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Original scienti�c paper

Abstract

In proof theory we use category theory to obtain identity criteria for
deductions. Inference rules, by which we pass from one deduction to another,
correspond there to partial algebraic operations. This is an algebra built on
deductions and not on formulae. Logic is thereby tied to algebras of another
kind than Boolean algebras, Heyting algebras, and similar lattice algebras
investigated in universal algebra, induced by equivalence between formulae.
Algebras of deductions are based on categories with structure given by so
general and so important mathematical notions like product, coproduct,
exponent, tensor product,... Here logic does not formalize other areas of
mathematics to investigate them by its own means, but the subject matter
of logic itself coincides with something investigated in contemporary algebra
and other related areas of mathematics.

1 Logical models from universal algebra

Algebras associated with logic are �rst of all Boolean algebras. The semantics of
classical propositional logic is built upon the two-element Boolean algebra, the
two elements being interpreted as truth and falsity. The models of this logic are
valuations into the two-element Boolean algebra, i.e. homomorphisms from the
absolutely free algebra of formulae into the two-element Boolean algebra such that
Boolean functions correspond to connectives. When the algebra of propositional
formulae is factored through the equivalence relation induced by equivalence of
formulae, i.e. identity of truth-value for every valuation, one obtains the Linden-
baum algebra of classical propositional logic, which is a freely generated Boolean
algebra, with as much free generators as there are propositional letters.

The connection between Boolean algebras and classical logic is exhibited on
a less technical level by the explanation that is given of the classical connectives

∗Acknowledgement. I would like to express my heart-felt thanks to the organizers of
the Third Mathematical Conference of the Republic of Srpska, who invited me to deliver
a plenary lecture that this text records. I am grateful in particular to Du�san Jokanovi�c
for his hospitality. My work was supported by the Ministry of Education, Science and
Technological Development of the Republic of Serbia.
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of conjunction, disjunction and negation via intersection, union and complement.
These are the operations of a set Boolean algebra, i.e. a Boolean algebra whose
elements are sets. One encounters this explanation nowadays at the earliest stages
of schooling, usually accompanied by diagrams of Euler and Venn. It is however
questionable how much the notion of intersection, which is de�ned in terms of
conjunction, can serve to explain conjunction. Conjunction is the more basic
notion, and not intersection, and analogously for the notion of disjunction versus
union, and the notion of negation versus complement.

With intuitionistic logic the role of Boolean algebras is taken over to a great
extent by Heyting algebras, which make a more general class of algebras. These
are distributive lattices with a least element and a binary operation of residual
(also called relative pseudo-complement) with respect to the binary meet opera-
tion. This means that c∩ a ≤ b i� c ≤ a⇒ b, where ∩ is meet and ⇒ is residual.
Boolean algebras are complemented distributive lattices, where the residual a⇒ b
is −a∪ b, with − being the unary operation of complement and ∪ being join. The
operation of residual in Heyting algebras, as well as in Boolean algebras, which
are particular Heyting algebras, corresponds to the connective of implication.

The Lindenbaum algebra of intuitionistic propositional logic is a freely gen-
erated Heyting algebra, and the Kripke models of this logic, the most standard
models one encounters for it, are obtained through a representation of Heyting
algebras in preorderings. Heyting algebras are closely tied to topological Boolean
algebras, i.e. Boolean algebras with unary operations corresponding to interior or
closure. Topological Boolean algebras give models of the modal logic S4.

Various other logics have algebraic models of a similar kind, models out of
the realm of universal algebra that resemble Boolean and Heyting algebras. In
particular, in all these models the elements of the algebra are related to formulae,
which are of the grammatical category of propositions. These elements are the
values formulae may take. In the case of classical propositional logic and the two-
element Boolean algebra, the values are the two truth-values. In other cases the
values are more unusual, but they are again assigned to formulae, i.e. propositions.

2 Deductions make a category

Matters become di�erent if in the algebraic modelling of logics the elements of the
algebra are not expected any more to be assigned to formulae, i.e. propositions.
For that one has to make a shift in the semantic conception of logic and language.
One may cease to consider propositions as the main unit of language. One may
look for a wider context in which propositions partake, and when logic is our in-
spiration that wider context is naturally found in deductions. The term deduction,
which will later become for us a technical term, is intuitively synonymous with
inference, or proof from hypotheses.

For the time being, to simplify matters we shall speak of deductions where
we have not more than a single premise. This is not an essential restriction if
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we assume as usual that in deductions we have only �nitely many premises, and
we assume moreover that we have a connective like conjunction to connect these
�nitely many premises. The empty conjunction, i.e. a propositional constant like
⊤, replaces the empty set of premises. So we assume that in deductions we have
a single premise and a single conclusion.

Then one may ask whether the deduction from premise A to conclusion B is
completely determined by giving A and B. Is this deduction just the ordered pair
(A,B)? Many logicians, if they wouldn't give to this question an explicitly a�r-
mative answer, behave as if they would. They believe that consequence relations
fully explain deductions. We may deduce B from A if and only if B is a conse-
quence of A, i.e. if and only if the ordered pair (A,B) belongs to the consequence
relation tied to our logic. Either there is a deduction from A to B, or there is
none. There cannot be more than one deduction with the same premise and the
same conclusion.

An alternative is that there may be more than one deduction with the same
premise and the same conclusion. Suppose A is the conjunction B ∧B. Then the
deduction from B ∧B to B obtained by applying the �rst-projection rule from
C ∧D deduce C and the deduction from B ∧B to B obtained by applying the
second-projection rule from C ∧D deduce D would not be the same deductions.
In another example, one may deduce B ∧B from B ∧B either by applying the
identity rule from E deduce E or the commutativity rule from C ∧D deduce
D ∧ C. This gives two di�erent deductions. Still another example is given by
the deductions from B ∧ (B ⇒ B) to B obtained by applying either the �rst-
projection rule or the rule from C ∧ (C ⇒ D) deduce D, which is based on modus
ponens.

In this alternative perspective deductions do not make a binary relation, i.e.
a set of ordered pairs, but a graph where for the same ordered pair (A,B) there
may be more than one arrow joining A and B. Deductions should be closed
under composition and for every pair (A,A) there should be an identity arrow,
i.e. identity deduction, from A to A, based on the identity rule. If we assume
that composition is associative and that composing a deduction with the identity
deduction is equal to this deduction, we obtain a category. In this category the
formulae, i.e. propositions, are the objects and the deductions are the arrows.
From a categorial perspective these arrows are more important.

3 Conjunction and product

In the categorial perspective we do not have only operations on objects, but also
operations on arrows. These operations may be only partial, as composition is.
The algebraic structure brought by these operations on objects and on arrows
tied to connectives and other logical constants is of a di�erent kind than what
we had with Boolean and Heyting algebras. Before the binary connective of
conjunction corresponded to lattice meet, and now it will correspond to the bi-
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endofunctor of product. Meet corresponds set-theoretically to intersection, while
product corresponds to another, even more important, set-theoretic operation�
namely, Cartesian product. Product on objects in the category Set of sets with
functions as arrows is Cartesian product.

Tied to product, we have for every pair of formulae A1 and A2, the projec-
tion arrows p1A1,A2

: A1 ∧A2 → A1 and p2A1,A2
: A1 ∧A2 → A2, which correspond

to the �rst-projection and second-projection rules of deduction mentioned above.
We have moreover the partial operation of pairing of arrows, which applied to the
arrows f1 : C → A1 and f2 : C → A2 gives the arrow ⟨f1, f2⟩ : C → A1 ∧A2. Pair-
ing corresponds to the natural deduction rule of conjunction introduction. For
the arrow h : C → A1 ∧A2 and for ◦ being composition, we have the equations

p1A1,A2
◦ ⟨f1, f2⟩ = f1, p2A1,A2

◦ ⟨f1, f2⟩ = f2, ⟨p1A1,A2
◦ h, p1A1,A2

◦ h⟩ = h.

These equations categorially de�ne product. Replace ∧ by × and, for g1 :
A1 → B1 and g2 : A2 → B2, de�ne the total operation × on arrows by

g1 × g2 =df ⟨g1 ◦ p1A1,A2
, g2 ◦ p2A1,A2

⟩ : A1 ×A2 → B1 ×B2.

The operation × on objects and the operation × on arrows give the biendofunctor
of product.

The equations assumed above make however perfect logical sense. They cor-
respond to reductions involved in normalization in natural deduction (the �rst
two equations correspond to β-reduction and the third to η-reduction). So it is
natural to assume these equations as equations between deductions.

A category is a preorder when for every pair of objects A and B we have at
most one arrow f : A→ B. Product becomes meet when our category is not only
a preorder, but also a partial order, which means that if we have a pair of arrows
f : A→ B and g : B → A, then the objects A and B must be the same. In a
preorder, the equations assumed for product are trivially satis�ed.

This categorial characterization of conjunction applies both to classical con-
junction and intuitionistic conjunction. The connective of conjunction is the same
in both logics. In the old universal-algebraic characterization too, conjunction was
characterized in both logics as a meet operation.

4 Conjunction and disjunction

Analogously, the binary connective of disjunction, which before corresponded to
join and union, now corresponds to binary coproduct, which set-theoretically is
disjoint union on objects. This applies again both to classical and intuitionistic
disjunction. It is often said that intuitionists understand disjunction not as it
is understood in classical logic, and that because of that excluded middle fails
for them. This should be taken carefully, because in a context where disjunction
is alone�this is a context in which we do not have theorems, but we do have
deductions�classical and intuitionistic disjunction do not di�er. The essential
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novelty of intuitionistic logic is a new connective of implication, and not disjunc-
tion. This implication underlies negation, which we �nd in excluded middle (see
below, the second paragraph of the next section).

When the connectives of conjunction and disjunction are together, then the
universal-algebraic characterization is given by distributive lattices, and again
classical and intuitionistic logic do not di�er. Matters may however become dif-
ferent in terms of algebras of deductions.

The categories for intuitionistic conjunctive-disjunctive deductions are cate-
gories with binary (and hence all nonempty �nite) products and coproducts, with
product isomorphically distributive over coproduct; namely, there would be a
natural isomorphism of the type A ∧ (B ∨ C) → (A ∧B) ∨ (A ∧ C). There are
also natural transformations of the dual type A ∨ (B ∧ C) → (A ∨B) ∧ (A ∨ C),
and of its converse type (A ∨B) ∧ (A ∨ C) → A ∨ (B ∧ C), but they need not be
isomorphisms. This is an asymmetry we have also in the category Set, where
Cartesian product is isomorphically distributive over disjoint union, but not vice
versa. When we restrict ourselves to �nite sets, this reduces to the following equa-
tion for natural numbers a · (b+ c) = (a · b) + (a · c), without the dual equation
a+ (b · c) = (a+ b) · (a+ c) being true.

We may add to these categories also the empty product and coproduct, which
are the terminal object ⊤ and initial object ⊥. (An object is terminal when for
every other object to it there is a single arrow; dually, it is initial when from it to
every other object there is a single arrow.) These two objects correspond to the
propositional constants ⊤ and ⊥, which in the universal-algebraic approach cor-
respond to the least element and greatest element of our lattices�an assumption
made both for classical logic and intuitionistic logic. The assumptions about the
terminality of ⊤ and the initiality of ⊥ are parallel to the assumptions of binary
product for ∧ and binary coproduct for ∨. They are the same in classical and
intuitionistic logic.

The isomorphic distributivity of conjunction over disjunction in intuition-
istic logic is a consequence of the assumption that the monoendofunctor A∧
has as a right-adjoint A⇒, which involves intuitionistic implication ⇒. This
means that we have a natural bijection between the hom sets Hom(A ∧B,C)
and Hom(B,A⇒ C). This means that there is a one-to-one correspondence be-
tween deductions of the type A ∧B → C and deductions of the type B → A⇒ C.
From left to right this correspondence is tied to the deduction theorem, and from
right to left it has to do with modus ponens; from the identity deduction of
type A⇒ C → A⇒ C one passes to the modus ponens deduction of the type
A ∧ (A⇒ C) → C. (The naturality involved in this correspondence is given by
transformations natural in B and C between the functors into the category Set

involved in Hom(A∧B,C) and Hom(B,A⇒ C); see [11], Sections II.2 and IV.1.)
With this adjunction involving A∧ and A⇒, together with the assumption

that we have all �nite products (including the empty one), we obtain cartesian
closed categories; if we assume moreover that we have all �nite coproducts includ-
ing the empty one), we obtain bicartesian closed categories (see [10], Sections I.3
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and I.8). The category Set is a bicartesian closed category.

5 Categories of classical deductions

In classical algebras of deductions there are arrows of the types A ∧ (B ∨ C) →
(A ∧ B) ∨ (A ∧ C) and A ∨ (B ∧ C) → (A ∨B) ∧ (A ∨ C), as well as of the con-
verse types, but Boolean duality would make us expect that either both of these
kinds of arrows are isomorphisms or neither is. It is not in the Boolean spirit
that A ∧ (B ∨ C) → (A ∧B) ∨ (A ∧ C) is an isomorphism while A ∨ (B ∧ C) →
(A ∨B) ∧ (A ∨ C) is not. The asymmetry of the bicartesian closed category Set
that we have with respect to distribution of Cartesian product over disjoint union
is foreign to the Boolean spirit. Since this asymmetry is a consequence of the ad-
junction involving A∧ and A⇒, we should not expect this adjunction for classical
logic.

If ¬A is de�ned as A ⇒ ⊥, it may seem natural to assume in classical logic
that A is isomorphic to ¬¬A, or that there is at least a natural transformation
whose components are of the type ¬¬A→ A. There is an argument that shows
that every bicartesian closed category together with one of these assumptions, or
a similar assumption, is a preorder (see [2], Section 5, or [4], Section 14.3). It was
concluded from that there cannot be any interesting categorial proof theory for
classical logic, i.e. that there is no interesting categori�cation of Boolean algebras.
But why must we assume that we have to start with a bicartesian closed category?

The book [4] is a detailed attempt to build a plausible categorial theory of
classical deductions. The centre piece of that book is a notion of category with �-
nite products and coproducts, which are distribute one over the other, but neither
of these distributions need be an isomorphism. This way, in the Boolean spirit,
symmetry is kept. For this notion of category it is established that it is coher-
ent in the following sense. There is faithful functor from such a category freely
generated by a set of objects to the category of relations between �nite ordinals.
This coherence result is of a semantical kind. It permits us to decide whether
two arrows are equal by checking whether two simple graphs that come from the
relations associated with the arrows are equal. This is a result of a semantical
kind, analogous to the usual completeness theorems of logic, which enable us to
decide provability by looking into a manageable model.

For this result there is given in [4] a long and rather involved proof based on a
categorial version of Gentzen's cut elimination theorem for conjunctive-disjunctive
classical logic, which is based on plural, i.e. multiple-conclusion, sequents. It is
not established only that for every deduction we have a cut-free deduction with
the same premise and conclusion, but it is established moreover that the two
deductions are identical: the arrows standing for them are equal as arrows in
our categories. It is remarkable that this equality of arrows has both a semantical
justi�cation via coherence, and a syntactical one via the cut-free normal from, and
that the two justi�cations agree. Both justi�cations respect the Boolean duality
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between conjunction and disjunction. In the semantical justi�cation product and
coproduct are modeled by the same biproduct, while in the syntactical justi�cation
plural sequents treat conjunction and disjunction in the same way. All this makes
quite plausible, and mathematically interesting, the proposed notion of identity
of deduction for classical propositional logic.

This categori�cation which covers the conjunctive-disjunctive core of classical
logic, together with the propositional constants ⊤ and ⊥, is then extended with
negation, and hence also implication, so that we do not have the adjunction
involving A∧ and A⇒. We relinquish this adjunction of intuitionistic logic, and
hence classical implication will not mirror deductions, as intuitionistic implication
does. The resulting nontrivial categories are related to linear algebra.

The relationship with linear algebra is brought by having an operation of
union, or addition, of deductions, and a zero deduction. In terms of relations,
union of deductions is union of relations, the zero deduction is the empty relation,
and union with the empty relation leaves a relation unchanged. Composition of
relations corresponds to multiplication of zero-one matrices and union of relations
corresponds to matrix addition. In the presence of zero deductions, we obtain a
unique normal form for deductions like in linear algebra: every matrix is the sum
of matrices with a single 1 entry, the others being zero. This normal form is
related to cut elimination, i.e. composition elimination (see [4], Sections 1.6 and
14.4, Chapters 13 and 14).

6 Categories of deductions in other logics

The book [5] deals with categories of deductions in classical linear logic, presum-
ably the main substructural logic, and an important alternative logic. In linear
logic we have a binary connective of so-called multiplicative conjunction, which
in terms of the algebra of deductions corresponds to tensor product. For this
connective we assume associativity and commutativity, but not what corresponds
to the structural rules of contraction and thinning. The algebras of deductions
here come from categories to which belongs the category of vector spaces over
a �xed �eld with linear transformations as arrows. Categories of deductions in
intuitionistic linear logic are given by symmetric monoidal closed categories (see
[11], Section VII.7), for which a coherence theorem is established in [9]. (This
coherence theorem should be rephrased as a result taking account of syntax, as
in [4] and [5].) The coherence proved in [5] is of the same kind, and it is estab-
lished with respect to relations that one �nds in Brauer algebras (for references
see [5]). Brauer algebras, which come from representation theory, are related to
Temperley-Lieb algebras, which came to play an important role in knot theory
after Jones' seminal results in this �eld. Temperley-Lieb algebras are also related
to a coherence result for adjunction (see [1], [3] and references therein).

The relations one �nds in Brauer algebras are a particular case of relations one
�nds in a category called Gen, which has relations involved in the generality of
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deductions, i.e. relations connecting letters in a deduction that must remain the
same in all generalizations of this deduction based on the same rules (see Section
2 above). The category Gen and the category of split preorders, of which it is
a subcategory, are investigated in detail in [7]. These categories have properties
relating them to Frobenius algebras, which have recently played a prominent role
in two-dimensional topological quantum �eld theories�an area that seems far
removed from logic and deduction theory. These matters (see [8], and references
mentioned therein) are related to the coherence result for adjunction, and to
Temperley-Lieb algebras, which we mentioned above. Frobenius algebras are also
related to a coherence result involving deductions in the modal logic S5 (see [6]).
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Abstract

In his ontological argument G�odel has told nothing about its underlying
logic. His argument is modal and at least of second-order and since he has
used the S5 axiom, it was widely accepted that the logic of the argument
is the S5 second-order modal logic. However, there is a step in his proof
in which G�odel has applied the necessitation rule on the assumptions of
the argument (see [3]), and this was repeated by all of his followers (see [1]
and [4]). This application of the necessitation rule can seriously harm the
consequence relation of the logic of the ontological argument. It seems that
the only way to preserve the modal logic S5 for the ontological argument is
to assume some of its axioms in the necessitated form.

