only if ged(k,d) = 1.

We prove that the typical orbit of the aforementioned group action is the set
of all elements from (Z,,, +) of certain fixed order d.

Lemma 3.2. Let Q4 = {a € Z,, | ord(a) = d} where d is a divisor of n. We have

n

Also, Qq is an orbit under the action of the group Z(n) on Zy,.

Proof. According to Lemma 3.1, it clearly follows that € = %Z(d). Let = and
y be elements of order d. Then we have x = (n/d)k; and y = (n/d)ks where
ki,ks € Z(d). Therefore, there exist k € Z(d) and k; = kka. On the other hand,
Lemma 2.1 claims the existence of an element h € Z(n) such that h = k (mod d).
Clearly k1 = hka (mod d). By multiplying both sides by (n/d) we have z = hy
(mod n). Thus, Z(n) is transitive on the set of elements of (additive) order d.

Note that mappings from Z(n) keep fixed sets Q4 for each d | n. In the
following lemma, we implicitly prove that the group Z(2™) is generated by 3
and 7m_1. This result would be necessary for understanding of action of the group
Z(2™) on Zym and consequently finding the corresponding cycle index.

Lemma 3.3. The order of element 3 is 22 modulo 2™ if m > 3. The elements
from Qom are represented by

(—=1)23% where a € {0,1} and b € {0,1,...,k — 3}.
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Proof. We note

32 = 148
3 = 1+16+32
3% = 1+32+64u

for integers ¢t and u. By induction, 3 is of order 2™~2 modulo 2™, if m > 3. For
the second part, it is enough to show that

(=1)3% #£ 3% (mod 2), for by, by € {0,1,...,k —3}.

If not so, we would have
813" +1

where b = |b; — bg|. This is not possible since 3° +1 =2 or 4 (mod 8). =
Lemma 3.4. Let fj,g; be mappings from Qom to Qom, m > 3 defined by
fi(z) =32 and gj(z) = -3z,
for j > 1. Let s be order of fj € ,(2™). Then
ctype(f;) = (s;")
where uj = 2™~ /s;. Note that ctype(g;) = ctype(f;).

Proof. Consider the mapping f; € Z(2™). Let zg € Qam be arbitrary element.
Since f;(zo) = xo (mod 2™) if and only if s = 0 (mod s;), then it is clear that
every cycle must contain exactly s; elements. Since the order of g; is equal to
order f;, conclusion ctype(g;) = ctype(f;) follows easily. o

The following lemma is explaining how the number of orbits of the permutation
group Z(n) acting on Oy can be determined, once the cycle index of Z(n) acting
on Z, is determined.

Lemma 3.5. The number of orbits in the action of Z(n) on the Oy is equal to
the coefficient of z* in

Zizmy (L + 2,1 +2% . 1+2")

Proof. We apply Pélya’s theorem 3.1. Let F' = {in,out} and P = {0,1,...,n}.
This means that functions f € F¥ are actually characteristic functions of subsets
in Z,,. Let us define w(in) = x and w(out) = 1. Then, the weight of characteristic

function f of a k—set is
W(f) ="

Thus, the number of orbits of k—sets in the given group action is the coefficient
of 2¥ in
Z(I(n)zn)(l +z,1+ x2, R )
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Therefore, we need to determine the cycle index of Z(n) acting on Z,. The
following lemma considers the case of Z(p™), where p is an od prime number. As
it has been well known, this group is cyclic |7] and therefore it is trivial to find
its cycle index.

Lemma 3.6. Let p be an odd prime. The cycle type of the permutation group
L(p™) acting on Zym is

7 m

v(i,k
Z( (pm) 2ym) (X1, T2, o, Tpm ) = Z 71 H xu((zk)),
k=1 i=1

where r = p™ Y(p —1), v(i, k) = ged(k,p" " (p — 1)) and

pip—-1)

wli k) = =0

Proof. 1t is well known that in the case of odd prime p, the automorphism group
Z(p™) is cyclic [7]. Let B be a generator of Z(p™). According to Lemma 3.2,
Z(p™) is transitive on each set (g, for d | p™. Note that |Q,:] = p"~*(p — 1) and
|Z(p™)| = p™1(p — 1). Now it is easy to see that

ctype(B) = 1 Hx(lb(pi)-
i=1

Since every element in Z(p™) is a power of 3, the rest of the conclusion follows
trivially. .

The much more complex case is the cycle index of the group Z(2™) when
m > 3. This is the special case since Z(2™) for m > 3 is not cyclic group. That
case remains unresolved yet, but the authors are getting very close to the answer.

3.2 Cycle index of direct product of permutation groups

When one find the cycle indices of all groups Z(p™) when p is a prime number,
there is a natural question if there exists a way to combine them together in order
to obtain the cycle index of Z(n), where n is the product of those prime power
components. Hence, we need something like the cycle index of the direct product
of permutation groups.

Let G1,G2 be permutation groups acting on sets X, Xo respectively. Let
G = G1 X Gz and X = X1 x Xy be the direct product of corresponding groups
and sets. For an element z = (z1,x2) of X and an element g = (g1, 92) of G, we
define the action of g on x by

(9,a) = (171, g272)
Evidently, G is a permutation group on X. Let P and () be polynomials

- R S i
P(xy,xe,...,2,) = g Qirig..in T Ty o Ty,



- § J1,.J2 j
Q(x17x27"'7$’u) — bjm.,,jvxl .T2 xf]”

In [4] the following product operator was defined

— A S i1 J
P®Q= E Qiyig...in Oj1ga... 5o || (CL‘l ® ),
1<i<u
1<m<wv

where . (Lm)
i1 Jm __ 41Jm ged(l,m
T ® Ty = lem(l,m)

We need the following lemma. For proof, see [4] and [5].

Lemma 3.7. The cycle index of the natural action of permutation group G1 X Go
on X1 X Xo induced by actions G1 on X1 and Go on Xy can be expressed as:

Z(G1xGa, X1 % X2) = 2(G1,X1) ® Z(Ga,X2)-

Let n = [[;_, pi"". Applying the ring isomorphism

it follows that

=1

Hence, according to Lemma 3.7, we have
2(Z(n)2n) = Z(Ip?1 7Zp‘1"1) ® Z(ngz Zpgtz) ®---® Z(ngs Lpos )

Once the cylce index for the group the group ,(2™) is found, the cycle index
Z(1(n),z,) can be calculated as above. Hence, in order to find the number of
orbits in the action of Z(n) on Ok we just need to apply result from Lemma 3.5.