1 Consequence and proof in modal logic

The notions of consequence and proof in modal logic are di�erent from those in
classical logic. The relation that some sentence A is a consequence of certain
assumptions Σ can have two meanings in modal logic: A is true at each world
at which the members of Σ are true and A is true in every model in which the
members of Σ are true. The two notions are not equivalent and to distinguish
between them some authors (see [2]) are using the terms local assumption and local
consequence in the �rst, and the terms global assumption and global consequence
in the second case. We shall show how this semantical distinction is re�ected in
the syntax of modal logic.

Assume some sentence A globally; if A is true at some arbitrary world w in
some model, then A will be true at every world accessible to w (since A is true
at every world), so �A will be true at w. Since w was arbitrary, �A must be
true at every world of a model. This means that if A is a global assumption, the
necessitation rule can be applied to A. Assuming A globally, we also assume �A,
��A etc.

On the other hand, if we assume A locally, so that A is known to be true at
a world w of some model, there is no reason to expect that �A is also true at w.
If A is a local assumption, the necessitation rule cannot apply to it.

The distinction between global and local assumptions in formal deductions
comes down to the applicability or nonapplicability of the necessitation rule. A
formal proof or derivation in modal logic do not allow the use of the necessitation
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rule to local premises and their consequences. To insure this, some authors de�ne
modal derivations as �nite sequences divided in two separate parts, global and
local (see [2]). The global part comes �rst, contains only global premises and the
necessitation rule is allowed, while the local part comes second containing local
premises, but the necessitation rule is not allowed.

2 Necessitation in G�odel's argument

It is well known that G�odel was involved in the foundation of the modern approach
to modal logic. He was among the �rst logicians who introduced the necesitation
rule that made possible the simple and elegant modal axiom systems that are in
use today. But in the early 1970s, at the time G�odel wrote his note about the
ontological argument, the idea of possible world semantics was new and perhaps
not well appreciated. His argument was modal and was presented in at least
second-order logic, but nothing was told about the exact logic he had in mind.

At some point in his note G�odel has formulated the theorem

G(x) → �∃yG(y),

where G(x) means that x is godlike being (see page 403 in [3]), and without any
comments he has proceeded in the following three steps:

∃xG(x) → �∃yG(y),
♢∃xG(x) → ♢�∃yG(y),
♢∃xG(x) → �∃yG(y).

In the �rst step the existential quanti�er was introduced, the second step havs
come from the necessitation rule, and the third was the use of the S5 axiom. Since
he was able to prove ♢∃xG(x), G�odel �nally concluded �∃yG(y).

There is no doubt that the propositional skeleton of the logic of G�odel's ar-
gument is the modal logic S5, or something close to it. Besides the axioms of
classical propositional logic, the modal axioms of the logic S5 are

�(A→ B) → (�A→ �B),
�A→ A,

�A→ ��A,
♢�A→ �A,

where � is the necessity operator and, ♢ is the pssibility operator de�ned by
♢A↔ ¬�¬A, and the inference rules are modus ponens and necessitation: from
A infer �A. The last axiom is usually called the S5 axiom.

According to what we have told about consequence in modal logic, to allow
the unrestricted use of the necessitation rule in the logic S5, we have to assume
the axioms of our theories globally. In the modal logic S5, where �A ↔ ��A,
assuming A globally we assume �A. Formally, this means that all axioms of the
theories in the S5 logic must come in the necessitated form, i.e. with � pre�xed.
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G�odel, as well as his followers and commentators in this matter, have told
nothing about the local or global character of the ontological argument axioms.
They have presented these axioms in the unnecessitated form (see [2], [4] and [5]),
and have used the necessitation rule on them and on their cosequences. Perhaps
they had in mind global axioms?

G�odel's argument is a particular version of the general ontological argument
that usually means two things: to prove that God's existence is possible and to
prove that God exists necessarily if it exists. If Q is the statement that God exists,
this means that in the general ontological argument we have to prove ♢Q and Q→
�Q (Anselm's principle). It is generally accepted that with these assumptions
within S5 logic one can prove �Q: the necessitation of Anselm's principle gives
♢Q→ ♢�Q, the S5 axiom gives ♢Q→ �Q and the �rst assumption �nally gives
�Q (see [1], [3], [4] and [5]). But the use of necessitation in this proof was not
correct. It seems that the only way to overcome this incorrectness is to formulate
Anselm's principle in the form �(Q → �Q): it is necessary that God exists
necessary if it exists.

Acknowledgement. I would like to express my thanks to Kosta Do�sen who warned
me about the problem concerning the correctness of the necessitation rule in the
ontological argument.
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Apstrakt

U ovom kratkom radu dajemo pregled algebarskih struktura na kate-
gorijama koje omogu�cavaju Segal-Tomasonovu bar konstrukciju. To je os-
novni korak procedure koja kategoriji M pridru�zuje njeno raspetljavanje:
prostor X takav da je prostor petlji nad X homotopski ekvivalentan klasi-
�kacijskom prostoru kategorije M. Jo�s je od �sezdesetih godina pro�slog veka
poznato da monoidalna struktura na kategoriji odgovara jednostrukom pros-
toru petlji. Segal-Tomasonova konstrukcija omogu�cava da se neke kategorije
sa bogatijom strukturom vi�sestruko raspetljaju. Najnoviji rezultati ovog
tipa najavljeni su na konferenciji u Trebinju.

1 Uvod

Prve rezultate koji su omogu�cili da se pove�zu monoidalne kategorije s prostorima
petlji dali su Sta�sev, [11], i Meklejn, [6]. Nakon toga se pojavila potreba da se
odrede uslovi na algebarskoj strukturi kategorije koji omogu�cavaju njeno povezi-
vanje s prostorima petlji raznih vi�sestrukosti. Sedamdesetih godina pro�slog veka
su Segal, [10], i Tomason, [13], razvili tehniku koja je odredila jedan pravac u toj
oblasti istra�zivanja.

Segal-Tomasonova ili redukovana, kako �cemo je ovde zvati, bar konstrukcija je
postupak nala�zenja simplicijalnog objekta u kategoriji �cija je monoidalna struk-
tura data kona�cnim proizvodima. U ovom radu �ce nam to biti 2-kategorija Cat
�ciji su objekti kategorije, mor�zmi su funktori, a 2-mor�zmi su prirodne transfor-
macije. Monoid u Cat je striktna monoidalna kategorija. Jedna takva kategorija
M je osnova za simplicijalni objekat u Cat, to jest funktor WM iz ∆op

+ u Cat,
gde je ∆+ topolo�ska simplicijalna kategorija. Ovo zna�ci da je WM(1) = M i,
uop�stenije, WM(n) = Mn.

Kada seWM komponuje s funktorom nerv, a zatim s geometrijskom realizaci-
jom, dobija se funktor iz ∆op

+ u Top, to jest simplicijalni prostor. Po rezultatima
Segala i Mekdafa, [10], [8], prostor petlji geometrijske realizacije tog simplicijalnog
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prostora je homotopski ekvivalentan klasi�kacijskom prostoru kategorije M ili
preciznije, njenom grupnom kompletiranju. Dakle, taj simplicijalni prostor je
raspetljavanje nerva od M.

Uz malu modi�kaciju, ova ma�sina za raspetljavanje se mo�ze prilagoditi nekim
slo�zenijim algebarskim strukturama na kategoriji tako da kao rezultat dobijemo
vi�sestruko raspetljavanje nerva polazne kategorije. Po rezultatima Segala, [10],
i Tomasona, [13], ova tehnika dovodi u vezu simetri�cne monoidalne kategorije
s beskona�cnim prostorima petlji, dok se monoidalne kategorije pletenica dovode
u vezu s dvostrukim prostorima petlji uz pomo�c rezultata �Zoajala i Strita, [5].
U ovim rezulatima sama redukovana bar konstrukcija nije dovoljna po�sto njen
rezultat nije funktor jer ne prolazi kroz kompoziciju mor�zama. Medutim, po�sto
se svaki put mo�ze pokazati da je dobijen relaksiran funktor u smislu [12], onda
se rezultati tog rada mogu iskoristiti da bi se dobio pravi funktor koji predstavlja
tra�zeni simplicijalni objekat. Da bi se pokazalo da je dobijen relaksiran funktor,
svaki put se koristi koherencijski rezultat vezan za dati tip kategorija.

Balteanu, Fjodorovi�c, �Svancl i Fogt, [2], su postavili pitanje dovoljnih uslova
za to da kategorija s n monoidalnih struktura mo�ze da poslu�zi kao osnova za
redukovanu bar konstrukciju koja proizvodi relaksiran funktor odgovaraju�ceg tipa.
Na taj na�cin bismo dobili n-tostruko raspetljavanje nerva polazne kategorije. U
tom radu su dati tra�zeni uslovi, ali su oni suvi�se restriktivni u odnosu na jedinice�
zahteva se da sve monoidalne strukture imaju zajedni�cku jedinicu. Do�sen i drugi
autor ovog teksta, [4], su dali znatno oslabljenje tih uslova za slu�caj n = 2, �sto
verovatno predstavlja maksimum oslabljenja ukoliko i dalje ho�cemo da koherencija
bude sredstvo za dokazivanje toga da je rezultat redukovane bar konstrukcije jedan
relaksiran funktor.

Autori ovog �clanka, [3], su dali �zeljene uslove direktno proveravaju�ci, bez ko-
herencije, komutativnost dijagrama koji govore da je kao rezultat redukovane bar
konstrukcije dobijen relaksiran funktor. Ti uslovi uop�stavaju sve gorenavedene.
Rezultati iz [3] su najavljeni tokom predavanja koje je drugi autor odr�zao na
konferenciji u Trebinju.

2 Redukovana bar konstrukcija

Neki dokazi koji su izostavljeni iz ovog odeljka mogu se na�ci u [9, Section 6]. Pod
simplicijalnim objektom kategorije C podrazumevamo funktor iz ∆op

+ u C, gde
je ∆+ standardna topolo�ska simplicijalna kategorija (videti [7, VII.5]). U ovom
odeljku �cemo pojasniti kako monoidalni objekat u monoidalnoj kategoriji �cija je
monoidalna struktura data kona�cnim proizvodima odreduje jedan simplicijalni
objekat te kategorije.

Ono �sto zbunjuje u ovoj konstrukciji je to �sto ∆op
+ sadr�zi univerzalni komonoid,

a na raspolaganju imamo monoidalni objekat neke kategorije. Ovaj problem pre-
vazilazimo tako �sto ∆op

+ utopimo u ∆, odnosno izjedna�cimo je s potkategorijom
∆Int kategorije ∆.
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Objekti kategorije ∆Int su kona�cni ordinali ve�ci ili jednaki 2, a strelice su
monotone funkcije koje �cuvaju prvi i poslednji element. Ta kategorija je slika
kategorije ∆op

+ u kategoriji ∆ pomo�cu funktora koji objekat n slika u n+ 2 (sa 0
ozna�cavamo prazan skup, dok je n+ 1 oznaka za skup {0, 1, . . . , n}), a mor�zme
slika ½sen�cenjem� kao u slede�cem primeru, gde unutra�snji graf predstavlja mor-
�zam iz ∆op

+ , a spolja�snji je njegova ½senka� iz ∆:

2 3 4

0 1 2 3 4 5

0 1

0

0 1

1

2

2

3

3 4

Ovaj funktor je veran i injektivan na objektima, pa stoga ∆op
+ mo�zemo smatrati

potkategorijom od ∆.
Za na�se potrebe uve�s�cemo jo�s jednu kategoriju srodnu simplicijalnoj koju ozna-

�cavamo sa ∆par. Njeni objekti su takode kona�cni ordinali, a mor�zmi su monotone
parcijalne funkcije. Za mor�zme koji generi�su tu kategoriju mo�zemo uzeti one koji
generi�su ∆ zajedno sa parcijalnim funkcijama ρni : n+1 → n za n ≥ 0 i 0 ≤ i ≤ n,
koje se gra��cki predstavljaju kao

0

0 i− 1

i− 1 i+ 1i

i

n

n− 1

Posmatrajmo funktor koji preslikava ∆Int u ∆par, koji pridru�zuje objektu n+2
prve kategorije objekat n druge kategorije, a svakom mor�zmu f : m+ 2 → n+ 2
prve kategorije pridru�zuje mor�zam g : m→ n druge kategorije takav da je

g(x) =

{
f(x+ 1) − 1, kada je f(x+ 1) − 1 ∈ n,

nedefinisano, ina�ce.

Na osnovu identi�kacije kategorija ∆op
+ i ∆Int on postaje funktor iz ∆op

+ u ∆par

koji je identitet na objektima.
Neka je K kategorija �cija je monoidalna struktura data kona�cnim proizvodima.

Na osnovu strikti�kacije pokazane u [7, XI.3, Theorem 1], mo�zemo slobodno sma-
trati da je ta monoidalna struktura striktna, to jest da je binarni proizvod aso-
cijativan i da je terminalni objekat neutral za taj proizvod. Neka je ⟨C, µ, η⟩
monoidalni objekat kategorije K. Tada postoji jedinstven funktor iz ∆par u K
takav da se objekat n iz ∆par slika u C

n = C × . . .× C, zajedni�cki generatori za
∆par i ∆ se slikaju u mor�zme dobijene pomo�cu µ i η na osnovu toga �sto ∆ sadr�zi
univerzalni monoid (videti [7, VII.5, Proposition 1]), dok se generator ρni slika u
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mor�zam iz Cn+1 u Cn dobijen kao

1C × . . .× 1C︸ ︷︷ ︸
i

×κC × 1C × . . .× 1C︸ ︷︷ ︸
n−i

,

gde je κC jedinstven mor�zam iz C u terminalni objekat kategorije K.
Za nas je posebno interesantan slu�caj kada umesto kategorije K posmatramo

2-kategoriju Cat, a umesto monoida C posmatramo monoidM u Cat, �sto zna�ci da
je M jedna striktna monoidalna kategorija. Na osnovu gorenavedenog postoja�ce
funktor WM : ∆op

+ → Cat koji je zadat sa

WM(n) = Mn,

WM(dn0 )(A1, A2, . . . , An) = (A2, . . . , An),

WM(dnn)(A1, . . . , An−1, An) = (A1, . . . , An−1),

a za 1 ≤ i ≤ n−1 i 0 ≤ j ≤ n−1,

WM(dni )(A1, . . . , Ai, Ai+1, . . . , An) = (A1, . . . , Ai ⊗Ai+1, . . . , An),

WM(snj )(A1, . . . , Aj , Aj+1, . . . , An−1) = (A1, . . . , Aj , I, Aj+1, . . . , An−1),

gde su dni : n → n − 1, za n ≥ 1 i 0 ≤ i ≤ n, i snj : n − 1 → n, za n ≥ 1 i
0 ≤ j ≤ n− 1, standardni generatori kategorije ∆op

+ (videti [3, Section 3]), dok je
⊗ tenzor, a I je jedinica striktne monoidalne kategorije M.

FunktorWM nazivamo redukovana bar konstrukcija bazirana naM. S obzirom
da je i Mk striktna monoidalna kategorija �cija je struktura dobijena po kompo-
nentama od striktne monoidalne strukture na M, onda postoji i redukovana bar
konstrukcija bazirana na Mk i mi je ozna�cavamo sa WMk. Ako kategorija M
ima na sebi n monoidalnih struktura, onda redukovanu bar konstrukciju baziranu
na i-toj monoidalnoj strukturi ozna�cavamo sa WMi.

3 Vi�sestruka redukovana bar konstrukcija

Osnovna ideja pomo�cu koje je u [10] i [13] pokazano da simetri�cne monoidalne
kategorije odgovaraju beskona�cnim prostorima petlji je da se za proizvoljno n ≥ 1
one posmatraju kao kategorije s n monoidalnih struktura koje komuniciraju po-
mo�cu simetrije. Ta ideja je iskori�s�cena u [2] da bi se dao dovoljan uslov da kate-
gorija s n striktnih monoidalnih struktura odgovara n-tostrukom prostoru petlji.
Na�sa ideja u [3] je bila da, polaze�ci od kategorije s n striktnih monoidalnih struk-
tura, bez ikakvih pretpostavki unapred, vidimo kakva komunikacija izmedu tih
struktura obezbeduje da uop�stenje redukovane bar konstrukcije proizvede jedan
relaksiran funktor iz (∆op

+ )n u Cat (videti de�niciju ni�ze).
Neka je M kategorija s n striktnih monoidalnih struktura. Uop�stenje reduko-

vane bar konstrukcije bazirano na M treba da nam proizvede dve funkcije�prva
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preslikava n-torke kona�cnih ordinala, �sto predstavlja objekte od (∆op
+ )n u kate-

gorije, to jest objekte od Cat, dok druga preslikava n-torke mor�zama od ∆op
+ u

funktore. Obe funkcije ozna�cavamo sa WM. Prva funkcija je sasvim jednostavno
de�nisana i od nje zahtevamo da je

WM(m1, . . . ,mn) = Mm1·...·mn .

Druga funkcija je ne�sto komplikovanije de�nisana i tu nam poma�ze slede�ca
notacija. Neka je f⃗ = (f1, . . . , fn) jedna n-torka mor�zama od ∆op

+ . Za svako
1 ≤ k ≤ n, neka je

i(k) =
∏

k<l≤n

sl i o(k) =
∏

1≤l<k

tl,

gde prazan proizvod ra�cunamo kao jedinicu i sl je domen, a tl je kodomen od fl.
Tada je druga funkcija de�nisana kao

WM(f⃗) = (WMi(n)
n (fn))o(n) ◦ · · · ◦ (WMi(2)

2 (f2))
o(2) ◦ (WMi(1)

1 (f1))
o(1).

Na primer, za n = 3 i f⃗ = (d31, d
2
1, s

2
1) imamo da je WM(f⃗) funktor iz M6 u M4

zadat sa

WM(f⃗)(A,B,C,D,E, F ) = ((A⊗1 C) ⊗2 (B ⊗1 D), I3, E ⊗2 F, I3),

gde su ⊗1 i ⊗2 tenzori prve, odnosno druge, monoidalne strukture, a I3 je jedinica
tre�ce monoidalne strukture na M.

Ovaj par funkcija ne zadaje funktor iz (∆op
+ )n u Cat zato �sto u op�stem slu�caju

ne va�zi
WM(g⃗) ◦WM(f⃗) = WM(g⃗ ◦ f⃗).