4 Conlusions

In this paper we studied problem of finding cycle index of the automorphism group
Z(n) of Z,, acting on the set of k—subsets of Z,,. At the beginning we explained
some algebraic and number theoretical questions regarding the group Z(n). In the
section 3.1 we deal with the problem of finding the number of orbits in the action
we introduced before. That problem, as it has been explained, could be resolved
component wise considering the action of the group Z(p'), where p is a prime
number. In the Lemma 3.6 we resolved the case of Z(p'), where p is an odd prime
number. However, the cycle index of the group Z(2') still remains unresolved.
Authors are very close to completing that case and that is the important part of
the future research.
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Abstract

U radu je predstavljena nelinearna metoda konaé¢nih zapremina za diskre-
tizaciju difuznog terma, sa osvrtom na primene u modeliranju bunara u
jednadini podzemnog strujanja. Metode kona¢nih zapremina predstavljaju
familiju metoda za numeri¢ko reSavanje parcijalnih diferencijalnih jednacina
zadatih u konzervativnoj formi. Ove metode garantuju lokalno odrzanje §to
je od znacaja u velikom broju problema dinamike fluida.

Klasi¢na metoda konaé¢nih zapremina, gde je difuzni fluks aprok-simiran
kona¢nom razlikom, zadovoljava princip maksimuma, ali je u op§tem slucaju
nekonzistentna. Numeric¢ki primeri pokazuju da je nelinearna metoda prika-
zana u ovom radu drugog reda tacnosti i u anizotropnom, diskontinual-
nom slu¢aju na proizvoljnim mrezama. Predstavljena metoda ne zadovol-
java princip maksimuma, ali garantuje pozitivnost re§enja. Diskretizacijom
se dobija M-matrica, §to garantuje egzistenciju i jedinstvenost numeri¢kog
reSenja.

U okolini bunara reSenje se ponasa logaritamski sa singularitetom u
centru bunara, $to rezultuje velikom greskom u odnosu proticaja i nivoa
u bunaru. Predstavljena je metoda za diskretizaciju fluksa na bunarskim
stranama koja znacajno smanjuje ovu gresku.
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1 Uvod

Stacionarno stanje podzemnog strujanja na domenu {2 matemacki opisujemo gra-
niénim problemom:

V-u=gs, (1)
u=—-KVh, (2)
h=gp nalp, (3)
u-n=gy naly, (4)

gde je u brzina, ¢ je term koji opisuje izvore/ponore, h je nepoznati hidraulicki
potencijal, a n je spoljna jedini¢na normala na 92. Anizotropni tenzor koeficijenta
filtracije K je simetri¢an i pozitivno definitan sa moguéim prekidima samo u
stranama mreze. Jednacina (1) predstavlja odrzanje mase, dok je (2) Darsijev
zakon.

Anizotropija i prekidnost tenzora koeficijenta filtracije predstavlja veliki prob-
lem za numericko resavanje jednaline podzemnog strujanja. Metode konaénih
elemenata mogu dovesti do pojave oscilacija u reSenju. Ovi problemi ne postoje
kod klasi¢ne metode kona¢nih zapremina, gde je numeric¢ki fluks aproksimiran
kona¢nom razlikom. Medjutim, klasi¢na metoda konacnih zapremina nije ni pr-
vog reda tacnosti na proizvoljnim mrezama [10].

Nova familija nelinearnih metoda kona¢nih zapremina predstavljena u [3, 8,
9, 10, 16, 17, 18] je drugog reda ta¢nosti ¢ak i u diskontinualnom neizotropnom
slu¢aju na proizvoljnim mrezama. Ove metode generiSu M-matrice uz pomod¢
nelinearne aproksimacije fluksa pomocu dve tacke. Zahvaljuju¢i ¢injenici da je
dobijena matrica M-matrica garantuje se pozitivnost reSenja. Drugi red ta¢nosti
i pozitivnost reSenja su dobijeni po ceni reSavanja nelinearnog sistema jednacina.

U ovom radu razmatramo podzemno strujanje koje je najve¢im delom posled-
ica prisustva bunara. U svakom bunaru je zadat hidrauli¢ki potencijal ili proticaj
(izdasnost).

Usled raznih mehanickih, hemijskih i biologkih procesa dolazi do stvaranja
kolmiranog (zapusenog) sloja duz zida bunara [4]. Kolmirani sloj stvara dodatnu
hidraulicku otpornost, pa je proticaj kroz bunar odredjen jednacinom:

Q = A\I](hr - hw)a (5)

gde je h, hidraulicki potencijal na spoljasnjem zidu bunara, h,, je hidraulicki
potencijal u bunaru, Q je proticaj, A je povrsina filtera bunara, ¥ = K./d. je
transfer koeficijent, K. je koeficijent filtracije kolmiranog sloja, a d. je debljina
kolmiranog sloja.

U okolini bunara resenje jednacine (1) se ponasa logaritamski sa singularitetom
u centru bunara, §to rezultuje velikom greskom u odnosu proticaja i nivoa u
bunaru. Pored toga u okolini bunara se gubi drugi red tacnosti.

Problem modeliranja bunara je ¢esto razmatran u literaturi [2, 5, 6, 11, 12, 14].
Najcesc¢e koriséeni metod za diskretizaciju bunara je Pismanov model [11, 12].
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Ovaj metod originalno formulisan za metodu konacnih razlika je preformulisan
za razli¢ite metode [2]. U ovom radu je predloZena jedna drugacija diskretizacija
fluksa izmedju bunara i porozne sredine koja kao i Peaceman-ov model prevazi-
lazi probleme sa tatnoscu proticaja. Iako znacajno smanjuje gresku u proticaju
predlozena diskretizacija nije drugog reda.

U poglavlju 2 predstavljena je diskretizacija koja garantuje pozitivnost resenja
zasnovana na radovima [3, 16]. PredloZena korekcija za diskretizaciju fluksa na
bunarskim stranama je opisana u poglavlju 3. ReSavanje nelinearnog sistema
je opisano u poglavlju 4. Egzistencija i jedinstvenost resenja u svakoj iteraciji
dokazani su u poglavlju 5, dok je pozitivnost reSenja dokazana u poglavlju 6.

2 Diskretizacija

Domen je izdeljen na mrezu koja se sastoji od poliedarskih celija. Za svaku celiju
T definisemo tacku kolokacije x7 u njenom tezistu i pridruzujemo joj diskretnu
vrednost hidrauli¢ckog potencijala hp. Za tacke kolokacije u grani¢nim stranama
uzimamo tezista i pridruzujemo im diskretnu vrednost hidraulickog potencijala
hy. Pomoc¢nim tackama kolokacije nazivamo teziSta strana na kojima postoji
diskontinuitet u koeficijentu filtracije.

Integracijom (1) po svakoj od ¢elija mreze T’

/TV-udQ:/ngQ (6)

i primenom teoreme o divergenciji na levu stranu jednakosti dobija se:

/ u-nds = / gd<2, (7
or T

gde je 0T granica ¢elije T i n spoljasnja normala na 07. Poslednju jednakost

mozemo zapisati u obliku
Z up = / gdQQ, (8)
feor T

gde je uy fluks kroz stranu f dat sa:

uf = /fu ‘ngds = —/f(KVh) -nyds. 9)

Pretpostavimo za pocetak da je tenzor K neprekidan u strani f. Kako je K
simetrican tenzor vazi da je (KVh)-ny = (Knys)-Vh. Obelezimo sa £ = Kny. Za
takav vektor £¢, skoro uvek je moguce je naci tri vektora t;, tako da su t; = x;—xr,
gde su x; tacke kolokacije, odnosno t; = —£;, u slucaju da je fn, grani¢na strana
na kojoj je zadat Nojmanov grani¢ni uslov. Prema tome:

Ef 3 t;
R o (10)
£ 2 [t

i=1
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pri ¢emu zahtevamo da su koeficijenti a; > 0. Koeficijente «; dobijamo reSavanjem
sistema (10). U retkim slucajevima nije moguce takve vektore da su koeficijenti
a; > 0, tada je potrebno dodati tacke kolokacije u sredistima ivica |3] ili ¢vorovima

[16, 17].
Na osnovu jednakosti za izvod u pravcu
oh v
— =Vh-— 11
ov [v| (11)

i jednacine (10), fluks (9) kroz stranu f moZemo predstaviti kao:

3 3
_ _ [t _ [ on
up = /f(ﬂf Vh)ds = —|£y| ;al/f ) Vhds = —|€| ;al/f atids. (12)

Parcijalne izvode u pravcu mozemo aproksimirati kona¢nim razlikama:

oh  h; —hp
27 13
ot; ti] 19)
odnosno u sluéaju t; = —ZfNi
oh Ly, gn (X
o _ gy fn; :_QN(X)’ (14)
ot Crm] Ml

gde je gn(x;) srednja vrednost funkcije gn na strani sa tezisStem x;. Zamenom
aproksimacija (13) i (14) u jednacinu (12) dobijena je aproksimacija fluksa:

@;
“f“‘|£f’|f|2m(hi—hT)+rfa (15)

gde je ry doprinos grani¢nih strana sa zadatim Nojmanovim uslovom:

ry =~ f] Zaki]z;xﬁ). (16)
k Nk

Svaka unutragnja strana f pripada dvema c¢elijama T i T, pa prema tome
postoje dve aproksimacije fluksa gde u svakoj ucestvuje po Cetiri diskretne vred-
nosti hidraulickog potencijala. Cilj je da se dobije aproksimacija koja koristi
diskretne vrednosti hidraulickog potencijala samo u ¢elijama T i T, a to se
postize linearnom kombinacijom aproksimacija fluksa kroz stranu f koje odgo-
varaju ¢elijama T i T :

o ot
uf =~ *M+|£f|\f|ziﬁ(hi *hT+)+

o7 (- N _ (17)
-l 115 ek (= b ) + ] — ey
J
pri éemu vazi da je:
iy + p— = 1. (18)
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Koeficijente po biramo na takav na¢in da se skrate sve diskretne vrednosti hid-
raulickog potencijala osim onih u éelijama T i T~. Drugim refima zahtevamo
da je:

+
—ppdy Fpedo =0, di=Y ‘zj: hE. (19)
Primetimo da su d+ > 0, ukoliko su h; > 0.
Resavanjem sistema jednacina (18) i (19) dobijamo da su

d_ ds

= — = 2
d_+dy T avay (20)

K+
ako je d_ 4+ dy > 0. Ukoliko je d_ + d4 = 0 postavljamo py = 0.5.
Sa ovako izabranim koeficijentima p4 aproksimacija fluksa (17) koristi samo
dve diskretne vrednosti hidraulickog potencijala:

up = Mfhpe — My hp- + 7y (21)
(67 _
M :Miwaf’Zﬁ7 Tp= Ty = Ty (22)
3

Obratimo paznju da koeficijenti Mjf zavise od diskretnih vrednosti hidrauli-ckog
potencijala, te je stoga dobijena aproksimacija nelinearna.

Ukoliko koeficijent filtracije K ima prekid u strani f ili ako je to grani¢na
strana, ovu stranu mozemo posmatrati kao éeliju zapremine nula. Ekvivalentim
izvodjenjem kao za jednacinu (15) dobijamo:

a;
“fz_waf’ZH(hi—hf)"‘rf (23)

pri ¢emu su u ovom slucaju vektori t; = x; — xy. Istim izvodjenjem kao i za
jednacinu (21) dolazimo do:

uf%NhT—thf—f—Tf. (24)

Ukoliko je f € I'p jednacina (24) se koristi za aproksimaciju fluksa, a diskretna
vrednost hidraulickog potencijala u takvoj strani se izra¢unava direktno iz gra-
ni¢nog uslova:
hy = gp(xy). (25)
U slucaju da je f strana u kojoj je tenzor K ima prekid, postoje dve ovakve
aproksimacije:
upm NThpe = Nfhy+rp, up~—=N"hp +N;hy—r;. (26)

Njihovim kombinovanjem moZemo dobiti vrednost koncentracije u strani f:

N*thpy + N=hp- +7} + 75

hy= 27
f N} +N; (27)
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Slika 1: Diskretizacija bunara

Eliminisanjem hy iz jednacina (26) i njihovom linearnom kombinacijom opet do-
bijamo jednacinu (21), pri temu su:

NENT N;rf —Nfr;
S R 28)
f f f f

Fluks kroz stranu f € I'y dobijamo iz:

up = gn(xp)lfl, (29)

Diskretne vrednosti hidraulickog potencijala hy, kada je f € I'y, dobijamo iz
jednacina (24) i (29).

3 Diskretizacija bunara

Bunar je predstavljen cilindri¢nim celijama (Slika 1) ¢iji je polupre¢nik jednak
poluprecniku bunara. Grani¢ni uslov u bunaru je zadat na donjoj kruznoj strani
najnize ¢elije. Tok kroz cev bunara je modeliran Hagen-Puivilovim zakonom [15],
odnosno fluks kroz strane izmedju bunarskih ¢elija je dat sa:

’pg hps = hy-
8p %+ — x|’
pri ¢emu je r poluprecnik bunara, p je gustina vode, g je gravitaciona konstanta,
a p je dinamicka viskoznost vode. Jednacinu (30) mozemo predstaviti kao (21)
pri ¢emu su:

up = | f|* (30)

pg |f]

8p |lxp+ — x|’
Kada je na grani¢noj strani bunara zadat hidraulicki potencijal, fluks je aproksimi-
ran sa (24), pri ¢emu je:

M} =M; = re=0. (31)

rpg  |f]

N=N; = ,
T 780 [lxr — x4

rp=0. (32)
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Kada je na grani¢noj strani bunara zadat ukupni proticaj kroz bunar, diskretnu
vrednost hidraulickog potencijala u toj strani nalazimo iz prethodne jednacine.

Fluks na stranama izmedju bunara i porozne sredine mozemo aproksimirati
na nalin opisan za strane gde postoji prekid u koeficijentu filtracije (26). Pri
¢emu je fluks izmedju strane i bunarske celije aproksimiran kona¢nom razlikom.
Ovakvom aproksimacijom fluksa dolazi do velike greske hidraulickog potencijala
odnosno proticaja u bunaru, ako je u bunaru zadat proticaj odnosno hidrauli¢ki
potencijal.

Poznato je da je u analitickom slu¢aju homogenog izotropnog cilindra [7] pro-
ticaj kroz bunar zadat sa:

hr — h,
Q=AK-" ", (33)
7"11’1?

gde je h, hidrulicki potencijal u poroznoj sredini tik do kolmiranog sloja bunara,
hg hidrulicki potencijal na udaljenosti R od bunara i K je izotropni koeficijent
filtracije porozne sredine.