Da bi WM bio relaksiran funktor potrebno je da za svaki par kompozabilnih
strelica f⃗ i g⃗ iz (∆op

+ )n postoji prirodna transformacija

ω
g⃗,f⃗

: WM(g⃗) ◦WM(f⃗)
.→WM(g⃗ ◦ f⃗)

takva da slede�ci dijagram komutira:

WM(⃗h) ◦WM(g⃗) ◦WM(f⃗)

WM(⃗h ◦ g⃗) ◦WM(f⃗) WM(⃗h) ◦WM(g⃗ ◦ f⃗)

WM(⃗h ◦ g⃗ ◦ f⃗)

��� HHj

HHj ���

ω
h⃗,g⃗

WM(f⃗) WM(⃗h)ω
g⃗,f⃗

ω
h⃗◦g⃗,f⃗ ω

h⃗,g⃗◦f⃗

U [3] je pokazano da je neophodan uslov za postojanje ovakvih prirodnih
transformacija ω to da za svako 1 ≤ k < l ≤ n postoje strelice κk,l : Ik → Il,
βk,l : Ik → Ik ⊗l Ik, τk,l : Il ⊗k Il → Il, kao i familija strelica ιk,l

(A⊗l B) ⊗k (C ⊗l D) → (A⊗k C) ⊗l (B ⊗k D),
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indeksirana �cetvorkama (A,B,C,D) objekata iz M. Glavni rezultat tog rada
je da su, pored prirodnosti transformacija ιk,l, slede�ce jednakosti na strukturi
kategorije M dovoljne za postojanje �zeljenih prirodnih transformacija ω.

Za sve 1 ≤ k < l ≤ n,

(1) ιk,l ◦ (1⊗k ιk,l) = ιk,l ◦ (ιk,l ⊗k 1), (7) (1⊗l ιk,l) ◦ ιk,l = (ιk,l ⊗l 1) ◦ ιk,l,
(2) ιk,l ◦ (1⊗k βk,l) = 1, (8) (1⊗l τk,l) ◦ ιk,l = 1,

(3) ιk,l ◦ (βk,l ⊗k 1) = 1, (9) (τk,l ⊗l 1) ◦ ιk,l = 1,

(4) τk,l ◦ (1⊗k τk,l) = τk,l ◦ (τk,l ⊗k 1), (10) (1⊗l βk,l) ◦ βk,l = (βk,l ⊗l 1) ◦ βk,l,
(5) τk,l ◦ (1⊗k κk,l) = 1, (11) (1⊗l κk,l) ◦ βk,l = 1,

(6) τk,l ◦ (κk,l ⊗k 1) = 1, (12) (κk,l ⊗l 1) ◦ βk,l = 1

i za sve 1 ≤ k < l < m ≤ n,

(13) κl,m ◦ κk,l = κk,m,

(14) βl,m ◦ κk,l = (κk,l ⊗m κk,l) ◦ βk,m,
(15) τl,m ◦ (κk,m ⊗l κk,m) ◦ βk,l = κk,m,

(16) ιl,m ◦ (βk,m ⊗l βk,m) ◦ βk,l = (βk,l ⊗m βk,l) ◦ βk,m,
(17) κl,m ◦ τk,l = τk,m ◦ (κl,m ⊗k κl,m),

(18) βl,m ◦ τk,l = (τk,l ⊗m τk,l) ◦ ιk,m ◦ (βl,m ⊗k βl,m),

(19) τl,m ◦ (τk,m ⊗l τk,m) ◦ ιk,l = τk,m ◦ (τl,m ⊗k τl,m),

(20) ιl,m ◦ (ιk,m ⊗l ιk,m) ◦ ιk,l = (ιk,l ⊗m ιk,l) ◦ ιk,m ◦ (ιl,m ⊗k ιl,m).

Pojam kategorije koja zadovoljava ove uslove uveden je u [1, Section 7.6]
pod imenom n-monoidalna kategorija. Ono �sto je va�zno za nas je da taj po-
jam uop�stava pojmove simetri�cne monoidalne kategorije, monoidalne kategorije
pletenica, bimonoidalne kategorije s intermutacijom (videti [4, Section 12]), si-
metri�cne bimonoidalne kategorije s intermutacijom (videti [4, Section 16] i [9,
Section 2]) kao i pojam n-tostruke monoidalne kategorije uveden u [2, Section 1].
To zna�ci da korektnost redukovane bar konstrukcije koju smo pokazali povla�ci
korektnost svih redukovanih bar konstrukcija baziranih na kategorijama datih
tipova. Na�s rezultat, takode, omogu�cuje da mnoge kategorije s vi�se prirodno
de�nisanih monoidalnih struktura na sebi dobiju priliku da se raspetljaju u smislu
kako smo tu re�c upotrebili u uvodu. Na taj na�cin, svaka kategorija s kona�cnim
koproizvodima i proizvodima, kakva je na primer kategorija kona�cnih skupova,
mo�ze da se dvostruko raspetlja u odnosu na te dve monoidalne strukture.
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Abstract

Quasitoric manifolds and their real analogues 'small covers' are impor-
tant class of manifolds studied in toric topology. In this paper we study
the characteristic classes of corresponding manifolds over polygons and its
applications to classical questions in algebraic topology.

1 Introduction

Davis and Januszkiewicz in [3] introduced quasitoric manifolds as topological
generalization of toric varieties in algebraic geometry. Quasitoric manifolds are
2n-dimensional which poses locally standard action of group Tn and the orbit
space of this action is a simple polytope Pn. Real analogue of quasitoric manifolds
are small covers, i. e. n-dimensional manifolds with Zn

2 action instead of Tn. A
nice exposition about quasitoric manifolds is given in the classical monograph [2].

In their remarkable paper Davis and Januszkiewicz described these manifolds
and explained their cohomology ring and characteristic classes. Combinatorics
of underlying polytope Pn plays important role in understanding of topological
properties. Stanley-Reisner ideal strongly in�uence cohomology of this manifolds,
but the group action also determines very special ideal which is necessary for
full description. Thus, there exist nonhomeomorphic manifolds over the same
polytopes.

The construction of a quasitoric manifold (small covers) from the characteristic
pair (Pn, l) is described in [2, Construction 5.12]. Recall that Pn is a simple
polytope with m facets and Λ = (λ1, . . . , λm) is an integer n ×m matrix, where
λj ∈ Zn j = 1, . . . ,m corresponds to the generator of the Lie algebra isotropy
subgroup of the characteristic submanifoldMj over the facet Fj . For every vertex
v = Fi1 ∩ · · · ∩ Fin ∈ Pn the matrix has the property det ΛI(v) = ±1 where ΛI(v)

is a square submatrix formed by the column vectors λi1 , . . . , λin corresponding
to the facets Fi1 , . . . , Fin . The matrix Λ is called the characteristic matrix of M .
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Let λj = (λ1j , . . . , λnj)
t ∈ Zn. Then we have

θi :=

m∑
j=1

λijvj

and let J be the ideal in Z[v1, . . . , vm] generated by θi for all i = 1, . . . , n. Let
I denote the Stanley-Reisner ideal of P . The ordinary cohomology of quasitoric
manifolds has the following ring structure:

H∗(M) ≃ Z[v1, . . . , vm]/(I + J ).

The total Stiefel-Whitney class can be described by the followingDavis-Januszkiewicz
formula:

w(M2n) =

m∏
i=1

(1 + vi) ∈ H∗(M2n;Z2),

where vi is the Z2-reduction of the corresponding class over Z coe�cients. An
analogous formulas hold for small covers [3, Corollary 6.7]. In the same paper the
total Chern class of quasitoric manifold M2n is given by formula

c(M2n) =

m∏
i=1

(1 + vi) ∈ H∗(M2n;Z),

while Pontriagin class is given by

p(M2n) =

m∏
i=1

(1 − v2i ) ∈ H∗(M2n;Z).
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2 Manifolds over polygons

Combinatorics of the underlying polytope strongly a�ects topology of quasitoric
manifolds. Here we are particulary interested in a special case n = 2. In this
case, small covers are 2-manifolds, the objects we know a lot about. However,
quasitoric 4-manifolds are quiet interesting. Basic example is complex projective
plane CP 2 which orbit space of toric action is triangle. Quasitoric manifolds over
square are known as Hirzebruch surfaces Hk.

We prove the main theorem of this contribution:
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Theorem 2.1. Let M4 be a quasitoric manifold over the 2m-gon. Then the
classes w4(M

4) and w2
2(M4) vanish.

Proof: We observe that the total Stiefel-Whithney class is easily reduced on

w(M4) =
m∏
i=1

(1 + vi + vi+m) ∈ H∗(M4;Z2).

Ideal J in Davis-Januszkiewicz formula is given by two relations (we can consider
that all coe�cients are 0 or 1)

a1v1 + a2v2 + · · · + a2mv2m = 0 (1)

b1v1 + b2v2 + · · · + b2mv2m = 0. (2)

For every i modulo 2m we have

det

∣∣∣∣ ai ai+1

bi bi+1

∣∣∣∣ = ±1. (3)

Thus, from (1) and (2) we have vivi−1 = vivi+1 for every i. Finally, in cohomology
ring H∗(M4;Z2) we have

v1v2 = v2v3 = · · · = v2mv1 ̸= 0.

Now, the class w4(M
4) is determined by

w4(M
2n) = v1v2 + v2v3 + · · · + v2mv1 = 2m · v1v2 = 0.

If one of the relations is v1 + v2 + · · · + v2m = 0 then w2(M
4) clearly vanish. So

we assume this is not the case. Due to the relations (3) we have that ai = bi = 1
or exactly one of ai and bi is equal to 1. In the case ai = bi = 1 and ai−1 = ai+1

we have v2i = 0. In another case we deduce v2i = vi−1vi = vivi+1. Notice that
in the case ai = bi = 1 and ai−1 ̸= ai+1 if collapse the edge i of the 2m-gon
into the vertex, we get (2m − 1)-gon with regular sequence of vectors (we just
'deleted' [aibi]

t). Then if we collapse every edge i for i such that ai = bi = 1
and ai−1 ̸= ai+1 we get new polygon with regular sequence of vectors. Now we
consider the sides i such that ai = bi = 1 and ai−1 = ai+1 and we collapse both
sides i and i+1. Again we get the polygon with regular sequence. After collapsing
all sides with vector [1 1]t we get the polygon with regular sequence of alternating
vectors [1 0]t and [0 1]t which must have even number of sides. This means that
number k of the collapsed sides i such that ai = bi = 1 and ai−1 ̸= ai+1 is even.
By previous observations, for the class w2

2(M2n) we have

w2
2(M2n) = (v1 + v2 + · · · + v2m)2 = k · v1v2 = 0.

�
We have the following corollary:
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Corollary 2.1. The quasitoric manifold M4 over the 2m-gon is the boundary of
a 5-dimensional manifold.

In general, for manifolds over (2m+ 1)-gons we have various options. For ex-
ample, complex projective plane CP 2 is not boundary of a 5-manifold. Comparing
the Stiefel-Whitney numbers one can prove that manifolds CP 2 and RP 2 × RP 2

belong to the same unoriented cobordism class, see [4, Corrolary 4.11, p.53]. How-
ever, since for any quasitoric manifold M4 the �rst Stiefel-Whitney class vanish,
there is no quasitoric manifold cobordant to RP 4. According to well-known re-
sult [5, Theorem 13.4, p.26], the unoriented cobordism classes of 4 manifolds are
represented by RP 4 and RP 2 × RP 2.

In the same manner as in Theorem 2.1 we prove the following theorem:

Theorem 2.2. Let M4 be a quasitoric manifold over the (2m+ 1)-gon. Then the
classes w4(M

4) and w2
2(M4) are nontrivial.

As corollary, we get:

Corollary 2.2. The quasitoric manifold M4 over the (2m+ 1)-gon has the same
unoriented cobordism class as CP 2.

Theorems 2.1 and 2.2 shows that the parity of the side number of underly-
ing polygon determines unoriented cobordism classes of quasitoric 4 manifolds.
Oriented and complex bordisms are studied [2, Section 5.3, p.69-74].

3 Immersions and Embeddings

The results from previous sections could be used for studying the immersions and
embeddings of quasitoric manifolds. As in [1], we use the dual Stiefel-Whitney
classes as obstruction.

It is known that the top dual Stiefel-Whitney class of a oriented closed 2n-
dimensional is always zero. Using the argument from previous section we can
prove this elementary for quasitoric 4-manifolds. Thus only interesting class is
w2(M

4) which is easily calculated

w2(M
4) = v1 + v2 + · + vm.

As corollary of 2.2 and [4], we have that:

Corollary 3.1. For a quasitoric manifold M4 over (2m+ 1)-gon we have

imm(M4) ≥ 6 and em(M4) = 7. (4)

Choosing the alternating sequence of columns [0 1]t and [1 0]t for the char-
acteristic matrix of manifold M4 over 2m-gon, allows us to construct quasitoric
manifold with trivial Chern, Pontriagin and Stiefel-Whitney characteristic classes.
However, if we change one of the columns [0 1]t with [1 1]t, we get manifold over
2m-gon with non-trivial second Stiefel-Whitney class, for which the same relations
as in Corollary 3.1 hold.
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Abstract

In this paper we consider polynomials in the skew polynomial ringR[x, σ],
for some ring endomorphism σ, which is generalization of polynomial ring
R[x]. Basic properties of rings of Laurent type are observed and conections
with Armendariz property. We also consider some examples of semmicomu-
tative and rigid matrix rings.

1 Preliminaries

Throughout this note each ring R is associative with identity, σ denotes an en-
domorphism of R and R[x;σ] denotes skew polynomial ring with the ordinary
addition and the multiplication subject to the relation xr = σ(r)x. Due to Rege
and Chhawchharia [1], a ring R is called Armendariz if f(x)g(x) = 0 implies

aibj = 0, for all polynomials f(x) =
n∑

i=0
aix

i and g(x) =
m∑
j=0

bjx
j from R[x].There

are large classes of rings which are Armendariz. It is well known that subrings
of Armendariz rings are also Armendariz,and that class of Armendariz rings is
not closed for factoring. There is very nice characterization of Armendariz rings
through a bijection between the sets of annihilators of subsets of R and subsets of
R[x] (see [4]). Recently, several types of generalizations of Armendariz rings have
been introduced. Armendariz rings can be obtained through typical ring con-
structions. It is well known that subrings of Armendariz rings are Armendariz.
Rege and Chhawchharia studied conditions for which trivial extension T (R,R/I)
of reduced rings are Armendariz. Hong also generalized the notions of Armendariz
and rigid ring to σ-skew Armendariz ring. Ring R is called σ-skew Armendariz

if f(x)g(x) = 0 implies aiσ
i(bj) = 0, for all f(x) =

n∑
i=0

aix
i and g(x) =

m∑
j=0

bjx
j

from R[x;σ] (see [5]). As a generalization of σ-skew Armendariz rings, Ouyang
(see [2]) introduced a notion of weak σ-skew Armendariz ring R as a ring in which

f(x)g(x) = 0 implies aiσ
i(bj) is the nilpotent element of R for all f(x) =

n∑
i=0

aix
i
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and g(x) =
m∑
j=0

bjx
j from R[x;σ]. Liu and Zhao have studied a generalization of

Armendariy rings, which they called weak Armendariz ring. A ring is called a

weak-Armendariz if f(x)g(x) = 0 implies aibj ∈ nil(R). g(x) =
m∑
j=0

bjx
j from

R[x;σ]. Each semmicomutative ring is weak Armendariz which means that weak
Armendariz rings are a common generalization of semmicomutative rings and
Armendariz rings. There is example of semicomutative ring which is not weak
Armendariz. Let R = R1 ⊕ R2, where R1 and R2 are any reduced rings. It
easy to see thar R is semmicomutative ring . Let σ : R → R be an endo-
mophism de�ned by σ(a, b) = (b, a). For the polynomials f(x) = (0, 1) − (0, 1)x
and g(x) = (1, 0) + (0, 1)x we obtain f(x)g(x) = 0 but (0, 1)(0, 1) /∈ nil(R). So
R is not α− weak Armendariz ring. A ring R satis�es it insertion of factor-
property(simply IFP) if ab = 0 implies aRb = 0 for a, b ∈ R. In this paper we
consider conditions which Chen and Tong (see [3]) have proved that if R and S
are rings and σ is an isomorphism of rings R and S and R is α-skew Armendariz
ring, then S is σασ−1-skew Armendariz ring. In this paper we prove a variant of
this theorem for weak skew Armendariz rings. We also prove that if α is endo-
morphism of ring R, and the factor ring R [x] /(xn) is weak α̃-skew Armendariz
then Vn(R) is weak α̃-skew Armendariz.

2 Triangular ring T (R, n)

For a ring R consider a following set of triangular matrices

Tn(R) =




a11 a12 a13 . . . a1n
0 a22 a23 . . . a2n
0 0 a33 . . . a3n
...

...
...

. . .
...

0 0 0 . . . ann

 | aij ∈ R


.

We also consider the following set of triangular matrices

T (R,n) =




a0 a1 a2 . . . an−1

0 a0 a1 . . . an−2

0 0 a0 . . . a3n
...

...
...

. . .
...

0 0 0 . . . a0

 | aij ∈ R


.

It is well known that Tn(R) and T (R,n)are subrings of the triangular matrix rings
with matrix addition and multiplication. Each endomorphism α of a ring R can
be naturally extended to a endomorphism

α : Tn(R) → Tn(R),
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and
α : T (R,n) → T (R,n),

with:

α




a11 a12 a13 . . . a1n
0 a22 a23 . . . a2n
0 0 a33 . . . a3n
...

...
...

. . .
...

0 0 0 . . . ann



 =


α(a11) α(a12) α(a13) . . . α(a1n)

0 α(a22) α(a23) . . . α(a2n)
0 0 α(a33) . . . α(a3n)
...

...
...

. . .
...

0 0 0 . . . α(ann)

 ,
and

α




a0 a1 a13 . . . an−1

0 a0 a1 . . . an−2

0 0 a33 . . . a3n
...

...
...

. . .
...

0 0 0 . . . a0



 =


α(a0) α(a1) α(a2) . . . α(an−1)

0 α(a0) α(a1) . . . α(an−2)
0 0 α(a33) . . . α(a3n)
...

...
...

. . .
...

0 0 0 . . . α(a0)


Let Eij = (est : 1 ≤ s, t ≤ n) denotes n × n unit matrices over ring R, in

which eij = 1 and est = 0 when s ̸= i or t ̸= j, 0 ≤ i, j ≤ n, for all n ≥ 2. If
V =

∑n−1
i=1 Ei,i+1, then Vn(R) = RIn +RV + ...+RV n−1 is the subring of upper

triangular skew matrices.
In the next section we will show that under the assumption that R[x]/(xn) is
weak Armendariz we obtain the weak Armendariz property of ring T (R,n).