Ideja je da se iskoristi proticaj (33) za racunanje fluksa kroz strane izmedju
bunara i porozne sredine. Neka se strana f nalazi izmedju bunarske celije W i
¢elije porozne sredine T'. Tada je na osnovu (33) fluks kroz stranu f:

hr — h,
up & |fIK——— (34)
rln P( T)

gde je r polupre¢nik bunara, a p(x7) udaljenost tacke x7 od centralne ose bunara.
Sa druge strane na osnovu (5) fluks je:

ug = 19 (ke — hay). (35)
Kombinacijom jednacina (34) i (35) dobijamo jednacinu oblika (21), odnosno:
uf %M;rhT—M;hw, (36)

gde su:
[fIVK

rin 260y 4 |

+ M=
My =M, =

; (37

U slucaju homogene anizotropne sredine potrebno je koordinatnim transfor-
macijama tenzor koeficijenta filtracije svesti na jedini¢nu matricu

4 Pikarove iteracije

Vrednosti M;E i 7y u jednacini (21) zavise od diskretnih vrednosti koncentracije,
jer zavise od koeficijenata pui preko jednacine (22). Prema tome diskretizacija
opisana u odeljcima 2 i 3 daje sistem nelinearnih jednacina:

A(h)h = b(h), (38)



gde je h vektor nepoznatih diskretnih vrednosti hz.
Ovakav sistem je moguce resiti na razlic¢ite nacine, recimo Pikarovim metodom:

A(h™)h" ! = p(h"). (39)

Regavanjem linearnog sistema (39) pocevsi od nekog pocetnog resenja h® dolazimo
do sledeée Pikarove iteracije. Ovaj postupak nastavljamo sve dok ne bude ispunjen
kriterijum konvergencije:

_ [[A(h™)h™ —b(h")]|

r(h") = T <e (40)

za zadato e, ili dok se ne dostigne maksimalni broj iteracija.

5 Linearni sistem jednacina

Matrica sistema A(h) u jednacini (38) je dobijena sastavljanjem (asembliranjem)
matrica 2 x 2:

M -M
— f f
My ( —MJ;F Mf_ ) ’ (41)

za unutrasnje strane i 1 X 1 matrica My = N za granicne strane sa zadatim
Dirihleovim uslovom. Pri tome su M7 koeficijenti iz jednadine (21), a N je
koeficijent iz jednacine (24). Iz jednacine (22) sledi da su ti koeficijenti pozitivni
ukoliko vazi h; > 0, za svako i. Prema tome dijagonalni elementi matrice A(h) su
pozitivni, dok van glavne dijagonale nema pozitivnih elemenata. Kako je matrica
A nastala sastavljanjem matrica My, zbir svake vrste je nenegativan. Osim toga
matrica My je nesvodljiva za povezane mreZe, pa je i matrica A nesvodljiva. Ovim
su ispunjeni uslovi za poznatu teoremu linearne algebre [1]:

Teorema 5.1. Neka je A nesvodljiva kvadratna matrica koja van glavne dijago-
nale nema pozitivnih elemenata. Tada je A M-matrica ako je

Ax >0, (42)

za neki strogo pozitivni vektor x.

Egzistencija i jedinstvenost resenja linearnog sistema (39) sledi iz ¢injenice da
postoji inverz M-matrice [13].

6 Pozitivnost reSenja

Elementi desne strane sistema (38) su:

br(h) Z/ngQ+ > Negps— > Iflgng (43)

fel'p fern
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za svaku ¢eliju mreze. Ukolikosu g > 0, gp > 01 gn < 0, svi elementi vektora b(h)
su nenegativni. Za M-matrice vazi da su svi elementi njenog inverza nenegativni
[13]. Prema tome vazi da je h* > 0, k > 1, ako za zadato potetno redenje vazi
h® > 0. Time je dokazana pozitivnost refenja.

7 Numeric¢ki primeri

Primer 7.1. Prikazan je problem iz [16] gde je koeficijent filtracije anizotropan i
prekidan. U jedini¢noj kocki u delu Q; = {(z,y, 2) € Q|z < 0.5} dat je koeficijent
filtracije Ki, dok je u delu Qo = {(z,y,2) € Q|z > 0.5} dat koeficijent filtracije
Kg:
310 10 3 0
Ki=| 130, K= 3 10 ]. (44)
0 0 1 0 01
Term g5 je izabran tako da je analiticko resenje dato sa:
1—2y% +day +2y+ 6z, x<0.5,

Ty, 2) = { 3.5 —2y> + 2y +x +3y, x> 05. )

Na granici x = 0 zadat je analiticki hidraulicki potencijal, dok se na svim os-
talim granicama zadaje analiticki fluks. Za ocenu greske hidraulickog potencijala

Slika 2: Mreza h=1/10 u primeru 7.1.

i fluksa korigéene su Lo i maksimalna norma:

w ( Sp(hlxr) = he)2 TN
62‘( o (h(xr) 2T ) ’ (46)

w [ Zplulxy) np—up)?|f]
= ( S (aGey) - mp)Rlf ) ’ 0
5sz _ maxy |h(xr) — hr (48)

(S (BT S ITDY?
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o max; [u(xy) -0y — uy| (19)

max 1/2°
(325 (atep) -np)?1f1/ 55 111)

Tabela 1: Greske u hidraulickom potencijalu i fluksu u primeru 7.1.

h h u u
h €9 Emaz €9 Emaz

1/10  0.00205541  0.0292998  0.00519191  0.0349371
1/20 0.000463163 0.00683567  0.00235716  0.0144156
1/40 8.86811e-05 0.0019212 0.0011501  0.00822886
1/80 2.16327e-05 0.00061031 0.000560393 0.00564582

Rezultati u tabeli 1 pokazuju da je nelinearna metoda drugog reda tacnosti,
bez obzira na anizotropiju i diskontinuitet u koeficijentu fitracije.

Primer 7.2. Neka se bunar poluprecnika r nalazi u centru izotropnog cilindra
polupre¢nika R. Neka su zadati hidrauli¢ki potencijal na omotacu cilindra hp
i hidrauli¢ki potencijal u bunaru h,,. Fluks je nula na bazama cilindra. Tac¢no
reSenje je dato sa:

heln & 4 hpln 2

In 2
T

h(p) , (50)
pri ¢emu je p udaljenost od centralne ose bunara, a h, je hidrauli¢ki potencijal u
poroznoj sredini tik do bunara koji se nalazi izjedna¢avnjem jednacina (5) i (33).

Zadate su vrednosti R = 200m, hg = 100m, h,, = 50, a transfer koeficijent
bunara je izabran tako da je h, = 60m. Izotropni koeficijent filtracije je K =
le—4. Visina filtra je H = 10m. U tabeli 2 su prikazani rezultati dobijeni na istoj

Slika 3: Mreza kori§éna za dobijanje rezultata u tabeli 2.
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Tabela 2: Proticaji u bunaru

r Analiticki proticaj Numericki proticaj

bez korekcije sa korekcijom

0.5 0.04195 0.00768 0.04253
0.1 0.03307 0.00161 0.03343
0.05 0.03030 0.00081 0.03060

mrezi sa razli¢itim polupre¢nikom bunara. Rezultati pokazuju da koriSéenjem
korekcije fluksa (poglavlje 3) proticaji u bunaru imaju gresku manju od jednog
procenta. Bez koris¢enja korekcije greske u proticajima su ogromne.

8 Zakljucak

U radu je prikazana jedna varijanta nelinearne metode konac¢nih zapremina. Doka-
zana je nenegativnost reSenja, kao i egzistencija i jedinstvenost reSenja linearnog
sistema. U primeru 7.1 numericki je pokazana tac¢nost drugog reda.

Zbog logaritamske prirode reSenja, standardne numericke metode daju neta-
¢an odnos proticaja i hidraulickog nivoa u bunaru. Takodje, u okolini bunara se
gubi drugi red tac¢nosti. U primeru 7.2 prikazano je znacajno smanjenje greSke u
proticaju u bunaru. Iako predlozena metoda znacajno smanjuje gresku, gubi se
drugi red tacnosti.
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Apstrakt

Furijeova transformacija (FT) ima §iroku primjenu u mnogim oblastima
nauke i tehnike gdje se proucava frekvencijski spektar signala, prostiranje os-
cilacija ili zra¢enja koje su funkcija promjene amplitude neke veli¢ine (veoma
Cesto elektri¢nog signala) u zavisnosti od vremena. Zbog svoje velike prim-
jene u obradi signala razvijeni su brzi algoritmi za njeno ratunanje (brza
Furijeova transformacija). Brzo ra¢unanje FT je i danas predmet nau¢nog
interesovanja kao i osnovna motivacija ovoga rada. Posto su Ermitovi poli-
nomi, odnosno Ermitove funkcije, jedne od sopstvenih funkcija F'T, to znati
da se odredivanje FT signala moZe svesti na linearnu interpolaciju signala
Ermitovim funkcijama (¢ine bazu ortogonalnih funkcija), na osnovu kojih
direktno slijedi FT signala. Na ovaj na¢in se otvara pitanje brzine i ta¢nosti
linearne interpolacije signala Ermitovim funkcijama. U ovom radu bice
prikazana simulaciona analiza dobijenih rezultata FT signala primjenom Er-
mitovih polinoma sa analiti¢kim vrijednostima FT signala.

1 Osnovni pojmovi

1.1 Furijeova transformacija

Definicija 1.1. |Furijeova transformacija.] Furijeova transformacija F{f(t)} =
F(iw) funkcije ¢t — f(t) definisana je integralom

o
F(iw) = / f(t)e “tdt, pri ¢emu je i imaginarna jedinica. (1)
—00
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Dakle ako postoji nesvojstveni integral sa desne strane relacije (1), funkcija
F predstavlja Furijeovu transformaciju funkcije f. Oznac¢imo sa G(R) familiju
apsolutno itegrabilnih, dio-po-dio neprekidnih funkcijal. Pretpostavimo, takode,
da funkcija f ima ograniCen broj ekstrema (maksimuma i minimuma), odnosno
da zadovoljava Dirihleove uslove. Funkcija moze imati beskonac¢an broj tacaka
prekida, ali samo kona¢an broj na svakom kona¢nom intervalu.

Moze se definisati i inverzna Furijeova transformacija koja, pod odredenim
uslovima, vraca originalnu funkciju

f(t) = % /_ - F(iw)e“ dw. (2)

Napomenimo da prethodne definicije Furijeove transformacije i inverzne Fu-
rijeove transformacije (Furijeov par) nisu jedinstvene. U literaturi mogu naci
drugacije definicije u odnosu na definicija (1) i (2). Tako Furijeova transformacija
moze biti definisana sa ([1])

Fliw) = \/12? /_ Y et (3)

a njena inverzna FT sa

f(t) iw)e“!dw. (4)

1 o0
_ L / F
V2T J o
Napomena 1.1. MoZe se definisati i uopStena Furijeova i inverzna Furijeova
transformacija koriste¢i proizvoljne konstante o i 3

F(iw) = 27|T51| - / ftye Pt (5)
f(t) = 27'f - / )l duw (6)

Prethodno udevedene definicije ne mijenjaju smisao F'T, veé¢ su u osnovi samo
oblici pogodni za odredenu klasu primjena.

1.2 Ermitovi polinomi i Ermitove funkcije

Definicija 1.2. [Ermitovi polinomi| Posmatrajmo funkciju Y (s) = e2st=s gdje

je s kompleksna promjenljiva a t realan parametar. Funkcija Y nema singulariteta
u kona¢noj s-ravni, pa se moze razviti u Tejlorov red, u okolini taske s = 0, koji
je konvergentan za svako kona$no s. Prema tome, imamo razvoj ([2,3])

TFunkcija f je apsolutno integrabilna ukoliko je S 1f ()| dt < co. Funkcija je dio po dio
neprekidna na cijelom R ako je dio po dio neprekidna na svakom kona¢nom intervalu (a,b).
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2 > s"
21t =S H(0), ™)
n=0 ’

gdje su
n/2]

Ho(t) = (-1 e Z a0 0

Ermitovi polinomi, dok je funkcija s Y(s) generatrisa Ermitovih polinoma.

Napomena 1.2. Ermit je 1864. godine definisao polinome H,. Medutim, jos
1859. godine je Cebigev definisao ove polinome, pa se zato u literaturi nazivaju
i Cebigev-Ermitovi polinomi. Interesantno je napomenuti da se u literaturi i
polinomi definisani izrazom

[n/2] (—1)k g2

n 272 A" _2
Hen(t):( 1) t/2dtn t/2 'Zkln_Qk oF (9)

takode zovu Ermitovi polinomi.

Napomena 1.3. Ermitovi polinomi H,(t) predstavljaju takode jedno partiku-
larno rjesSenje diferencijalne jednacine

d?y dy
CY 9% | ony =0, 1
a2 gt = (10)

koja se naziva Ermitovom diferencijalnom jednacinom.

Navedimo sada prvih nekoliko Ermitovih polinoma (8), i njihovu rekurentnu
relaciju:

Ho(t) =1, (11)
Hi(t) = 2t, (12)
Hy(t) = —2 + 4% (13)
Hs(t) = —12t + 8¢, (14)
Hy(t) = 12 — 48t% + 16t%, (15)
Hs(t) = 120t — 160t> + 3217, (16)

i Ermitovi polinomi zadovoljavaju rekurentnu relaciju
Hy(t) =2tH,—1(t) —2(n — 1)Hp—2(t), n>1. (17)
Definicija 1.3. [Ermitove funkcije| Funkcija t +— 1, (t) definisana sa
Yn(t) = Hy(t)e /% (18)

gde je H, n-ti Ermitov polinom, naziva se Ermitovom funkcijom.