Theorem 2.1. Suppose that α is an endomorphism of ring R. If the factor ring
R[x]/(xn) is weak α̃-skew Armendariz, then T (R,n) is weak α̃-skew Armendariz.

Proof. Suppose that R [x] /(xn) is weak α̃−skew Armendariz and de�ne the ring
isomorphism θ : Vn(R) → R [x] / (xn) by

θ(r0In + r1V + ..+ rn−1V
n−1) = r0 + r1x+ ..+ rn−1x

n−1 + (xn).

Now we have that Vn(R) is weak θ−1α̃θ-skew Armendariz and
θ−1α̃θ(r0In + r1V + ..+ rn−1V

n−1) = θ−1α̃(r0 + r1x+ ...+ rn−1x
n−1 + (xn))
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= θ−1(α(r0) + α(r1)x+ ...α(rn−1)x
n−1 + (xn))

= α(r0)In + α(r1)V + ...+ α(rn−1)V
n−1

= α̃(r0In + r1V + ..+ rn−1V
n−1),

which means that Vn(R) is weak α̃-skew Armendariz ring. On the other hand
there is a ring isomorphism f : R[x]\(xn) → T (R,n) given by

f(a0 + a1x+ ...+ an−1x
n−1) = (a0, a1, ..., an−1)

,. where (xn) is ideal in R[x] generated with xn. Now by a theorem of isomorphism
of rings we have that Kerf = (xn). ⊣

3 Extensions of weak Armendariz rings

In this section we generalize some results from [3], which are related to σ-skew
Armendariz rings, to the weak σ-skew Armendariz case.

A ring R is weak Armendariz if f(x)g(x) = 0 implies aibj ∈ nil(R) for every
two polynomials f(x) = a0 + a1x + ... + anx

n, g(x) = b0 + b1x + ... + bmx
m

from the ring R[x]. This de�nition is equivalent with the fact that ideal 0 is weak
Armendariz ideal. We will prove that the class of weak Armendariz rings is closed
for direct products. Also, if the factor ring R/I is weak Armendariz ring, for some
nilpotent ideal I, then the ring R is weak Armendariz.

Theorem 3.1. Finite direct product of weak Armendariz rings is weak Armen-
dariz ring.

Proof. Suppose that R1, R2, ..., Rn are weak Armendariz rings and R =
∏n

i=1Ri.
If f(x)g(x) = 0 for some polynomials

f(x) = a0 + a1x+ a2x
2 + ...+ anx

n, g(x) = b0 + b1x+ ...+ bmx
m ∈ R[x],

where ai = (ai1, ai2, ..., ain), bi = (bi1, bi2, ..., bin) are elements of the product ring
R, de�ne

fk(x) = a0k + a1kx+ ...+ ankx
n, gk(x) = b0k + b1kx+ ...+ bmkx

m.

From f(x)g(x) = 0, we have

a0b0 = 0, a0b1 + a1b0 = 0, ..., anbm = 0,

and this implies
a01b01 = a02b02 = ... = a0nb0n = 0

a01b11 + a11b01 = ... = a0nb1n + a1nb0n = 0

an1bm1 = an2bm2 = ... = annbmn = 0.

This means that fk(x)gk(x) = 0 in Rk[x], 1 ≤ k ≤ n, and since Rk are weak
Armendariz rings, we have aikbjk ∈ nil(Rk). Now, for each i, j, there exists
positive integers mijk such that (aikbjk)mijk = 0 in the ring Rk, 1 ≤ k ≤ n. If we
take mij = max{mijk : 1 ≤ k ≤ n}, than it is clear that (aibj)

mij = 0 and this
means that R is weak Armendariz ring. ⊣
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Theorem 3.2. If I is nilpotent ideal of ring R such that R/I is weak Armendariz
ring, then R is weak Armendariz ring.

Proof. Let f(x) = a0 + a1x + ... + anx
n and g(x) = b0 + b1x + ... + bmx

m are
polynomials from R[x] such that f(x)g(x) = 0. This implies

(a0 + a1x+ ...+ anx
n)(b0 + b1x+ ...+ bmx

m) = 0,

and since R/I is weak Armendariz, we have that aibj ∈ nil(R|I). From the fact
that the ideal I is nilpotent, we obtain that aibj ∈ nil(R). ⊣

Recall that a ring R is weak σ-rigid if aσ(a) ∈ nil(R) ⇔ a ∈ nil(R). It is easy
to see that the notion of weak σ-rigid ring generalizes the notion of a σ-rigid ring.
Every homomorphism σ of rings R and S can be extended to the homomorphism

of rings R[x] and S[x] by
m∑
i=0

aix
i 7→

m∑
i=0

σ(ai)x
i, which we also denote by σ. Chen

and Tong in [3] prove that if σ is ring isomorphism of rings R and S and R is
α-skew Armendariz, then S is σασ−1 skew Armendariz ring. We prove the weak
skew Armendariz variant of this theorem.

Theorem 3.3. Let R and S be rings with a ring isomorphism σ : R → S. If R
is weak α-skew Armendariz then S is weak σασ−1-skew Armendariz.

Proof. Let f(x) =
m∑
i=0

aix
i and g(x) =

m∑
j=0

bjx
j are polynomials from the ring

S[x;σασ−1]. We have to prove that f(x)g(x) = 0 implies ai(σασ
−1)i(bj) ∈

nil(S), for all i and j.
As we noted, σ extends to the isomorphism of corresponding polynomial rings,

so that there exists polynomials f1(x) =
m∑
i=0

a′ix
i and g1(x) =

m∑
j=0

b′jx
j from R[x]

such that f(x) = σ( f1(x)) =
m∑
i=0

σ(a′i)x
i and g(x) = σ(g1(x)) =

m∑
j=0

σ(b′j)x
j .

First, we shall show that f(x)g(x) = 0 implies f1(x)g1(x) = 0. If f(x)g(x) =
0, we have

a0bk + a1(σασ
−1)(bk−1) + ...+ ak(σασ−1)k(b0) = 0,

for any 0 ≤ k ≤ m. From the de�nition of f1(x) and g1(x), we have,

σ(a′0)σ(b′k) + σ(a′1)(σασ
−1)σ(b′k−1) + ...+ σ(a′k)(σασ−1)kσ(b′0) = 0,

so that (σασ−1)t = σαtσ−1 we obtain

a′0b
′
k + a′1α(b′k−1) + ...+ a′kα

k(b′0) = 0,

which means that f1(x)g1(x) = 0 in the ring R[x;α].
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It remains to prove that f1(x)g1(x) = 0 implies ai(σασ
−1)i(bj) ∈ nil(S).

From the fact that R is weak α-skew Armendariz we have a′iα
i(b′j) ∈ nil(R)

and since a′i = σ−1(ai), b
′
j = σ−1(bj), we have σ−1(ai)α

iσ−1(bj) ∈ nil(R).
This implies

σ−1(ai)σ
−1σαiσ−1(bj) = σ−1(ai(σασ

−1)i(bj)) ∈ nil(R)

and �nally we obtain

ai(σασ
−1)i(bj) ∈ nil(S), 0 ≤ i, j ≤ m.

Hence S is weak σασ−1-skew Armendariz. ⊣

4 Skew Polynomial Laurent series Rings

In this section we introduce Laurent σ-Armendariz rings and Laurent σ-skew
power series rings and we give their useful characterization in terms of σ-skew
Armendariz rings. Throughout this section σ is a ring automorphism.

A ring R is σ-skew Armendariz ring of Laurent type if for every two polyno-
mials

f(x) =

q∑
i=−p

aix
i, g(x) =

s∑
j=−t

bjx
j

from R
[
x, x−1;σ

]
,

f(x)g(x) = 0 implies aiσ
i(bj) = 0,−p ≤ i ≤ q,−t ≤ j ≤ s.

We say that R is σ-skew power series Armendariz ring of Laurent type if for
every

f(x) =
∞∑

i=−p

aix
i, g(x) =

∞∑
j=−t

bjx
j

from the power series ring R[[x, x−1;σ]],

f(x)g(x) = 0 implies aiσ
i(bj) = 0,−p ≤ i ≤ ∞,−t ≤ j ≤ ∞.

In the following two theorems we give a useful characterization of Laurent
σ-skew Armendariz rings and Laurent σ-skew power series rings.

Theorem 4.1. The following conditions are equivalent:

1. R is σ-skew Armendariz ring,

2. R is σ-skew Armendariz ring of Laurent type.

32



Proof. Suppose that f(x) =
q∑

i=−p
aix

i and g(x) =
s∑

j=−t
bjx

j are polynomials from

the ring R[x, x−1;σ] such that f(x)g(x) = 0. Since xpf(x) and xtg(x) are
polynomials from the ring R[x;σ] we have that xpf(x)g(x)xt = 0 which gives
σp(ai)σ

i+p(bj) = 0,−p ≤ i ≤ q,−t ≤ j ≤ s. Since σ is an automorphism,

σp(aiσ
i(bj)) = 0,

so that we have aiσ
i(bj) = 0. The converse is evident sinceR[x;σ] ⊂ R

[
x, x−1;σ

]
.
⊣

Theorem 4.2. The following conditions are equivalent:

1. R is σ-skew power series Armendariz ring,

2. R is σ-skew power series Armendariz ring of Laurent type.

Proof. The same as the proof of the previous theorem. ⊣
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Abstract

I. D. Arandelovi�c and V. Mi�si�c [4] (see also [5]) introduced the notion
of a contractive linear operator on metric linear spaces. In [3] authors con-
sider contractive linear operators on locally convex topological vector spaces.
General theory of contractive bounded linear operators on partial ordered
(non-necessarily locally convex) Haussdor� topological vector spaces and
theirs basic properties was presented in [6].

In this talk (paper) we present one common �xed point theorem with op-
erator contractive condition which generalize some earlier results obtained by
S. Chatterjea [10], M. Abbas and G. Jungck [1] - Theorem 2.4, L.-G. Huang
and X. Zhang [4] - Theorem 4, Sh. Rezapour and R. Hamlbarani [18] -
Theorem 2.7.

1 Introduction

There have been a number of generalizations of metric space. One such general-
ization is the notion of a TVS-cone metric space initiated by I. Beg, A. Azam and
M. Arshad [9] which include cone metric spaces in Huang - Zhang sense [4]. They
have proved some �xed point theorems for this class of spaces which generalize
Banach's and Kannan's contraction mappings principles in a cone metric space
with normal cone. This result's were extended to cone metric space with solid
cone by Sh. Rezapour and R. Hamlbarani [18]. I. D. Arandelovi�c and V. Mi�si�c
[4],[5] introduced the F - cone metric spaces and the notion of a contractive linear
operator and present some �xed point results with operator contractive condition
which generalize some results from [4] and [18]. In [3] authors consider contrac-
tive linear operators on locally convex topological vector spaces. General theory
of contractive bounded linear operators on partial ordered (non-necessarily lo-
cally convex) Haussdor� topological vector spaces and theirs basic properties was
presented in [6].
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G. Jungck [13] initiated the investigation of common �xed point theorems for
commuting mappings. S. Sessa [19] introduced the notion of weak commutativ-
ity of mappings, which further generalizes concept of R-weak commutativity of
R. Pant [17]. Further G. Jungck [14] de�ned compatible and weakly compatible
[15] pairs of self-mappings. Common �xed point results in cone metric spaces
were presented in papers [12], [1], [8], [16],. . . In this talk (paper) we present one
common �xed point theorem with operator contractive condition which generalize
some earlier results obtained by S. Chatterjea [10], M. Abbas and G. Jungck [1]
- Theorem 2.4, L.-G. Huang and X. Zhang [4] - Theorem 4, Sh. Rezapour and
R. Hamlbarani [18] - Theorem 2.7.

2 Preliminary Notes

Let E be a linear topological space. Let E be a linear topological space. A subset
P of E is called a cone if:

1) P is closed, nonempty and P ̸= {0};

2) a, b ∈ R, a, b > 0, and x, y ∈ P imply ax+ by ∈ P ;

3) P ∩ (−P ) = {0}.
Given a cone, P ⊆ E we de�ne partial ordering ≤ on E with respect to P by

x ≤ y if and only if y − x ∈ P . We shall write x < y to indicate that x ≤ y and
x ̸= y, while x≪ y will stand for y − x ∈ intP (interior of P ).

Let E be a linear topological space and let P ⊆ E be a cone. We say that P
is a solid cone if and only if intP ̸= ∅. Then c is an interior point of P if and only
if [−c, c] is a neighborhood of Θ in E.

Ordered topological vector space (E,P ) is order-convex if its base of neigh-
borhoods of zero consists of order-convex subsets. In this case the cone P is said
to be normal, or P -saturated.

Let E be a topological vector space and P ⊆ E be a cone. P is a solid cone if
and only if intP ̸= ∅. There exists solid cone which is non-normal [18]. In paper
[6] we introduced the notion of a contractive operator by the following way.

De�nition 2.1. ([6]) If A : E → E is a one to one function such that A(P ) = P ,
(I-A) is one to one and (I −A)(P ) = P then A is contractive operator.

Basic properties of contractive bounded linear operator we present in next
Lemma.

Lemma 2.1. ([6]) If A : E → E is the contractive bounded linear operator then
1) there exists A−1 and it is bounded linear operator;
2) there exists (I −A)−1 and it is bounded linear operator;
3) A(x) ≪ x for any x ∈ intP ;
4) x ≤ y implies A(x) ≤ A(y) for any x, y ∈ P ;
5) x≪ y implies A(x) ≪ A(y) for any x, y ∈ P ;
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6) (I −A)(x) ≪ x for any x ∈ intP ;
7) I +A+ · · · +An = (I −A)−1 ◦ (I −An+1);
8) for each x ∈ P and any c ∈ intP there exists a positive integer n0 such that

An(x) ≪ c

for all n > n0;
9) limn→∞(I +A+ · · · +An) = (I −A)−1.

Recently I. Beg, A. Azam and M. Arshad [9] introduced the notion of TVS-
cone metric spaces, such that distance function take values Hausdor� (not neces-
sarily locally convex) topological vector space.

In the following, we always suppose that E is a real (not necessarily locally
convex) Hausdor� topological vector space, P is a solid cone in E such that ≤ is
a partial ordering on E with respect to P . By I we denote the identity operator
on E i.e. I(x) = x for each x ∈ E.

De�nition 2.2. Let X be a nonempty set. Suppose that a mapping d : X×X →
E satis�es:

1) Θ ≤ d(x, y) for all x, y ∈ X and d(x, y) = Θ if and only if x = y;
2) d(x, y) = d(y, x) for all x, y ∈ X;
3) d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.
Then d is called a TVS-cone metric on X and (X, d) is called a TVS-cone

metric space.

De�nition 2.3. Let (X, d) be a solid TVS-cone metric space, x ∈ X and (xn) a
sequence in X. Then

1) (xn) TVS-cone converges to x if for every c ∈ intP there exists a positive
integer N such that for all n ≥ N d(xn, x) ≪ c. We denote this by limxn = x or
xn → x;

2) (xn) is a TVS-cone Cauchy sequences if for every c ∈ intP there exists a
positive integer N such that for all m,n ≥ N d(xm, xn) ≪ c;

3) (X, d) is a TVS-cone complete cone metric space if every Cauchy sequence
is convergent.

Lemma 2.2. ([7]) Let (X, d) be a TVS-cone metric space, (xn) ⊆ X and A :
E → E a one to one bounded linear operator such that 2A is contractive operator
and B = (I −A)−1 ◦A. If

d(xn+1, xn+2) ≤ B(d(xn, xn+1)) (1)

for any n, then (xn) is a Cauchy sequence.

Let X be a nonempty set and f : X → X an arbitrary mapping. The element
x ∈ X is a �xed point for f if x = f(x).

Let X,Y be a nonempty sets, f, g : X → Y and f(X) ⊆ g(X). Choose a
point x1 ∈ X such that f(x0) = g(x1). Containing this process, having chosen
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xn ∈ X, we obtain xn+1 ∈ X such that f(xn) = g(xn+1). f(xn) is called Jungck
sequence with initial point x0.

Let X,Y be a nonempty sets and f, g : X → Y . If f(x) = g(x) = y for some
y ∈ Y then x is called a coincidence point of f and g, and y is called a point of
coincidence of f and g.

Let X be a nonempty set and f, g : X → X. f and g is weakly compatible
self mappings if they commute at their coincidence point.

Lemma 2.3. ([1]) Let X be a nonempty set and f, g : X → X be weakly compat-
ible self mappings. If f and g have unique point of coincidence y = f(x) = g(x),
then y is the unique �xed point of f and g.

3 Results

Next Theorem generalizes Theorem 2.4 of [1], Theorem 2.7 of [18] and Theorem
4 of [4]. It also include famous result of S. Chatterjea [10].

Theorem 3.1. Let (X, d) be a TVS - cone metric space, f, g : X → X and A :
E → E one to one bounded linear operator such that 2A is contractive operator.
Suppose that the rang of g contains the rang of f , and g(X) is a complete subspace
of X. If for any x, y ∈ X

d(f(x), f(y)) ≤ A(d(g(x), f(y)) + d(g(y), f(x))), (2)

then f and g have a unique point of coincidence in X. Moreover if f and g are
weakly compatible, then f and g have a common unique �xed point.

Proof: Let x0 ∈ X be arbitrary. Choose a point x1 ∈ X such that f(x0) = g(x1).
Continuing this process, having chosen xn ∈ X, we obtain xn+1 ∈ X such that
f(xn) = g(xn+1).

By (3.1) we get that

d(g(xn), g(xn+1)) = d(f(xn−1), f(xn)) ≤
≤ A(d(g(xn−1), f(xn)) + d(g(xn), f(xn−1))) =

= A(d(g(xn−1), g(xn+1)) + d(g(xn), g(xn))) =

= A(d(g(xn−1), g(xn+1)) ≤ A(d(g(xn−1), g(xn)) +A(d(g(xn), g(xn+1)),

which implies

(I −A)(d(g(xn), g(xn+1))) ≤ A(g(d(xn−1), g(xn))).

Let B = (I−A)−1◦A. Now we have that (g(xn)) is convergent because it satis�es
the hypotheses of Lemma 2.2 and g(X) is complete.

Let lim g(xn) = q. q ∈ g(X), because g(X) is complete, which implies that
there exists p ∈ X such that q = g(p). Let 0 ≪ c. Then there exists positive
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integer n0 such that n ≥ n0 implies d(g(xn), q) ≪ c

3
and d(g(xn), g(xn+1)) ≪

c

3
.