193



Napomena 1.4. Ermitove funkcije ¥g, %1, ,%p, -+ ¢ine ortogonalan skup na
intervalu (—o0,00), jer vazi

/_ h U (£ (£)dt = /_ h Hy () Hyy (e dt = /72016, (19)

gdje je dpm = 0, n # m i 6y, = 1. Relacija (19) takode pokazuje i ortogonal-
nost Ermitovih polinoma sa tezinskom funkcijom w(t) = ™%
se pokazati da Ermitove funkcije ¢ine bazu na familiji kvadratno integrabilnih
funkcija ([2]).

Zapravo, moze

Napomena 1.5. Ermitove funkcije ¥, (t) predstavljaju takode jedno partikularno
rjeSenje diferencijalne jednacine
2

d
Ej F(2n 41—z =0. (20)

1.3 Furijeova transformacija Ermitove funkcije

Lema 1.1. Ermitova funkcija ¢ — 1, (¢) predstavlja jednu od sopstvenih funkciju
Furijeove transformacije

F ) = / T (et = M (W), A=v/TT ()" (21)

Ova osobina je interesantna jer omogucava direktno odredivanje F(f(t)) bez
ra¢unanja integrala ako je funkcija f predstavljena u vidu linearne superpozicije
Ermitovih funkcija ¥, ¥1, ..., Yn_1.

Dokaz 1.1. Da bi dokazali relaciju (21) primijenimo FT na diferencijalnu jednac¢inu
(20). Na osnovu elementarnih svojstava FT kojih dobijamo da je

d?Z(i
(iw)2Z(iw) + (2n + 1) — (—z’)Qde;w) —0,
odakle neposredno slijedi
d*Z (iw)
dw?
¢ime je jednacina (21) dokazana: F'(¢,(t)) = AMpp(w). Nije tesko pokazati da je
A=V2m(—1)".

+(@2n+1—-wh)Z(w)=0.

1.4 Linearna interpolacija funkcije

Svaka funkcija t — f(¢) se moze predstaviti kao linearna superpozicija pogodno
izabranih elementarnih funkcija ho(t), h1(t), - - hn—1(t) na sledeéi natin

f=coho+cih1+ - +cn_1hp_1+¢€. (22)
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Pritomesucg, k = 0 n — 1, konstante koje se mogu dobiti iz minimuma kvadratnog
kriterijuma J = f t)dt. Dobijeni izraz (22) predstavlja jednu od linearnih in-
terpolacija funkcije f funkcuama hi na intervalu (a,b). Iz n uslova 0J/dcy, = 0,
se dobija n jednalina sa n nepoznatih konstanti cg, k =0,n — 1,

n—1 b b
em | he@hm@)dt = [ FE)hm(t)dt . (23)
Len | /

Ako se u prethodnoj relaciji (23) pretpostavi da funkeije ho(t), hi(t), -, hp—1(t)
¢ine bazu ortogonalnih funkcija na intervalu (a,b), tj. pretpostavimo li da vazi

b b
| Ol ()t =6, [0 (24)

tada rjesenje jednacina (23) dobija jednostavnu formu

I OO —
= f; hz(t)dt , k=0, 1. (25)

Napomenimo da u grani¢nom procesu za n — 0o, (¢ — 0) relacija (22) postaje
h = >"72 o ckhi pod odredenim uslovima. Kao §to se da primijetiti, ortogonalne
funkcije odnosno ortogonalni polinomi ([2,3]) imaju veoma veliku primjenu, ne
samo u matematici, nego u mnogim oblastima nauke i tehnike.

2 Primjena Ermitovih polinoma za odredivanje FT

Neka postoji Furijeov par F, f dobijen na osnovu definicija (1) i (2). Koristeci
linearnu interpolaciju funkcije f, odnosno F, pomoc¢u Ermitovih funkcija koje
¢ine bazu g, ¥1, - - - , ¥y ortogonalnih funkcija u intervalu (—oo, 0o) dobijamo, na
osnovu relacija (21)- (25),

chn Zc Hy(t)e /% (26)

¢ija je FI(f(t)), na osnovu relacije (21), jednaka

F(iw WZ—l’"‘n% WZ—I”CH() w2 ()

gdje su
S5 FOeat)dt  [% F(O)Ha(t)e™"/2dt
V/2nn! - V/m2nn! '

Primjenom Ermitovih polinoma za ra¢unanje inverzne FT funkcije F'
Z C thn (w Z C, Hp(w)e /2, (29)
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na osnovu relacije (21) dobijamo da je F~(F(iw)) jednako

1) = <= S 0" Cotn() = = S (" CH0 T (30)
n=0 n=0

gdje su
SR Flw)p(w)dew 7 F(iw)Hy (w)e "/ 2dw

\/m2mn! \/m2n!

Ocigledno je, na osnovu relacija (26) i (30), da postoji veza izmedu konstanti
1

G

(31)

N

Ako je Furijeov par definisan sa (3) i (4), jednostavno dobijamo Furijeov par
iskazan preko Ermitovih polinoma

o0

Fliw) =3 (=1)"CoHp (w)e ™"/ (33)
n=0

F6) =" ()" CoHu(t)e ™/ (34)
n=0

dok su konstante C), i C,, vezane relaciom C,, = (i)"C,,.
Kao sto se da primijetiti, glavno ratunanje Furijeovog para primjenom Ermi-
tovih polinoma se svodi na ra¢unanje interpolacionih konstanti Cy, ili C,,.

3 Simulaciona analiza

Neka je signal f(t) zbog prakti¢ne primjene ograni¢en u vremenskom intervalu, na
primjer, pravougaonim prozorom f(t) = f(t)(u(t+to) —u(t—to)), gdje je funkcija
u Hevisajdova jedini¢na funkcija. Uporedimo numeritke rezultate F( f (t)) prim-
jenom Ermitovih polinoma kona¢nog reda n sa analiticki dobijenim vrijenostima
F(f(1)).

Napomenimo da se za ogranic¢enje signala u vremenskom intervalu mogu ko-
ristiti i druge prozorske funkcije f(t) = f(t)II(t) koje nemaju dodatne zahtjeve
u smislu odredivanja F(f(t)) primjenom Ermitovih polinoma. Ovo vazi i kod
ra¢unanja inverzne Furijeove transformacije, stim da se radi sve u frekvencijskom
domenu. Uporedni prikaz Furijeove transformacije razli¢itih karakteristi¢nih sig-
nala ra¢unatih analitickim putem i pomocé¢u Ermitovih polinoma prikazan je na
slikama 1, 21 3.
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Slika 1: (Lijevo) vremenski oblik trougaonog signala i odgovarajuca njegova in-
terpolacija Ermitovim funkcijama reda n = 20 i (Desno) frekvencijski spektar
trougaonog signala dobijen analitickim putem i pomoé¢u Ermitovih polinoma za
n = 20.

Slika 2: (Lijevo) vremenski oblik pravougaonog signala i odgovarajuca njegova
interpolacija Ermitovim funkcijama reda n = 30 i (Desno) frekvencijski spektar
pravougaonog signala dobijen analitickim putem i pomoc¢u Ermitovih polinoma
za n = 30.
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Slika 3: (Lijevo) vremenski oblik bipolarnog signala i odgovarajuca njegova in-
terpolacija Ermitovim funkcijama reda n = 30 i (Desno) frekvencijski spektar
pravougaonog signala dobijen analitickim putem i pomoc¢u Ermitovih polinoma
za n = 30.

4 Zakljucak

Rac¢unanje Furijeove transformacije i njene inverzne Furijeove transformacije (Fu-
rijeov par) koris¢enjem Ermitovih polinoma ima prakti¢ni smisao jer omogucava
direktno odredivanje Furijeovog para bez rafunanja integrala pri direktnoj i in-
verznoj Furijeovoj transformaciji. Dalja istrazivanja u ovoj problematici mogu
da se odnose na podjelu domena funkcije, kako u vremenskom tako i u frekvenci-
jskom domenu, u niz odgovarajué¢ih prozora na kojima ée se primijeniti linearna
interpolacija i na taj naéin smanjiti visoki red Ermitovih polinoma u cilju veée
efikasnosti racunanja Furijeovog para.
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Originalni nau¢ni rad

Apstrakt

Laplasova transformacija ima §iroku primenu u razli¢itim oblastima fizike,
tehnike i nauke uopste. Uistinu, svaka pojava koja se odvija u "kontinual-
nom vremenu", a koja pri tome zadovoljava princip superpozicije mozZe se
analizirati pomocu Laplasove trasnformacije. Medu dobro poznate osobine
Laplasove transformacije svakako spada i ta da se diferenciranja preslikavaju
u mnozenja stepenom funkcijom, ali i obrnuto, da se mnozenje stepenom
funkcijom preslikava u diferenciranje. Sli¢no vazi i za operaciju integral-
jenja: integracija se preslikava u deljenje stepenom funkcijom, i obrnuto. U
okviru ovog rada razmatramo opstu vezu izmedu mnoZenja, odnosno del-
jenja, funkcijom proizvoljnog, pozitivnog realnog stepena i operacija frak-
cionog diferenciranja, odnosno integracije.

1 Uvod

Laplasovom transformacijom realne funkcije f : [0, 00) — R nazivamo kompleksnu
funkciju kompleksne promenljive s, u oznaci L{f(t)}(s), definisanu nesvojstvenim
integralom

CUFO}Hs) = / " ft)ett 1)

U prethodnom izrazu, integraciju treba razumeti u Lebegovom smislu. Laplasova
transformacija funkcije je definisana za sve one vrednosti kompleksne (Laplasove)
promenljive s za koje integral (1) konvergira (apsolutno i uniformno). Dobro je
poznato da, ukoliko je funkcija f eksponencijalno ogranicena, tj. ukoliko postoje
realne konstante M > 01 takve da je | f(t)] < M e, tada integral (1) konvergira
nad oblagéu R{s} > .

Napomena 1.1. Laplasovu transformaciju je obi¢no moguée analiticki produziti
na celu kompleksnu ravan, iskljuc¢ijué¢i eventualno diskretan skup tacaka. U ovom
radu, kada god govorimo o Laplasovoj transformaciji mislimo na ovo analiticko
produzenje.
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Napomena 1.2. S obzirom da su nam od prevashodnog interesa primene Laplasove
transformacije u oblastima upravljanja i obrade signala, funkciju f ¢emo najcesce
nazivati signalom, njenu nezavisnu promenljivu ¢ ¢emo interpretirati kao vreme, a
samu Laplasovu transformaciju signala naziva¢emo njegovim kompleksnim likom.

Napomena 1.3. Laplasova transformacija se moze definisati i nad prostorom
temperiranih distribucija. U tom slucaju, definiciju Laplasove transformacije
mogudce je profiriti na znatno 8iru klasu signala, koja izmedu ostalog ukljucuje
Dirakov d-signal i njegove izvode. Tako svi dobijeni rezultati vaze i u ovom slucaju,
u nastavku izlaganja ¢emo se ograni¢iti na "klasi¢nu" definiciju (1).

U nastavku ¢emo se baviti uopstenjem slede¢ih dobro poznatih tvrdenja

CIOHE) = L0} )
LN = [ Fludu. Q

koja vaze unutar oblasti apsolutne konvergencije razmatranih transformacija (za
detalje videti [2]).

Dakle, mnozZenje signala stepenim signalom u vremenskom domenu ekviva-
lentno je diferenciranju (sa negativnim predznakom) u kompleksnom domenu.
Slitno, mnoZenje signala recipro¢nim stepenim signalom preslikava se u inte-
graciju njegovog kompleksnog lika, pri ¢emu se integracija vr8i nad intervalom
(s,00). Poznato je da se pod relativno blagim uslovima (videti [2]) gornje osobine
neposredno uopstavaju na sluc¢aj kada je diferenciranje visestruko, a integracija
ponovljena.

Posmatrac¢emo slucaj koji nastaje kada se signal u vremenskom domenu mnozi
ili deli stepenim signalom necelog reda. Posmatramo dakle Laplasove transforma-
cije signala ¥ f(t), gde je & > 0. Razumno je pretpostaviti da se u ovom slucaju
na kompleksne likove signala moraju primeniti operacija frakcionog diferenciranja
i integracije. Pri tome, predznak u izrazu (2), te granice integracije u izrazu (3)
sugeriSu da diferenciranje i integraciju treba shvatiti u desnom smislu.

2 Diferenciranje i integracija necelog stepena

Diferenciranje i integracija necelog (frakcionog) stepena se moze definisati na veci
broj nacina. U okviru ovog rada osloniéemo se na tzv. Riman-Ljuvilovu defini-
ciju prema kojoj se frakcioni integral definise neposrednim uopstenjem Kosijeve

formule
t t1 tn—1
aIZ‘fz// / f(tn)dtpdtny_1 ... dt;
a JO 0

=gy | fo = (4)
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gde je n pozitivan, ceo broj, dok je a proizvoljna realna donja granica. Formalnom
smenom n sa «, gde je a pozitivan, realan broj odmah nalazimo

O = F(la) / F()(t — 7)o tdr (5)

gde smo faktorijel uopstili pomocu dobro poznate Ojlerove Gama funkcije. Izraz
(5) predstalja definiciju Levog Riman-Ljuvilovog integrala reda « sa donjom
granicom a.

S obzirom da je funkcija (t — 7 neintegrabilna u okolini tacke ¢ = 7 za
a < 0, operaciju diferenciranja nije moguce definisati izrazom (5) u kome bi
se dopustile i negativne vrednosti reda . Umesto toga, izvod necelog stepena
se moze definisati pomocu klasi¢nog, celobrojnog izvoda i operacije integracije
necelog stepena, i to na sledeé¢i nacin

)afl

d n
i = (5) a1, )

gde je n najmanji pozitivan ceo broj koji je vedi ili jednak od a, n — 1 < a < n.
Izrazom (6) definiSe se Levi Riman-Ljuvilov izvod reda « sa donjom granicom
a.