Such n0 exists because lim g(xn) = q. Let n > n0. Hence

d(g(p), f(p)) ≤ d(f(p), g(xn+1)) + d(g(xn+1), g(p)) =

= d(f(p), f(xn)) + d(g(xn+1), q) ≤
≤ A(d(f(p), g(xn)) + d(g(p), f(xn))) + d(g(xn+1), q)

≤ A(d(f(p), g(p)) + d(g(p), g(xn)) + d(g(p), f(xn))) + d(g(xn+1), q)

= A(d(f(p), g(p)) + d(q, g(xn)) + d(q, g(xn+1))) + d(g(xn+1), q)

≤ A(d(f(p), g(p))) +A(d(q, g(xn))) +A(d(q, g(xn+1))) + d(g(xn+1), q),

which implies

d(g(y), f(y)) −A(d(g(y), f(y))) ≤
A(d(q, g(xn))) +A(d(q, g(xn+1))) + d(g(xn+1), q).

Hence,
(I −A)(d(g(p), f(p))) ≪ c.

So we obtain f(p) = g(p) = q, because I −A is one to one linear operator, which
implies that (I −A)(x) = 0 if and only if x = 0.

Let z ∈ g(X), z ̸= p and g(z) = f(z). From (3.1) it follows

d(g(z), g(p)) = d(f(z), f(p)) ≤ A(d(g(z), f(p)) + d(g(p), f(z))) ≤
≤ A(2d(g(z), g(p))).

So 0 ≤ (2A − I)(d(z, p)). It follows d(z, p) = 0 which is a contradiction. So f
and g have a unique coincidence point in X. Assume now that f and g f and g
are weakly compatible. From Lemma 2.3 it follows that f and g have a common
unique �xed point. ♢
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Apstrakt

U ovom radu se razmatraju Diofantove jedna�cine x2 − axy + y2 = a
i x2 − axy + y2 = −a sa dvije cjelobrojne promjenljive x, y i jednim
prirodnim parametrom a. Ispituje se za koje vrijednosti parametra a ove
jedna�cine imaju bar jedno rje�senje, a kada imaju beskona�cno mnogo cjelo-
brojnih rje�senja. U slu�cajevima kada neka od ovih jedna�cina ima beskona�cno
mnogo rje�senja nalazi se njeno op�ste rje�senje. Ovim �cemo uop�stiti odgo-
varaju�ca tvrdjenja iz [1], odnosno [2].

Uvod

Poznato je da je teorija kvadratnih Diofantovih jedna�cina sa dvije promjenljive
skoro u potpunosti ispitana. Naime, za svaku ovakvu jedna�cinu se mozhe utvrditi
da li ona ima rje�senja, a u slu�caju kad ima rje�senja, mo�ze se polaze�ci od jednog
njenog rje�senja na�ci rekurentni niz kojim su odredjena sva njena rje�senja. S sruge
strane, teorija kvadratnih Diofantovih jedna�cina sa dvije promjenljive i jednim ili
vi�se cjelobrojnih parametara je aktuelna i danas.

Neka je data familija (niz) kvadratnih formi

Pa(x, y) = x2 − axy + y2,

gdje je a prirodan broj, a x i y cjelobrojne promjenljive. Ispitajmo za koje
vrijednosti parametra a i neke vrijednosti cjelobrojnog parametra b jedna�cina
Pa(x, y) = b ima bar jedno cjelobrojno rje�senje.

1 Diofantova jedna�cina x2 − axy + y2 = 1

Razmotrimo prvo slu�caj b = 1, tj. posmatrajmo Diofantovu jedna�cinu

x2 − axy + y2 = 1. (1)
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Ako je par (x, y) rje�senje jedna�cine (1), onda je o�cito i par (−x,−y) takodje
njeno rje�senje. Kako za xy < 0 imamo x2−axy+y2 > 1, a za xy = 0 dobijamo dva
rje�senja (1, 0) i (0, 1), slijedi da se dalje mo�zemo ograni�citi na rje�savanje jedna�cine
(1) u skupu prirodnih brojeva.

Za a = 1 dobijamo jedna�cinu x2−xy+y2 = 1, koja u skupu prirodnih brojeva
ima samo jedno rje�senje (1, 1). Za a = 2 dobijamo jedna�cinu (x− y)2 = 1, �cija su
sva rje�senja u skupu N oblika (n, n+ 1), (n+ 1, n), n ∈ N. Neka je, dalje, a > 2.
Tada mo�zemo uzeti da je x ̸= y, po�sto je za x = y lijeva strana jedna�cine (1)
negativna.

Par (1, a) je jedno rje�senje jedna�cine (1). Neka je par (x, y) jedno rje�senje
jedna�cine (1). Poka�zimo da tada ona ima i rje�senje oblika (y, z), koje je razli�cito
od (x, y) (i (y, x)). Zaista, iz jednakosti Pa(x, y) = 1 i Pa(y, z) = 1 dobijamo
redom

x2 − axy + y2 = y2 − ayz + z2,

x2 − z2 = axy − ayz,

(x− z)(x+ z) = ay(x− z),

odakle, zbog x ̸= z, slijedi da je x + z = ay, tj. z = ay − x. Dakle, ako je (x, y)
rje�senje jedna�cine (1), onda je i (y, ay−x) njeno rje�senje. Na ovaj na�cin, polaze�ci
od rje�senja (1, a), dobijamo da jedna�cina (1) ima beskona�cno mnogo rje�senja i da
su ta rje�senja oblika (x, y) = (xn, xn+1), gdje su xn i xn+1 uzastopni �clanovi niza
(xn) de�nisanog rekurentnom formulom

x0 = 1, x1 = a, xn+1 = axn − xn−1 (n ∈ N). (2)

Poka�zimo da su sa (2) data sva rje�senja jedna�cine (1) u skupu prirodnih bro-
jeva.

U suprotnom, postoji njeno minimalno (u odnosu na zbir koordinata) rje�senje
(p, q), p < q, takvo da p i q nisu uzastopni �clanovi niza (2). Ako je p = 1, onda je
q = a, tj. (p, q) = (x0, x1), �sto je suprotno pretpostavci.

Neka je, zbog toga, p > 1. Iz prethodno dokazanog slijedi da par cijelih brojeva
(r, p) = (ap−q, p) takodje zadovoljava jedna�cinu (1). Pri tome je r2−arp+p2−1 =
0, odakle slijedi da je r > 0 (za r ≤ 0 imali bismo da je r2 − arp + p2 − 1 > 0).
Sli�cno dobijamo da je r < p, jer bismo za r ≥ p, zbog p < q, imali

−r2 + arp = r(ap− r) = rq > rp ≥ p2 > p2 − 1,

tj. r2 − arp+ p2 − 1 < 0. Dakle, 0 < r < p.
Kako par prirodnih brojeva (r, p) zadovoljava jedna�cinu (1) i pri tome je r+p <

p + q, na osnovu pretpostavke postoji k ∈ N0 takav da je r = xk i p = xk+1.
Medjutim, tada je q = ap − r = axk+1 − xk = xk+2, tj. (p, q) je takodje par
uzastopnih �clanova niza (xn). Kontradikcija.

Ovim smo dokazali sljede�ce tvrdjenje

Teorema 1.1. Za svaki prirodan broj a ≥ 2 jedna�cina (1) ima beskona�cno
mnogo rje�senja u skupu prirodnih brojeva. Sva njena rje�senja su oblika (x, y) =
(xn, xn+1), gdje su xn i xn+1 uzastopni �clanovi niza (2).
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2 Diofantova jedna�cina x2 − axy + y2 = a

Neka je sada b = a, a ∈ N, tj. posmatrajmo Diofantovu jedna�cinu

x2 − axy + y2 = a. (3)

u skupu nenegativnih cijelih brojeva x i y. Ako je x = 0 onda je y2 = a, tj. a je
potpun kvadrat. Imamo sljede�ca dva slu�caja.

1◦ Ako je a potpun kvadrat, tada je a = b2 za neko b ∈ N, pa dobijamo
jedna�cinu

x2 − b2xy + y2 = b2. (4)

Pri tome mo�zemo uzeti da je b > 1, po�sto smo jedna�cinu x2 − xy + y2 = 1
ve�c razmatrali.

Kako je (b, b3) jedno rje�senje jedna�cine (4), kao i ranije dobijamo da je svaki
par (x, y) = (xk, xk+1) uzastopnih �clanova niza (xn) de�nisanog sa

x0 = 0, x1 = b, xn+1 = b2xn − xn−1 (n ∈ N) (5)

takodje njeno rje�senje.

Poka�zimo da su sa (5) data sva rje�senja jedna�cine (4) u supu prirodnih
brojeva.

U suprotnom, postoji njeno minimalno (u odnosu na zbir koordinata) rje�senje
(p, q), takvo da p i q nisu uzastopni �clanovi niza (5). Pri tome je p ̸= q, jer
bismo za p = q imali (2− b2)p2 = b2, �sto je nemogu�ce, po�sto je lijeva strana
ove jednakosti negativna, a desna strana pozitivna. Takodje ne mo�ze biti

p = 1, jer bismo u tom slu�caju imali da je 1−b2q+q2 = b2, tj. b2 =
1 + q2

1 + q
, a

ovaj razlomak je cio broj samo za prirodan broj q = 1, �sto je u kontradikciji
sa p ̸= q. Dakle, mo�zemo uzeti da je 1 < p < q.

Iz prethodno dokazanog slijedi da par cijelih brojeva (r, p) = (b2p − q, p)
takodje zadovoljava jedna�cinu (5). Posmatrajmo kvadratnu funkciju

f(x) = x2 − b2xp+ p2 − b2.

Kako je f(q) = 0 i f(p) = (2 − b2)p2 − b2 < 0 za nule r i q ove funkcije va�zi
r < p < q. Imamo sljede�ca tri slu�caja.

1) f(0) = 0. Tada je r = 0, p = b, q = b3, pa je (p, q) = (x1, x2).
Kontradikcija.

2) f(0) > 0. Tada je p2 − b2 > 0, tj. p > b, pa kako je f(r) = 0 i
f(p) < 0, dobijamo da je 0 < r < p. Kako par prirodnih brojeva
(r, p) zadovoljava jedna�cinu (4) i pri tome je r + p < p+ q, na osnovu
pretpostavke postoji k ∈ N takav da je r = xk i p = xk+1. Medjutim,
tada je q = b2p − r = b2xk+1 − xk = xk+2, tj. (p, q) je takodje par
uzastopnih �clanova niza (xn). Kontradikcija.
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3) f(0) < 0. Tada je p2 − b2 < 0, tj. 1 < p > b i r < 0, pa je

0 = f(r) = r2 − b2rp+ p2 − b2 = r2 + p2 + b2(−rp− 1) > 0,

jer je −rp− 1 > 0. Kontradikcija.

2◦ Neka a nije potpun kvadrat. Tada je a ≥ 2. Pretpostavimo da jedna�cina (3)
ima rje�senje (x, y) u skupu nenegativnih cijelih brojeva. Kako za x = 0 (ili
y = 0) dobijamo da je a potpun kvadrat, slijedi da su x i y prirodni brojevi.
Neka je (p, q) njeno minimalno rje�senje. Pri tome je p ̸= q, jer bismo za
p = q imali (2 − a)p2 = a, �sto je nemogu�ce, po�sto je (2 − a)p2 ≤ 0. Dakle,
mo�zemo uzeti da je 0 < p < q.

Par cijelih brojeva (r, p) = (ap − q, p) je takodje rje�senje jedna�cine (3), tj.
va�zi r2 − arp+ p2 − a = 0. Poka�zimo da je 0 < r < p.

Posmatrajmo kvadratnu funkciju

f(x) = x2 − axp+ p2 − a.

Kako je f(q) = 0 i f(p) = (2 − a)p2 − a < 0 za nule r i q funkcije f va�zi
r < p < q. Zaista, za x < 0 je f(x) = x2 − axp+ p2 − a > −axp− a ≥ 0, tj.
f(x) > 0, a ne mo�ze biti r = 0 (jer bi u tom slu�caju a bio potpun kvadrat).

Dakle, par (r, p) zadovoljava jedna�cinu (3) i va�zi 0 < r < p < q, �sto je u
kontradikciji sa pretpostavkom da je (p, q) njeno minimalno rje�senje.

Ovim smo dokazali sljede�ce tvrdjenje, koje je uop�stenje zadatka 6 sa Medju-
narodne matemati�cke olimpijade 1988. godine.

Teorema 2.1. Jedna�cina (3) ima beskona�cno mnogo rje�senja u skupu prirodnih
brojeva samo ako je a potpun kvadrat. Ako je a = b2 potpun kvadrat, onda su
sva njena rje�senja oblika (x, y) = (xn, xn+1), gdje su xn i xn+1 uzastopni �clanovi
niza (5).

3 Diofantova jedna�cina x2 − axy + y2 = −a

Neka je b = −a, a ∈ N, tj. posmatrajmo Diofantovu jedna�cinu

x2 − axy + y2 = −a. (6)

u skupu (nenegativnih) cijelih brojeva x i y.
Poka�zimo da ona ima cjelobrojnih rje�senja samo za a = 5.

1◦ Pretpostavimo da jedna�cina (6) ima cjelobrojnih rje�senja. Tada je a > 2,
jer je

x2 − xy + y2 + 1 =
1

4

(
(2x− y)2 + 3y2

)
+ 1 > 0,
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x2 − 2xy + y2 + 2 = (x− y)2 + 2 > 0.

Dalje, za a > 2 jedna�cina (6) nema cjelobrojnih rje�senja takvih da je x = y,
jer za x = y dobijamo da je

(2 − a)x2 + a, tj. x2 =
a

a− 2
.

a za a ≥ 3 va�zi 1 <
a

a− 2
< 4 , odakle slijedi da

a

a− 2
ne mo�ze biti potpun

kvadrat.

Primijetimo jo�s da jedna�cina (6), posmatrana kao kvadratna jedna�cina po
x pri �ksiranim a > 2 i y ∈ N, nema cjelobrojnih rje�senja. Zaista, u
suprotnom bi njena diskriminanta jednaka nuli, tj. a2y2 − 4(y2 + a) = 0,

odnosno y2 =
4a

a2 − 4
. Kako za a > 2 va�zi

4a

a2 − 4
≤ 12

5
i ne mo�ze biti

4a

a2 − 4
= 1 , jer jedna�cina a2 − 4a − 4 = 0 nema cjelobrojnih rje�senja, to

4a

a2 − 4
ne mo�ze biti potpun kvadrat. Kontradikcija.

Pretpostavimo da je (p, q), p < q, minimalno rje�senje jedna�cine (6) u skupu
prirodnih brojeva, tj. rje�senje sa najmanjim y = p . Za to y = p kvadratna
jedna�cina

x2 − axp+ p2 + a = 0 (7)

ima dva razli�cita rje�senja x = q i x = r, q < r. Tada je p < q < r pa je
q ≥ p+1 i r ≥ p+2. Na osnovu Vijetovih formula za korijene q i q jedna�cine
(7) va�zi

q + r = ap, qr = p2 + a.

Zbog toga je

p2 + a− ap = qr − q − r = (q − 1)(r − 1) − 1 ≥ p(p+ 1) − 1 = p2 + p− 1,

tj. p2 + a − ap ≥ p2 + p − 1, �sto je ekvivalentno sa (1 − p)(1 + a) ≥ 0.
Posljednja nejednakost je mogu�ca samo za p = 1, a u ovom slu�caju sve
gornje nejednakosti postaju jednakosti pa dobijamo da je

q = p+ 1 = 2, r = p+ 2 = 3 i a = qr − p2 = 5.

2◦ Neka je a = 5. Tada dobijamo jedna�cinu

x2 − 5xy + y2 + 5 = 0. (8)

Za x = 1 dobijamo jedna�cinu y2 − 5y + 6 = 0, koja ima dva cjelobrojna
rje�senja y = 2 i y = 3, �sto zna�ci da su (1, 2) i (1, 3) rje�senja jedna�cine (8).

Ako je (x, y) rje�senje jedna�cine (8), na osnovu ranije pokazanog, slijedi da
je i (y, 5y − x) njeno rje�senje. Zbog toga �ce jedna�cinu (8) zadovoljavati svi
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parovi (xk, xk+1) i (x′k, x
′
k+1) susjednih �clanova sljede�ca dva niza (xn) i (x′n)

de�nisanih rekurentnim formulama

x0 = 1, x1 = 2, xn+1 = 5xn − xn−1, n ∈ N, (9)

x′0 = 1, x′1 = 2, x′n+1 = 5x′n − x′n−1, n ∈ N. (10)

Poka�zimo da su na ovaj na�cin odredjena sva rje�senja jedna�cine (8). U
suprotnom postoji njeno minimalno rje�senje (p, q), p < q, takvo da p i q
nisu uzastopni �clanovi jednog od nizova (9) ili (10). Ako je p = 1, onda je
q = 2 ili q = 3 pa je (p, q) = (x0, x1) ili (p, q) = (x′0, x

′
1), �sto je suprotno

pretpostavci.

Neka je, zbog toga, p > 1. Tada je par (p, r) = (p, 5p − q) takodje rje�senje
jedna�cine (8) pa je r2−5rp+p2 + 5 = 0, odakle slijedi da je r > 0 (za r ≤ 0
je lijeva strana ove jedna�cine pozitivna). Poka�zimo da je r < p. Neka je
f(x) = x2 − 5xp + p2 + 5. Tada je f(q) = 0 i f(p) = −3p2 + 5 < 0, pa za
nule r i q ove funkcije va�zi r < p < q, odnosno 0 < r < p < q. Kako par
(r, p) zadovoljava jedna�cinu (8), slijedi da postoji k takvo da je

r = xk, p = xk+1 ili r = x′k, p = x′k+1.

Medjutim, tada je q = 5p − r = 5xk+1 − xk = xk+2 ili q = 5p − r =
5x′k+1 − x′k = x′k+2, tj. (p, q) je par uzastopnih �clanova jednog od nizova
(xn) i (x′n). Kontradikcija.

Ovim smo dokazali sljede�ce tvrdjenje, koje je uop�stenje zadatka M1225 iz [2].

Teorema 3.1. Jedna�cina (6) ima rje�senja u skupu prirodnih brojeva samo za
a = 5. Za a = 5 su sva njena rje�senja oblika (x, y) = (xn, xn+1) ili (x′n, x

′
n+1),

gdje su xn i xn+1, odnosno x
′
n i x′n+1, uzastopni �clanovi nizova (9) i (10).
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Apstrakt

U radu su analizirani konveksni jednakostrani polupravilni poligoni i to
sa stanovi�sta geometrijske konstrukcije i geometrijskog prikaza. Analizirani
su uslovi pod kojim se mo�ze geometrijski konstruisati polupravilni jednakos-
trani konveksni poligon,a zatim je dato rje�senje problema vezanog za odrede
broja geometrijskih prikaza polupravilnih poligona PN sa N = n ·m stran-
ica. Formulisana je veza geometrijskog prikaza polupravilnih poligona i
trinomnih jedna�cina.Na osnovu te veze dat je analiti�cki pristup konstruk-
ciji polupravilnih jednakostranih poligona �ciji vrhovi upisanog mu pravilnog
poligona le�ze na jedini�cnoj kru�znici.