Desni operatori necelog diferenciranja i integracije definigu se na sli¢an naéin.
Neka je b > t proizvoljno izabrana gornja granica integracije. Tada je Desni
Riman-Ljuvilov integral reda « sa gornjom granicom b

b
dpf = [ #) v ©
t
Desni Riman-Ljuvilov izvod reda « sa gornjom granicom b definise se izrazom
s = (-4 pes 0
tp — dt t4y )

gde je, kao i ranije, n najmanji pozitivan ceo broj koji je veéi ili jednak od a.

Napomena 2.1. Tako su u opstem slu¢aju donja i gornja granica integracije, a i b,
proizvoljni realni brojevi, mi ¢emo se ograniciti na slu¢aj kada jea =01 b = oo.
Pri tome, svi signali koje posmatramo bice kauzalni, definisani nad intervalom

[a,b) = [0, 00).

Napomena 2.2. Ukoliko se prethodno uvedeni definicioni izrazi (5), (6), (7) i
(8) shvate u distributivnom smislu, moze se pokazati da je

lim LI°f = f(t),
ag& = f(t)
O}i%{r th f = f(t) 3

gde date grani¢ne vrednosti treba shvatiti u tzv slabom ili distributivnom smislu.
Drugim re¢ima, kada je red integracije priblizava nuli Riman-Ljuvilovi integratori
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se ponasaju kao operator identiteta, te preslikavaju signal u sebe samog. Na
osnovu ove ¢injenice, te na osnovu Kogijeve formule (4), neposredno sledi da su svi
Riman-Ljuvilovi integrali celobrojnog stepena jednaki odgovarajuéim klasi¢nim,
celobrojnim integralima, te da su svi Levi Riman-Ljuvilovi izvodi celobrojnog
stepena jednaki odgovarajuéim klasiénim izvodima. Desni Riman-Ljuvilovi izvodi
celobrojnog stepena jednaki su odgovarajuéim klasiénim izvodima pomnoZenim
sa (—1)".

Prethodna razmatranja u potpunosti opravdavaju sledeé¢u definiciju.

Definicija 2.1 (Riman-Ljuvilovi integro-diferencijalni operatori necelog
stepena). Neka je f dati signal definisan nad intervalom [0, c0), tada je

e Levi RL integral reda a.

b t Nt -1 Ydr, «
ey = L [} SO a0, )
f(t7 a=0.

e Desni RL integral reda a.

o f = F(loz) /tOO f(r)(r =) tdr, a>0, (10)
f(), a=0.
e Levi RL izvod reda a.
o0tf = () oli=es (1)
e Desni RL izvod reda a.
s = (-5 awes (12)

U svim prethodnim izrazima n je najmanji ceo broj vedéi ili jednak od a.

Medu mnogobrojnim osobinama diferencijalnih operatora necelog reda izdva-
jamo sledecda, za nas posebno interesantna svojstva

Lema 2.1 (|1]). Laplasova transformacija levog RL integrala signala f, ukoliko
postoji, jednaka je

LTy = F(s) (13)

(Drugim rec¢ima, s~ se mozZe interpretirti kao operator frakcione integracije reda
a u kompleksnom domenu.)

Lema 2.2 ([1]). Desni Riman-Ljuvilov izvod reda 3 stepenog signala t°~!, ukoliko
postoji, jednak je
U8 p)p1s

DBt =
e I'(1-p)

(14)
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3 Osnovni rezultat

Teorema 3.1. Neka je f dati signal i neka njegov kompleksni lik £{f(¢)}(s)
postoji za svako s € C takvo da je R(s) > =, za neko v € R. Tada nad istim
domenom vaZe sledeca tvrdenja:

1. Laplasova transformacija signala t~® f(¢), ukoliko postoji, jednaka je desnom
Riman-Ljuvilovom frakcionom integralu reda o« kompleksnog lika signala

1),
£{° (0} = JELLFO)0) = | Fw@- sty

2. Laplasova transformacija signala t“ f (t) jednaka je desnom Riman-Ljuvilovom
frakcionom izvodu reda o kompleksnog lika signala f(t),

LU T0) = DLLU0}H0) = (—4 ) I L))

S —— 0 R L)
ta (i) |

n— )

gde je n najmanji prirodan broj veéi ili jednak redu diferenciranja, n —1 <
a<n.

Dokaz 3.1. Dokazimo najpre tvrdenje po 1. Polazimo od krajnjeg izraza (15) u
koji ¢emo uvrstiti definicioni izraz Laplasove transformacije (1) u kome je izvrSena
formalna smena promenljive s promenljivom u,

F(la) / " F(u)(u — 5)*\du = F(la) / h ( /0 h f(t)e_“tdt> (u— 5 du.

Prema uvedenim pretpostavkama, svi nesvojstveni integrali konvergiraju apso-
lutno i uniformno, stoga je moguce izvrsiti smenu redosleda integracije. Tako
dobijamo

F(la) /:O F(u)(u— 8)*'du = I‘(loz) /OOO £(t) (/:o(u - s)a—le—“tdu> dt

Uvodenjem smene £ = u — s u unutrasnji integral, nalazimo da vazi

/ (u — s)* te " du :/ o le= (50t ge

0
— e—st/ ga—le—gtdg
0

T
efst §3> .
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Poslednja jednakost je posledica dobro poznatog izraza za Laplasovu transforma-

ciju stepene funkcije,
/OO Ta—le—STdT — P(Oé)
0 s>’

u kome je, formalno, izvr§ena smena promenljive s promenljivom ¢, a promenljive
& promenljivom 7. Konalno je

1 * a—1 _ L * e_StM _ > @e—st
F(a)/ Flu)(u—s) du—r(a)/o Flre e dt—/o W emstar

Time je Tvrdenje pod 1. dokazano.
Dokaz Tvrdenja 2. ¢emo izvesti oslanjajuéi se na Tvrdenje pod 1. Naime, na
osnovu prethodno dokazanog izraza vazi da je

F(nl_a) <_Cg‘i>n/:o Fu)(u — 5~ du = <—js>n/ooo IO sty

Kako prema uvedenim pretpostavkama operacija diferenciranja po Laplasovoj
promenljivoj mozZe da zameni mesto sa operacijom integracije po vremenu, za-
klju¢ujemo da je

dN" [ W) e, TS (AN
(—d5> /O tn_ae tdt— ) fn—a (_d5> (& tdt

_ [ &t”e—stdt = /Oo t*f(t)e *tdt ,
0

0 t?’L—Oé

¢ime je Tvrdenje dokazano.

4 Zakljucak

U okviru rada izvrSeno je jedno uopstenje dobro poznatih osobina diferenciranja
i integracije Laplasovih likova signala. U radu je razmatran slucaj kada su op-
eracije diferenciranja i integracije necelobrojnog (frakcionog) stepena. Pokazano
je da su ove operacije ekvivalentne mnozenju polaznog signala stepenom funkcijom
odgovarajuceg stepena.

U daljim istrazivanjima bavi¢emo se primenom prikazanih rezultata u oblasti
projektovanja optimalnih regulatora sa frakcionim astatizmom.
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