1 Uvod

Navedimo nekoliko elementarnih pojmova iz algebre koji su nam potrebni za dalje
izlaganje,a koji su povezani sa geometrijskom konstrukcijom pravilnih poligona[1].

Neka je ξ = a + bi, a, b ∈ R proizvoljan kompleksan broj.Od posebnog
interesa su kompleksni brojevi �ciji je modul jednak 1.Neka je z takav broj. Tada
je z = cosφ + i sinφ. Slike stepena broja z le�ze na kru�znici polupre�cnika r = 1.
Faza broja Z2 jednaka je 2φ,faza broja Z3 je 3φ, faza broja zn jednaka je nφ.

Lako se poka�ze da dijeljenje kru�znice na n ∈ N jednakih dijelova vodi ka
defenisanju jedna�cine zn − 1 = 0. Radi toga jedna�cina takvog oblika nosi jo�s i
naziv jedna�cina dijeljenja kru�znice.

Stavimo li da je ε = cos 2π
n + i sin 2π

n tada je εk = cos 2kπ
n + i sin 2kπ

n .
Korijeni n-tog stepena iz jedinice; 1, ε, ε2, ε3, . . . , εn−1 su medusobno razli�citi

i njihove slike predstavljaju vrhove pravilnog n-tougla, upisanog u kru�znicu polu-
pre�cnika r = 1, pri �cemu ta�cka koja odgovara broju 1 odgovara jednom od vrhova
pravilnog poligona. Primijetimo da, kako je εn = 1, vrijedi

εn−k = εnε−k = 1 · ε−k = cos
2kπ

n
− i sin

2kπ

n
(1)

Konstrukcija pravilnog n-tougla svodi se dakle, na odredivanje n-tog korijena
iz jedinice, tj.takvog broja ε koji zadovoljava jedna�cinu zn − 1 = 0.
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Kako je zn − 1 = (z − 1)(zn−1 + zn−2 + · · · + z + 1) slijedi da je 1 korijen
jedna�cine zn − 1 = 0 i da svaki drugi korijen ε zadovoljava jedna�cinu

εn−1 + εn−2 + · · · + ε = −1. (2)

Konstrukcija pravilnog n tougla mo�ze se ostvariti pomo�cu �sestara i lenjira kada
korijeni jedna�cine 2 mogu biti izra�zeni u kvadratnim radikalima (dokaz pogledati
u [1]).

2 Geometrijske konstrukcije
i prikazi polupravilnih poligona

Neka je Pa,δ
N konveksan jednakostrani polupravilni poligon sa N = n ·m stranica

kome je pravilni poligon Pb
n, n ≥ 3,∈ N "upisani" a Pa

k , k ≥ 3 ∈ N jednakokraki
poligoni sam = k−1 jednakih kraka konstruisani nad svakom stranicom pravilnog
poligona,kao zajedni�ckom,i neka je sa δ ozna�cen ugao za koji vrijedi

δ = ∠(di−1, di); i = 1, 2, . . . ,m− 1; d0 = a; dm−1 = dk−2 = b, (3)

i δ ∈ (0; π
N−n), δ ̸= π

N tada vrijedi teorema

Teorema 2.1. Konveksni jednakostrani polupravilni poligon Pa,δ
N , stranice a i

ugla δ mo�zemo geometriski konstruisati ako i samo ako se mo�ze geometrijski
konstruisati "upisani" mu pravilni poligon i odgovaraju�ci ivi�cni poligoni sa m =
k− 1 jednakih kraka nad svakom stranicom tog upisanog pravilnog poligona tako
da je N = n ·m.

Dokaz:Neka je dat polupravilan poligon PN i neka su A1, A2, . . . , An vrhovi
"upisanog" mu pravilnog poligona Pn.

Sa Aj = B1, B2, B3, . . . , Bm, Bm+1 = Aj+1, j = 1, 2, . . . n ozna�cimo vrhove
jednakokrakog poligona Pk konstruisanog nad svakom stranicom AjAj+1 "up-
isanog" mu pravilnog poligona.

Pokazano je [Gaus,1796.] da se pravilan poligon sa n stranica mo�ze geometri-
jski konstruisati ako i samo ako vrijedi

n = 2r0 · pα1
1 · pα2

2 · · · · pαs
s , r0 ≥ 0, r0 ∈ Z, αi ∈ {0, 1}, i = 1, 2, . . . , s. (4)

gdje su pi razli�citi prosti brojevi Ferme.To je ne samo dovoljan nego i potreban
uslov za konstrukciju pravilnog poligona [1]. Neka ti uslovi vrijede za "upisani"
pravilni poligon.Tada njegova konstrukcija postoji.

Ostaje da se analizira konstrukcija jednakokrakih poligona Pa,δ
k konstrusanih

nad svakom stranicom,kao zajedni�ckom,upisanog pravilnog poligona ako je zadana
du�zina kraka a i ugao δ.

50



Primijetimo da dijagonale di, i = 1, 2, . . . ,m− 1 povu�cene iz vrha Aj stranice
AjAj+1 = b, i j = 1, 2, . . . , n pravilnog poligona Pb

n dijele poligon Pa
k na trouglove:

△AjB2B3,△AjB3B4, . . . ,△AjBi−1Bi,△AjBiBi+1, · · · △AjBmAj+1.

Dakle,egzistencija konstrukcije poligona Pa
k ,zavisi od konstrukcije tih trouglova.

Ne gube�ci ni�sta na uop�stenosti uzmimo da je jednakokraki poligon Pa
k kon-

struisan nad stranicom A1A2 = b pravilnog poligona Pb
n.

Dijagonale di, i = 1, 2, . . . (m− 1), povu�cene iz vrha A1 dijele poligon Pa
k na

trouglove

△A1B2B3,△A1B3B4, . . . ,△A1BiBi+1, . . . ,△A1BmA2.

Vrijedi:

1. Za jednakokraki trougao △A1B2B3 je zadato A1B2 = B2B3 = a,
∠A1 = ∠B3 = δ i mo�zemo ga konstruisati,a A1B3 = d1 je osnovica tog
trougla.

2. Za trougao △A1B3B4 vrijedi B3B4 = a,∠A1 = δA1B3 = d1 i
k(B3, a) ∩A1B4 = B4.

3. Za trouglove △A1BiBi+1, i = 2, 3, . . . ,m,Bm+1 = A2, je zadato;
BiBi+1 = a,∠A1 = δ,A1Bi = di−2.Dakle, mogu se konstruisati.

Slijedi,postoji konstrukcija poligona Pa
k stranice a i osnovice A1A2 = b.

Ponovimo li konstrukciju jednakokrakih poligona Pa
k nad svakom stranicom

upisanog pravilog poligona dobijamo polupravilni poligon Pa
N kome je zadana

stranica a i ugao δ. ♢
Neka je PN konveksni jednakostrani polupravilni poligon sa N stranica i

N = n ·m,n, k ≥ 3,m = k − 1, n, k ∈ N tada ima smisla de�nicija

De�nicija 2.1. Ka�zemo da paru prirodnih brojeva (n,m) odgovara geometrijska
konstrukcija Km

n konveksnog jednakostranog polupravilnog poligona PN sa N
stranica ako:

1. Za svaki N ∈ N postoje prirodni brojevi n, k ≥ 3 i prirodan broj m = k− 1
takvi da N = n ·m.

2. Za broj stranica n upisanog pravilnog poligona vrijedi prikaz

n = 2r0 · pα1
1 · pα2

2 · · · · pαs
s , r0 ≥ 0, r0 ∈ Z, αi ∈ {0, 1}, i = 1, 2, . . . , s.

gdje su pi razli�citi prosti brojevi Ferme,

3. Nad svakom stranicom pravilnog poligona,kao zajedni�ckom, postoji kon-
strukcija jednakokrakog poligona sa m = k − 1 jednakih kraka.
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Vrijedi i obratno: Geometrijskom konstrukcijom Km
n polupravilnog poligona

PN sa N stranica je generisan ureden par (n,m) prirodnih brojeva takvih da
je n · m = N i n, k ∈ N, n, k ≥ 3,m = k − 1, i n je broj stranica upisanog
mu pravilnog poligona,a m broj kraka jednakokrakih poligona konstruisanih nad
svakom stranicom, kao zajedni�ckom, tog upisanog pravilnog poligona.

Kako prikaz broja N = n · m u obliku proizvoda dva prirodna broja nije
jedinstven,jednakostrani polupravilni poligon nema jedinstvenu geometrijsku kon-
strukciju.

Ako je KN skup svih geometrijskih konstrukcija polupravilnog poligona PN

tada je

KN = {Km
n | n, k ≥ 3, n, k ∈ N,m = k − 1 ∧N = n ·m} (5)

i pri tome n ima prikaz oblika 4.
Ako ne zahtijevamo da postoji stroga geometrijska konstrukcija pravilnog

poligona nego samo da postoji "upisani" pravilni poligon Pn, odnosno da zahtjeve
de�nicije oslabimo tako da vrijedi de�nicija

De�nicija 2.2. Ako se broj stranica N jednakostranog polupravilnog poligona
PN mo�ze prikazati kao proizvod dva faktora n · m tako da je n broj stranica
"upisanog" pravilnog poligona, a m broj jednakih kraka poligona konstruisanog
nad svakom stranicom tog pravilnog poligona i pri tome je n, k ≥ 3, n, k ∈ N,m =
k − 1 iN = n ·m,(nije obavezno da n ima prikaz oblika 4) ka�zemo da je parom
(n,m) odreden geometrijski prikaz Pm

n polupravilnog poligona .

Vrijedi i obratno:Geometrijskim prikazom Pm
n je generisan ureden par (n,m).

Ozna�cimo li sa GN skup svih geometrijskih prikaza polupravilnog poligona PN sa

N = n ·m stranica tada je

GN =
{
Pm
n |∃n, k ∈ Nn, k ≥ 3,m = k − 1, N = n ·m

}
. (6)

Dakle,mo�zemo govoriti o skupu KN svih geometrijskih konstrukcijakada par
prirodnih brojeva (n,m) zadovoljava uslove de�nicije 2.1 i o skupu GN svih ge-
ometrijskih prikaza konveksnog polupravilnog poligona PN kada par prirodnih
brojeva (n,m) zadovoljava uslove de�nicije 2.2,odnosno kada se ne zahtijeva da n
obavezno ima prikaz u obliku 4.

Na osnovu izlo�zenog slijedi da je svaki konstruktivni prikaz ujedno i geometri-
jski, a da obratno ne vrijedi.

Sljede�cim primjerima pokazujemo razliku izmedu geometrijske konstrukcije i
geometrijskog prikaza.

Primer 2.1. Par prirodnih brojeva (6, 2) generi�se gemetrijsku konstrukciju
polupravilnog dvanestougla P12 jer postoji geometrijska konstrukcija pravilnog
�sestougla P6 i jednakokrakog trougla P3 nad svakom njegovom stranicom. Takode
geometrijsku konstrukciju jednakostranog polupravilnog P12 generi�su i parovi
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(3, 4), (4, 3) jer se polupravilni dvanestougao mo�ze konstruisati ako se nad svakom
stranicom jednakokrakog trougla konstrui�se poligon sa 4 jednaka kraka,kao i kada
se nad svakom stranicom kvadrata konstrui�se poligon sa tri jednaka kraka.

Na osnovu toga skup geometrijskih konstrukcija konveksnog polupravilnog
dvanaestougla �cine parovi

K12 = {(6, 2), (3, 4), (4, 3)} = {K2
6,K4

3,K3
4}

Osim toga skup geometrijskih prikaza polupravilnog dvanaestougla je

G12 = {(6, 2), (3, 4), (4, 3)} = {P2
6 , P

4
3 ,P3

4}

Parom (2, 4) nije generisana ni geometrijska konstrukcija niti geometrijski
prikaz polupravilnog osmougla P8 jer nije ispunjen zahtjev da je n ≥ 3,dok par
(4, 2) generi�se geometrijsku konstrukciju tog polupravilnog poligona.

Na osnovu toga je skup svih geometrijskih konstrukcija polupravilnog jed-
nakostranog osmougla K8 = {(4, 2)} = {K2

4} i jednak je skupu geometrijskih
prikaza G8 = {(4, 2)} = {P2

4}.
Za razliku od toga geometrijska konstrukcija polupravilnog osamnaestougla

parom (9, 2) nije generisana,jer se pravilni devetogao nemo�ze konstruisati,odnosno
nije ispunjen uslov de�nicije 2.1,ali je generisan jedan geometrijski prikaz,tako da
je skup svih geometrijskih konstrukcija polupravilnog P18

K18 = {(3, 6), (6, 3)} = {K6
3,K3

6}
dok je skup geometrijskih prikaza

G18 = {(9, 2), (3, 6), (6, 3)} = {P2
9 ,P6

3 ,P3
6}

.
Pregled geometrijskih prikaza i geometrijskih konstrukcija za neke polupravilne

poligone prikazan je tabelom 1.

3 Odredivanje broja geometriksih prikaza
polupravilnog poligona

Ozna�cimo sa d(GN ) broj geometrijskih prikaza polupravilnog jednakostranog polig-
ona PN sa N = n ·m stranica.Problem odredivanja broja geometrijskih prikaza
d(GN ) tog polupravilnog poligona razmatran je sljede�cim teoremom

Teorema 3.1. Broj geometrijskih prikaza d(GN ) polupravilnog poligona PN sa
N stranica,kome je Pn odgovaraju�ci "upisani" pravilni poligon izra�cunavamo po
formuli

d(GN ) =

{
d(N) − 3, ako je N paran broj
d(N) − 2 ako je N stepen prostog broja ili nije oblika 22

n
+ 1

a d(N) broj pozitivnih djelitelja broja N .
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Tabela 1: Geometrijski prikazi i geometrijske konstrukcije,broj geometrijskih
prikaza i geometrijskih konstrukcija polupravilnih jednakostranih poligona u
rasponu od N = 6 do N = 30 stranica.

N n GN KN d(GN ) d(KN )
6 3 {(3, 2)} {(3, 2)} 1 1

7 0 0 0 0 0

8 4 {(4, 2)} {(4, 2)} 1 1

9 3 {(0, 0)} 0 1 0

10 5 {(5, 2)} {(5, 2)} 1 1

11 0 0 0 0 0

12 3,4,6 {(6, 2), (3, 4), (4, 3)} {(6, 2), (3, 4), (4, 3)} 3 3

13 0 0 0 0 0

14 7 {(7, 2)} 0 1 0

15 3,5 {(3, 5), (5, 3)} {(3, 5), (5, 3)} 2 2

16 4,8 {(4, 4), (8, 2)} {(4, 4), (8, 2)} 2 2

17 0 0 0 0 0

18 3,6 {(9, 2), (3, 6), (6, 3)} {(3, 6), (6, 3)} 3 2

19 0 0 0 0 0

20 4,5 {(4, 5), (5, 4), (10, 2)} {(4, 5), (5, 4), (10, 2)} 3 3

21 3,7 {(3, 7), (7, 3)} {(3, 7)} 2 1

22 11 {(11, 2)} 0 1 0

23 0 0 0 0 0

24 3,4,6,8,12 {(3, 8), (4, 6), (6, 4), (8, 3)(12, 2)} {(3, 8), (4, 6), (6, 4), (8, 3)(12, 2)} 5 5

25 5 {(5, 5)} {(5, 5)} 1 1

26 13 {(13, 2)} 0 1 0

27 3,9 {(3, 9), (9, 3)} {(3, 9)} 2 1

28 4,7 {(4, 7), (7, 4), (14, 2)} {(4, 7)} 2 1

29 0 0 0 0 0

30 3,5,6,10,15 {(3, 10), (5, 6), (6, 5), (10, 3), (15, 2)} {(3, 10), (5, 6), (6, 5), (10, 3), (15, 2)} 5 5

Dokaz:Neka je PN konveksni jednakostrani polupravilni poligon sa N stranica
i N =

∏s
i=1 p

αi
i , a pi razli�citi prosti brojevi αi ∈ (0, 1), i = 1, 2, . . . , s, kanonski

prikaz broja N .Broj pozitivnih djelitelja broja N odreden je relacijom

d(N) = (α1 + 1)(α2 + 1) · · · (αs + 1) (7)

Po pretpostavci je N = n ·m pa je broj njegovih predstavljanja kao proizvoda dva
faktora,gdje se vodi ra�cuna o poretku faktora,( vidjeti u [2] str. 65) jednak broju
njegovih pozitivnih djelitelja d(N) tj.

d2(N) = d(N) = (α1 + 1)(α2 + 1) · · · (αs + 1). (8)

Svakim prikazom broja N kao proizvoda dva faktora n,m gdje se vodi ra�cuna
o poretku faktora odreden je ureden par (n,m). Ovom uredenom paru prirod-
nih brojeva prema de�niciji 2.2 odgovara jedno geometrijsko predstavljanje. Od
ukupnog broja tako odredenih uredenih parova moramo isklju�citi one koji ne is-
punjavaju uslove te de�nicije.To su parovi(n, 1), (1,m), (2,m).

Dakle,ukupan broj parova generisanih geometrijskim prikazima je

d(GN ) = d(N) − 3

Ako je N stepen prostog neparnog broja, ili nije oblika 22
n

+ 1, tada se od
ukupnog broja oduzimaju parovi (n, 1), (1,m),koji ne ispunjavaju uslove de�nicije
2.2 pa je ukupan broj geometrijskih prikaza

d(GN ) = d(N) − 2.
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Iz navedenih de�nicija i dokazanog teorema slijedi da broj geometrijskih kon-
strukcija nije jednak broju geometrijskih prikaza za svaki polupravilni poligon
PN sa N = n ·m stranica,ali postoje polupravilni poligoni kod kojih su ti brojevi
jednaki.

Primer 3.1. Polupravilnom P24 se mogu "upisati" sljede�ci pravilni poligoni
{3, 4, 6, 8, 12}, dakle ima ih ukupno d = 5. Na osnovu (7), odnosno (8) imamo da
je d(G24) = d(N) − 3 = 8 − 3 = 5.

Navedimo nekoliko problema koji su vezani za broj geometrijske prikaza polupra-
vilnih poligona

Problem 3.1. Dokazati da postoji beskona�cno mnogo polupravilnih jednakos-
tranih poligona kojima je broj geometrijkih prikaza i geometrijskih konstrukcija
jednak broju 5 tj. da vrijedi jednakost

d(KN ) = d(GN ) = 5.

Na primjer kao �sto su to polupravilni poligoni P24i P30.

Problem 3.2. Dokazati da postoji beskona�cno mnogo polupravilnih jednakos-
tranih poligona sa N = n ·m stranica za koje vrijedi

d(KN ) = d(GN ) = d(n)

gdje je d(n) > 2 broj svih odgovaraju�cih pravilnih poligona Pn za koje postoji
geometrijska konstrukcija. Kao �sto su: P12,P24,P30.

4 Geometrijski prikazi polupravilnog poligona i trinomne
jedna�cine

Paru prirodnih brojeva (n,m) kojim je generisana geometrijska konstrukcija Km
n

jednakostranog polupravilnog poligona PN sa N = n · m stranica pridru�zimo
funkciju fn,m(x) de�nisanu sa

fn,m(x) = Axn·m +Bxn + C (9)

�ciji koe�cijenti A,B,C ∈ R zadovoljavaju uslov A+B + C = 0 i pri tome su A i
C suprotnog predznaka tj.signA = −signC.

Sljede�cim teoremom je analiziran analiti�cki pristup konstrukciji jednakostranih
polupravilnih poligona, odnosno, i pokazano je da a�ksi nula jedna�cine

AxN +Bxn + C = 0 (10)

�ciji koe�cijenti zadovoljavaju navedene uslove odreduju vrhove polupravilnog
jednakostranog poligona PN .
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Teorema 4.1. A�ksi rje�senja jedna�cine AxN +Bxn+C = 0 predstavljaju vrhove
jednakostranog polupravilnog poligona PN saN = n·m stranica kome vrhovi "up-
isanog" pravilnog poligona Pn le�ze na jedini�cnoj kru�znici i nad svakom stranicom
tog pravilnog poligona je konstruisan poligon Pk sa m = k−1 jednakih kraka, ako
i samo za njene koe�cijente A,B,C ∈ R vrijedi A+B+C = 0 i signA = −signC

Dokaz:Pretpostavimo da uslov A + B + C = 0 vrijedi i da je signA =
−signC,A,B,C ̸= 0. Poka�zimo da a�ksi rje�senja jedna�cine predstavljaju vrhove
polupravilnog poligona PN . Kako je A = −(B + C) polaznu jedna�cinu trans-
formi�simo na sljede�ci na�cin

AxN +Bxn + C = 0

⇔ −(B + C)xN +Bxn + C = 0

⇔ −B(xN − xn) − C(xN − 1) = 0

⇔ B(xn·m − xn) + C(xN − 1) = 0

⇔ Bxn(xn·m−n − 1) + C(xn·m−1) = 0.

Primijetimo da vrijede rastavi

xnm−n − 1 = (xn)m−1 − 1

= (xn − 1)(xn(m−2) + xn(m−3) + · · · + xn + 1)xnm − 1

= (xn)m − 1 = (xn − 1)(xn(m−1) + xn(m−2) + · · · + xn + 1).

Na osnovu toga iz posljednje jednakosti imamo da je

Bxn[(xn − 1)(xn(m−2) + xn(m−3) + · · · + xn + 1)]

+C[(xn − 1)(xn(m−1) + xn(m−2) + · · · + xn + 1] = 0

⇔ (xn − 1)[Bxn(xn(m−2) + xn(m−3)

+ · · · + xn + 1) + C(xn(m−1) + xn(m−2) + · · · + xn + 1)] = 0

⇔ (xn − 1)[(B + C)xn(m−1) + (B + C)xn(m−2) + · · · + (B + C)xn + C] = 0.

Koriste�ci uslov B + C = −A i dijeljenjem posljednje jedna�cine sa −A dobijamo

(xn − 1)
[
xn(m−1) + xn(m−2) + · · · + xn − C

A

]
= 0 (11)

Posljednja jednakost zamjenom xn = y prelazi u oblik

(y − 1)
[
ym−1 + ym−2 + · · · + y − C

A

]
= 0 (12)

Jedno rje�senje ove jedna�cine je y = 1,a svako drugo rje�senje y = ε mora
zadovoljiti jedna�cinu

εm−1 + εm−2 + · · · + ε =
C

A
(13)
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Kako je y = xn za y = 1 imamo jedna�cinu xn − 1 = 0 �cija su rje�senja odredena
relacijom

xk =
n
√

1 = cos
2kπn

+
sin

2kπn

,
k = 1, 2, 3, · · · , n

Ozna�cimo li rje�senje sa w = cos 2π
n + sin 2π

n tada je wk = cos 2kπ
n + sin 2kπ

n , pa se
prvoodredeni medusobno razli�citi korijeni n tog stepena iz jedinice mogu pred-
staviti u obliku w,w2, w3, · · · , wn−1, wn = 1. Gra��cki prikaz tih korijena pred-
stavlja vrhove pravilnog poligona Pn upisanog u jedini�cnu kru�znicu pri �cemu
ta�cka koja odgovara broju 1 odgovara jednom vrhu. Ostaje da se poka�ze da a�ksi
rje�senja jedna�cine (13) predstavljeju vrhove jednakokrakih poligona Pk konstru-
isanih nad svakom stranicom pravilnog poligona Pn.

Neka su y = εk, k = 1, 2, 3, · · · ,m− 1 rje�senja jedna�cine (13). Primijetimo da
svakom tom rje�senju odgovara jedna binomna jedna�cina

xn − εk = 0, k = 1, 2, 3, · · · ,m− 1. (14)

Svaka od tih jedna�cina ima n razli�citih prvoodredenih rje�senja koja le�ze na
kru�znici polupre�cnika rk = n

√
|εk|. Dakle, na taj na�cin se na m− 1 koncentri�cnih

kru�znica nalazi ukupno n(m− 1) = nm− n ta�caka. Ako se tome doda i n ta�caka
generisanih binomnom jedna�cinom xn = 1 dobijamo da je ukupan broj ta�caka
konstruisanih rje�senjima binomnih jedna�cina mn− n+ n = mn = N.

Obratno:Ako a�ksi rje�senja jedna�cine AxN + Bxn + C = 0, predstavljaju
vrhove polupravilnog jednakostranog poligona PN , sa N = mn,m = k−1, n, k ≥
3, n, k ∈ N stranica, poka�zimo da je tada A + B + C = 0.Zaista, ako u jedna�cini
Axmn +Bxn + C = 0, stavimo da je xn = ε dobijamo Aεm +Bε+ c = 0.

Uzmimo da je pravilni poligon Pn upisan u jedini�cnu kru�znicu, �ciji su vrhovi
odredeni a�ksima rje�senja jedna�cine xn − 1 = 0. Kako su ti vrhovi i vrhovi
polupravilnog poligona PN jedno rje�senje jedna�cine AxN +Bxn +C = 0 je x = 1,
na osnovu toga imamo da je A+B + C = 0. �

Napomena 4.1. Ako jedna�cinu (13) transformi�semo na sljede�ci na�cin

εm−1 + εm−2 + · · · + ε =
C

A

⇔ εm−1 + εm−2 + · · · + ε+ 1 = 1 +
C

A

⇔ εm − 1

ε− 1
= 1 +

C

A
, ε ̸= 1

⇔ εm − 1

ε− 1
=

A+ C

A

⇔ εm − 1 = (ε− 1)(
A+ C

A
)

⇔ εm − (1 + C
A )ε+ C

A = 0 dolazimo do oblika

Aεm +Bε+ C = 0, ε ̸= 1. (15)
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Ova jedna�cina ima m − 1 prvoodredenih razli�citih rje�senja. U zavisnosti od
toga da li je jedna�cina (15) rje�siva zavisi i konstrukcija polupravilnog jednakos-
tranog poligona.

Napomena 4.2. Jedna�cinu Axnm +Bxn +C = 0 napi�simo u obliku Axm +B+
C
xn = 0. Pove�cavamo li broj stranica "upisanog" pravilnog poligona odnosno, pret-
postavimo da n� ∞ tada bi jedna�cina te�zila obliku Axm+B = 0. A�ksi tje�senja
te jedna�cine su vrhovi pravilnog poligona Pm upisanog u kru�znicu polupre�cnika

r = m

√
| − B

A |.

5 Analiti�cki pristup konstrukciji polupravilnih polig-
ona P2n

Analizirajamo klasu trinomnih jedna�cina koja generi�se konstrukciju polupravilnih
jednakostranih poligona PN sa N = 2 · n stranica kod kojih vrhovi "upisanog"
pravilnog poligona Pn, n ≥ 3 le�ze na jedini�cnoj kru�znici,a poligoni Pk konstruisani
nad svakom stranicom tog pravilnog poligona, kao zajedni�ckom, su jednakokraki
trouglovi.

Teorema 5.1. Rje�senja trinomne jedna�cine Ax2n + Bxn + C = 0 za �cije ko-
e�cijente A,B,C ∈ R vrijedi A + B + C = 0 i A i C su suprotnog predznaka,
predstavljaju vrhove jednakostranog polupravilnog poligona P2n sa N = 2 · n
stranica, kod koga vrhovi "upisanog" pravilnog poligona Pn le�ze na jedini�cnoj
kru�znici.

Dokaz: Rije�simo li jedna�cinu Ax2n + Bxn + C = 0, pod pretpostavkom da
vrijede uslovi za koe�cijente A,B,C,stavljanjem da je xn = y nalazimo da je jedno
rje�senje y = 1, a drugo rje�senje y = C

A . Na taj na�cin smo problem odredivanja
vrhova polupravilnog poligona P2n sveli na odredivanje rje�senja jedna�cina xn = 1
i xn = C

A �ciji a�ksi predstavljaju vrhove tog polupravilnog poligona.
Ozna�cimo sa w = cos 2π

n + sin 2π
n rje�senje binomne jedna�cine xn − 1 = 0 tada

su medusobno razli�citi korijeni n tog stepena iz jedinice redom
w,w2, w3, · · · , wn−1, wn = 1, a gra��cki prikaz tih korijena predstavlja vrhove
pravilnog poligona Pn upisanog u jedini�cnu kru�znicu pri �cemu ta�cka koja odgovara
broju jedan odgovara jednom vrhu.

Da poka�zemo da a�ksi rje�senja binomne jedna�cine xn = C
A predstavljaju

vrhove jednakokrakih trouglova konstruisanih nad svakom stranicom pravilnog
poligona Pn, dovoljno je pokazati da:

1. svako rje�senje ϵk k = 1, 2, · · · , n jedna�cine xn = C
A pripada simetrali stran-

ice pravilnog poligona nad kojom je konstruisan odgovaraju�ci jednakokraki
trougao

2. sve stranice su medusobno jednake tj. |ϵjwi| = |ϵjwj+1| za sve i = 1, 2, · · ·n− 1
i j = 1, 2, · · ·n.
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Doka�zimo prvu osobinu. Neka je sk simetrala ugla ∠Ak−1OAk gdje je Ak−1Ak

stranica "upisanog" pravilnog poligona Pn, S njena sredi�snja ta�cka i O = (0, 0)
centar jedini�cne kru�znice. Neka je ta�cka Bk a�ks rje�senja ϵk jedna�cine x

n− C
A = 0.

Koordinate ta�caka Ak−1 i Ak su redom:

Ak−1 =
(

cos
2π(k − 1)

n
, sin

2π(k − 1)

n

)
, Ak =

(
cos

2kπ

n
, sin

2kπ

n

)
,

a ta�cka Bk ima koordinate

Bk = r
(

cos
π(2k + 1)

n
, sin

π(2k + 1)

n

)
gdje je r = n

√
|CA | i k = 0, 1, 2, · · ·n− 1

Elementarnim transforamcijama lako se poka�ze da koordinate ta�cke Bk zado-
voljavaju jedna�cinu simetrale sk

y =
sin 2π(k−1)

n + sin 2kπ
n

cos 2π(k−1)
n + cos 2kπ

n

· x.

Na osnovu toga je pokazano da vrijedi prvi zahtjev. Kako je svaka ta�cka na
simetrali du�zi jednako udaljena od krajeva vrijedi i drugi zahjev|ϵjwi| = |ϵjwj+1|.

U narednom primjeru je razmotrena veza trinomnih jedna�cina i konstrukcije
polupravilnih jednakostranih poligona P2n ako je n = 3.

5.1 Konstrukcija polupravilnih jednakostranih �sestouglova

Poka�zimo da trinomna jedna�cina Ax6 + Bx3 + C = 0, sa realnim koe�cijentima
za koje je A+B +C = 0 i signA = −signC generi�se jednakostrane polupravilne
�sestouglove, kojima je odgovaraju�ci pravilni poligon "upisan" u jedini�cnu kru�znicu
sa centrom u koordinantnom po�cetku. Zamijenimo li x3 = y polazna jedna�cina
prelazi u jedna�cinu Ay2 +By+C = 0. Obzirom na uslov jedno rje�senje jedna�cine
je y = 1, a drugo y = C

A . Kako je x
3 = y imamo dvije binomne jedna�cine; x3 = 1

i x3 = C
A .

Iz prve jedna�cine nalazimo da je x0 = 1, x1 = −1
2 +

√
3
2 , x2 = −1

2 −
√
3
2 ,pa su

odgovaraju�ci vrhovi pravilnog jednakostrani�cnog trougla A1(1, 0), A2(−1
2 ,

√
3
2 ),

A3(−1
2 ,−

√
3
2 ).

Iz druge jedna�cine nalazimo da su rje�senja data relacijom

x′k =
3

√
|C
A
|(cos

(2k + 1)π

3
+ i sin

(2k + 1)π

3
), k = 0, 1, 2. (16)

Uvrstimo li vrijednosti za k, nalazimo da je x′0 = 3

√
|CA |(

1
2+

√
3
2 ), x′1 = − 3

√
|CA |, x

′
2 =

3

√
|CA |(

1
2 −

√
3
2 ) (Slika 1).
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Slika 1: Konstrukcija polupravilnog �sestougla

Primijetimo da konveksnost jednakostranog polupravilnog �sestougla zavisi od

vrijednosti konstante λ = 3

√
|CA | kao i egzistencija same konstrukcije.

Razlikujemo sljede�ce slu�cajeve:

1. Ako je 1 < λ < 2 tada je 1 < C
A < 8, polupravilan �sestougao postoj i

konveksan je. (Slika 1)

2. Ako je 1
2 < λ < 1 tada je Za λ = 1 je C = A i polupravilan jednakostrani

�sestougao postaje pravilan

3. Za λ = 1
2 tada je C

A = 1
8 i vrhovi se poklapaju sa sredi�stima stranica

pravilnog poligona, pa jednakostrani polupravilan �sestougao ne postoji.

4. Ako je 1
8 <

C
A < 1, polupravilan �sestougao postoji i konveksan je.

5. Ako je 0 < λ < 1
2 tada je 0 < C

A < 1
8 ,polupravilan �sestougao postoji i

nekonsveksan je.

6. Ako je λ = 2 tada jednakostrani polupravilan �sestougao ne postoji.

7. Ako je λ > 2 tada je C
A > 8, polupravilan �sestougao je nekonveksan ako

postoji.

60



Slika 2: Konstrukcija jednakostranog polupravilnog osmougla

5.2 Konstrukcija polupravilnog jednakostranog osmougla

Ako u trinomnu jedna�cinu koja generi�se 2n-tougaone jednakostrane polupravilne
poligone stavimo da je n = 4 dobijamo jedna�cinu Ax8 + Bx4 + C = 0 sa re-
alnim koe�cijentima za koje vrijedi A + B + C = 0, singA = −singC koja
generi�se polupravilne jednakostrane osmouglove. Stavimo li da je x4 = y dobijamo
kvadratnu jedna�cinu �cija su rje�senja y = 1 i y = C

A . Na osnovu toga imamo dvije
binomne jedna�cine x4 = 1 i x4 = C

A . Rje�senja tih binomnih jedna�cina odredena
su relacijama

xk = cos
2kπ

4
+ i sin

2kπ

4
, k = 0, 1, 2, 3

i

x′k =
4

√
|C
A
|
(

cos
(2k + 1)π

4
+ i sin

(2k + 1)π

4

)
, k = 0, 1, 2, 3

Iz tih relacija nalazio da su vrhovi polupravilnog jednakostranog osmougla

A1(1, 0), A2(0, 1), A3(−1, 0), A4(0,−1), A5 = λ(
√
2
2 ,

√
2
2 ), A6 = λ(−

√
2

2 ,
√
2
2 ), A7 =

−λ(
√
2
2 ,

√
2
2 ), A8 = λ(

√
2
2 ,−

√
2
2 ) gdje je λ = 4

√
C
A (Slika 2.) O�cito za razli�cite vri-

jednosti parametra λ = 4

√
C
A imamo razli�cite slu�cajeve, sli�cno prethodnom raz-

matranju.
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Abstract

We introduce a notion of weighted projective planes which is a general-
ization of usual projective planes. We prove that a Frobenius group G of
order 24 operates on a projective plane P of order 11 as a colineation group.
Using this operation the plane P may be constructed. A weighted projective
plane P of order 11 is equivalent to a totally simmetric (2,11-1) - quasigroup.

Key words: Projective plane, quasigroup, group, colineation, orbit.

1 Introduction

An incidence structure is a triple D = (V,B, I), where V and B are disjoint sets
and I ⊆ V × B. The elements of V are called points, and the elements of B are
called blocks. If A is a point of V , the set of all blocks incident with A is denoted
by (A). Thus

(A) = {b : b ∈ B, AIb}.

Moreover, for A1, A2, . . . An, the set of all the blocks incident with all the points
A is denoted by (A1, A2, . . . An). Thus

(A1, A2, . . . An) = {b : b ∈ B, Ai I b for all i ∈ Nn},

where N is the set of all positive integers and Nn = {1, 2, . . . n}. Dually, for
b, b1, b2, . . . , bn ∈ B,

(b) = {A : A ∈ V, AIb},
(b1, b2, . . . bn) = {A : A ∈ V, AIb for all i ∈ Nn}.

We consider only the incidence structures where distinct blocks have distinct
sets of points. We identify each block b with the set (b) and identify the incidence
relation with the membership relation ∈.
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1.1 Some de�nition and results

De�nition 1.1. A incidence structure P = (V,B, I) is called projective plane if
and only if it satis�es the following axioms:

1. (P.1) Any two distinct points are joined by exactly one line.

2. (P.2) Any distinct lines intersect in a unique point.

3. (P.3) There exists a quadrangle, i.e 4 points no three of which are on a
common line.

The following theorem is proved in [1].

Theorem 1.1. Let P = (V,B, I) be a �nite projective planes. Then there exists
a natural number n, called the order of P , satisfying:

a) |(A)| = |(g)| = n+ 1, for all A ∈ V and g ∈ B;

b) |V | = |B| = n2 + n+ 1.

The �nite projective plane of order n will be denoted by S(2, n+1, n2+n+1).
The following de�nition generalizes the notion of �nite projective planes of order
n.

De�nition 1.2. A �nite incidence structure P = (V,B, I) is called weighted
projective plane with parameters n2 + n+ 1, n+ 1, 1 ∈ N , if for any b ∈ B there
is a mapping fb : (b) → N , if and only if it satis�es the following axioms:

(WD.1) |V | = n2 + n+ 1;

(WD.2) |(A,B)| = 1, for any two distinct points A,B ∈ V ;

(WD.3) kb = n+ 1, for any block b ∈ B, where :

a) the image fb(A) is denoted by tAb, and is called the weight

of the point A in the block b,

b) for A ∈ V, its weight is tA =
∑
A∈bi

tAbi, and

c) for b ∈ B, the number kb =
∑
Ai∈b

tAib is called the size of the block b.

De�nition 1.3. A weighted projective plane S
′

= (V
′
, B

′
,∈) is an extension of

a weighted projective plane S = (V,B,∈), if V ⊆ V
′
and for each b ∈ B there is

b
′ ∈ B

′
such that (b) ⊆ (b

′
), and for each A ∈ (b), tAb

′ = tAb.

De�nition 1.4. An extension (V
′
, B

′
,∈) of a weighted projective plane with

parameters n2 + n+ 1, n+ 1, 1 de�ned by

a)V
′

= V ;
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b)B
′

= B ∪B′′
where B

′′
= {{An+1} : A ∈ V }, and

c) for each A ∈ V, tA = r + n + 1, where r is the number of block in B

containing A, is called a complete weighted projective plane with parameters

n2 + n+ 1, n+ 1, 1, and is denoted by S
′
(2, n+ 1, n2 + n+ 1).

Next we compare complete weighted projective plane S
′
(2, n+ 1, n2 + n+ 1)

with the notion of totally symmetric (2,n-1)� quasigroup given below.

De�nition 1.5. Let Q be nonempty set, n and m positive integers, and

f : (x1, x2, . . . xn) → f(x1, x2, . . . xn)

a mapping from Qn into Qm. Then we say that Q(f) is an (n,m)� groupoid.

A (n,m) � groupoid Q(f) is said to be a (n,m)� quasigroup if and only if the
following statement is satis�ed:
(A). For each "vector" (a1, a2, . . . an) ∈ Qn and each injection φ from Nn =
{1, 2, . . . , n} into Nn+m there exists unique "vector" (b1, b2, . . . , bn+m) ∈ Qn+m

such that bφ(1) = a1, . . . , bφ(n) = an and

f(b1, b2, . . . , bn) = (bn+1, bn+2, . . . , bn+m)

In the paper [3] an (n,m)� quasigroup is interpreted as a (n,m)� quasigroup
relation.

De�nition 1.6. A (n +m)- ary relation ρ ⊆ Qn+m is called (n,m)- quasigroup
relation if and only if the following statement is satis�ed:
(A). For each "vector" (a1, a2, . . . , an) ∈ Qn and each injection φ from Nn =
{1, 2, . . . , n} into Nn+m there exists unique "vector" (b1, b2, . . . , bn+m) ∈ Qn+m

such that bφ(1) = a1, . . . , bφ(n) = an and

(b1, b2, . . . , bn+m) ∈ ρ.

The following theorem is proved in [3].

Theorem 1.2. A (n,m)� groupoid (Q, f) is a (n,m) � quasigroup if and
only if the (n+m) � ary relation ρ ⊆ Qn+m de�ned by

(x1, x2, . . . xn+1) ∈ ρ⇔ f(x1, x2, . . . xn+1) = (xn+1, xn+2, . . . , xn+m)

is an (n,m)� quasigroup relation.

De�nition 1.7. A (n,m)� quasigroup is called totally symmetric, if and only if

f(x1, x2, . . . xn) = (xn+1, xn+2, . . . , xn+m) ⇔ f(y1, y2, . . . yn) = (yn+1, yn+2, . . . , yn+m)

for any (x1, x2, . . . , xn+m) ∈ Qn+m and any permutation (y1, y2, . . . , yn+m) of
(x1, x2, . . . , xm). The (n+m)� ary relation ρ ⊆ Qn+m in this case is called totally
symmetric.
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The following theorem is proved in [7].

Theorem 1.3. Every complete weighted projective plane S
′
(2, n+ 1, n2 + n+ 1)

de�nes a totally symmetric (2, n− 1)� quasigroup relation ρ ⊆ V n+1, where

(A1, A2, . . . , An+1) ∈ ρ⇔ {A1, A2, . . . , An+1} ∈ B.

Conversely, any totally symmetric (2, n − 1)� quasigroup relation ρ ⊆ V n+1

satisfying (A,A, . . . , A) = (An+1) ∈ ρ for any A ∈ V , de�nes a complete weighted
projective plane S

′
(2, n+ 1, n2 + n+ 1), where

{A1, A2, . . . , An+1} ∈ B ⇔ (A1, A2, . . . , An+1) ∈ ρ.

2 A construction weighted projective plane of order 11

Theorem 2.1. A Frobenius group G of order 24 acts on a projective plane P of
order 11 as a colineation group. Using this act the plane P may be constructed.

Proof. Let
G =

⟨
ρ, α/ρ12 = α2 = 1, ρα = ρ−1

⟩
be a Frobenius group of order 24 which acts on a projective plane P of order 11
as a colineation group. The plane P has 112 +11+1 = 133 points and same lines.
From 133 = 12 · 11 + 1 and colineation ⟨ρ⟩ acts semiregular on a non�xed points
follows that ⟨ρ⟩ has 11 orbits of length 12 and one orbit of length 1. We may set
that

ρ =(∞)(10, 11, 12, . . . , 111)(20, 21, 22, . . . , 211)(30, 31, 32, . . . , 311) . . .

(110, 111, 112, . . . , 1111)

where 10, 11, 12, . . . , 111, 20, 21, 22, . . . , 211, 30, 31, 32, . . . , 311, . . . , 110, 111, 112, . . . , 1111
are all points of plane P.
From theorem of orbite follows that ⟨ρ⟩ has same orbit structure of lines. We may
set that

ρ =(l∞)(l1, l1ρ, l1ρ
2, . . . , l1ρ

11)(l2, l2ρ, l2ρ
2, . . . , l2ρ

11)

(l3, l3ρ, l3ρ
2, . . . , l3ρ

11) . . . (l11, l11ρ, l11ρ
2, . . . , l11ρ

11)

Where

l∞, l1, l1ρ, l1ρ
2, . . . , l1ρ

11, l2, l2ρ, l2ρ
2, . . . , l2ρ

11, l3, l3ρ, l3ρ
2, . . . , l3ρ

11, . . . ,

l11, l11ρ, l11ρ
2, . . . , l11ρ

11

are all lines of plane P.
Let l∞ be unique line �xed by ⟨ρ⟩. We may set that

l∞ = {10, 11, 12, . . . , 111}.
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Let l1 is a line through ∞. It is easy to see that l1 occurs at one point from each
orbits of points. Without a loss of generality, we may set that

l1 = {∞, 10, 20, . . . , 110}.

Other 11 lines of orbit of lines l1 obtained by acting of ρ, ρ2, ρ3, . . . , ρ11 on a line
l1. The lines l1 and l∞ through 10. Other 10 lines l2, l3, . . . , l11 through 10 line
in 10 remaining di�erent ⟨ρ⟩� orbits of lines in P. If constracted these lines then
the remaining lines of planes P are obtained by acting of ρ, ρ2, ρ3, . . . , ρ11 on lines
l2, l3, . . . , l11. From statement∣∣∣li ∩ l1ρk∣∣∣ = 1, i = 2, 3, . . . , 11, k = 0, 1, 2, 3, . . . , 11

follows
li =

{
10, 1

′
1, 2

′
2, 3

′
3, . . . , 11

′
11

}
where 1

′
, 2

′
, 3

′
, 4

′
, 5

′
, 6

′
, 7

′
, 8

′
, 9

′
, 10

′
, 11

′
are (unneccessary di�erent) numbers from

the set {2, 3, . . . , 11}.
We consider acting the involution α on a set points and set lines of plane P.
The order of involution α is even follows involution α is elation. From ρα = ρ−1

follows that the point 10 is a center and the line l1 is axis of involution α. Hence,
involution α �xes 12 lines l∞, l1, l2, l3, . . . , l11 and 12 points ∞, 10, 20, 30, . . . , 110.
From 133 = 2 · 60 + 13 follows α has 13 orbits of length 1 (13 �xed points)
and 60 orbits of length 2. If we write α in a short way (writing only incides
0, 1, 2, 3, . . . , 11) we may set that

α = (0)(1)(2, 11)(3, 10)(4, 9)(5, 8)(6, 7)

where (2,11) denoted that 2α = 11 from the same orbit of points, (3,10) denoted
3α = 10 from the same orbit of points, (4,9) denoted that 4α = 9 from the same
orbit of points, (5,8) denoted that 5α = 8 from the same orbit of points, (6,7)
denoted that 6α = 7 from the same orbit of points. From statement

liα = li, i = 2, 3, . . . , 11

follows that li, i = 2, 3, . . . , 11 are of type

li = {10, i1, a2, a11, b3, b10, c4, c9, d5, d8, e6, e7}

where a, b, c, d, e are pairwise di�erent numbers from the set {2, 3, . . . , 11}. We
may set that

l2 = {10, 21, 22, 211, 33, 310, 44, 49, 55, 58, 66, 67} .

Now we constructed lines li, i = 3, 4, . . . , 11 which are of type

li = {10, i1, a2, a11, b3, b10, c4, c9, d5, d8, e6, e7}
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From statement∣∣∣li ∩ l2ρk∣∣∣ = 1, i = 3, 4, . . . , 11, k = 0, 1, 2, 3, . . . , 11

follows that only three from numbers i, a, b, c, d, e are from the set {2, 3, 4, 5, 6}
and other three are from the set {7, 8, 9, 10, 11}. From statement∣∣∣liρs ∩ ljρk∣∣∣ = 1, i ̸= j, i, j = 3, 4, . . . , 11, k, s = 0, 1, 2, . . . , 11

follows that the lines li and lj , i ̸= j, have exactly three common pairs of numbers
i, a, b, c, d, e. Using these statements for the lines li, i = 3, 4, . . . , 11 we obtain
following unique solution for the lines:

l3 = {10, 31, 32, 311, 43, 410, 74, 79, 85, 88, 96, 97}
l4 = {10, 41, 42, 411, 53, 510, 84, 89, 95, 98, 106, 107}
l5 = {10, 51, 52, 511, 63, 610, 94, 99, 105, 108, 116, 117}
l6 = {10, 61, 3 + 62, 611, 73, 710, 104, 109, 115, 118, 26, 27}
l7 = {10, 71, 72, 711, 83, 810, 114, 119, 25, 28, 36, 37}
l8 = {10, 81, 82, 811, 93, 910, 24, 29, 35, 38, 46, 47}
l9 = {10, 91, 92, 911, 103, 1010, 34, 39, 45, 48, 56, 57}
l10 = {10, 101, 102, 1011, 113, 1110, 54, 59, 65, 68, 76, 77}
l11 = {10, 111, 112, 1111, 23, 210, 64, 69, 75, 78, 86, 87}

The Theorem is proved. ⊣

Let P = (V,B,∈) be projective plane of order 11 constructed in the theorem.
The weighted projective plane P

′
= (V

′
, B

′
,∈), where V = V

′
, B

′
= B ∪ B

′′

where B
′′

=
{{
A12
}

: A ∈ V
}
is a complete weighted projective plane of order

11. The relation τ ⊆ V 11+1 de�ned by

(A1, A2, A3, . . . , A11, A11+1) ∈ τ ⇔ {A1, A2, A3, . . . , A11, A11+1} ∈ B or

A1 = A2 = A3 = . . . = A11 = A11+1,

is a totally symmetric (2, 11−1)� quasigroup relation satisfuing the condition
(A,A,A, . . . , A,A) = (A11+1) ∈ τ for all A ∈ V . The number of point is |V | =

112 + 11 + 1 = 133, the number of blocks is
∣∣∣B′
∣∣∣ = 112 + 11 + 1 + 133 = 266 and

tA = 12 + 12 = 24.

3 Conclusion

This paper presents the results obtained by acting a colineation group on a set
points and set lines of plane P which exists. Similar acting of a colineation group
on a set points and set lines of plane P whose question of existence is open, can
be studied.
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Apstrakt

U radu se metodom koraka konstrui�se rje�senje grani�cnog zadatka

−y′′(x) + q1(x)y(x− τ1) + q2(x)y(x− τ2) = λy(x)

y(x− τ1) ≡ 0, x ∈ (0, τ1],

y(π) = 0, q1(x), q2(x) ∈ L2[0, π], τ1, τ2 ∈ (0, π)

na segmentu [0, π]. Potom konstrui�semo asimptotiku sopstvenih vrijednosti.

1 Uvod

Posmatrajmo diferencijalnu jedna�cinu

−y′′(x) + q1(x)y(x− τ1) + q2(x)y(x− τ2) = λy(x), τ1, τ2 ∈ (0, π) (1)

Rje�sava�cemo jedna�cinu za x ∈ [0, π]. Obzirom da u ovoj diferencijalnoj jedna�cini
funkcija y uzima razli�cite vrijednost argumenata, ona predstavlja jednu jedna�cinu
sa pomjerenim argumentom. Jedan oblik jedna�cina sa pomjerenim argumentom
je jedna�cina sa ka�snjenjem i jedna�cina (1) je tog tipa.
Veli�cine τ1, τ2 su ka�snjenja, a kako ne zavise od x ova jedna�cina ima konstantna
ka�snjenja. Funkcije q1(x) i q2(x) nazivamo potencijalima i ovdje smatramo po-
znatim. Posmatra�cemo slu�caj kada su q1(x) , q2(x) ∈ L2[0, π].
Jedna�cini (1) pridru�zi�cemo po�cetni uslov

y(x− τ1) ≡ 0, x ∈ [0, τ1] (2)

i grani�cni uslov
y(π) = 0 (3)
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2 Konstrukcija rje�senja

Ako u jedna�cini (1) stavimo λ = z2, dobijamo

−y′′(x) + q1(x)y(x− τ1) + q2(x)y(x− τ2) = z2y(x) (1′)

Rje�savanjem jedna�cine (1′) sa grani�cnim uslovom y(0) = 0 metodom varijacije
konstanti dobijamo integralnu jedna�cinu

y(x, z) = sin zx+
1

z

x∫
0

q1(t1) sin z(x− t1)y(t1 − τ1, z)dt1 +

+
1

z

x∫
0

q2(t1) sin z(x− t1)y(t1 − τ2, z)dt1 (5)

Metodom koraka odredi�cemo rje�senje jedna�cine (5) koje zadovoljava po�cetni uslov
(2). Posmatrali smo slu�caj τ2 < τ1, a kako su τ1 , τ2 ∈ (0, π) postoje k0, l0 ∈ N
takvi da je

0 < τ2 < 2τ2 < . . . < k0τ2 ≤ τ1 < (k0+1)τ2 < . . . < 2k0τ2 ≤ 2τ1 < (2k0+1)τ2 < . . .

. . . < l0k0τ2 ≤ l0τ1 < π < (l0k0 + 1)τ2.

Specijalno, ako stavimo da je l0 = k0 = 2, 2τ2 = τ1 dobijamo:

1. x ∈ (0, τ2] , a kako je τ2 < τ1 i y(x− τ1) ≡ 0 slijedi y(x− τ2) ≡ 0

pa dobijamo y(x, z) = sin zx

2. x ∈ (τ2, τ1] , 2τ2 = τ1 slijedi

y(x, z) = sin zx+
1

z

x∫
τ2

q2(t1)sinz(x− t1)y(t1 − τ2, z)dt1

kada primjenimo prethodni korak dobijemo

y(x, z) = sin zx+
1

z

x∫
τ2

q2(t1)sinz(x− t1) sin z(t1 − τ2)dt1

Uvedimo slede�ce funkcije

b
(i)
1 (x, z) =

x∫
τi

qi(t1)sinz(x− t1) sin z(t1 − τi)dt1
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b
(i)
k (x, z) =

x∫
kτi

qi(t1)sinz(x− t1)b
(i)
k−1(t1 − τi, z)dt1; i = 1, k = 2; i = 2, k = 2, 3, 4.

b
(1,2)
2 (x, z) =

x∫
τ1+τ2

q1(t1)sinz(x−t1)
t1−τ1∫
τ2

q2(t2)sinz(t1−τ1−t2) sin z(t2 − τ2)dt2dt1

b
(2,1)
2 (x, z) =

x∫
τ1+τ2

q2(t1)sinz(x−t1)
t1−τ2∫
τ1

q1(t2)sinz(t1−τ2−t2) sin z(t2 − τ1)dt2dt1

b
(1,2,2)
3 (x, z) =

x∫
2τ1

q1(t1)sinz(x− t1)b
(2)
2 (t1 − τ1, z)dt1

b
(2,2,1)
3 (x, z) =

x∫
4τ2

q2(t1)sinz(x− t1)b
(2,1)
2 (t1 − τ2, z)dt1

b
(2,1,2)
3 (x, z) =

x∫
4τ2

q2(t1)sinz(x− t1)b
(1,2)
2 (t1 − τ2, z)dt1

Na razmaku (τ1, τ1 + τ2] rje�senje y(x, z) jedna�cine (5) sa uslovom (2) ima oblik

y(x, z) = sinxz +
1

z

2∑
i=1

b
(i)
1 (x, z) +

1

z2
b
(2)
2 (x, z).

Dalje, za x ∈ (τ1 + τ2, 2τ1] = (3τ2, 4τ2] imamo

y(x, z) = sinxz +
1

z

2∑
i=1

b
(i)
1 (x, z) +

3∑
p=2

1

zp
b(2)p (x, z) +

1

z2
[b
(1,2)
2 (x, z) + b

(2,1)
2 (x, z)].

Kona�cno, na razmaku (2τ1, π] = (4τ2, π] funkcija y(x, z) prima formu:

y(x, z) = sinxz +
1

z

2∑
i=1

b
(i)
1 (x, z) +

4∑
p=3

1

zp
b(2)p (x, z) +

2∑
i=1

1

z2
b
(i)
2 (x, z)+

+
1

z2
[b
(2,1)
3 (x, z)+b

(1,2)
3 (x, z)]+

1

z3

∑
π∈S3(2,1)

b
(π)
3 (x, z). (6)
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3 Karakteristi�cna funkcija

Grani�cni uslov y(π, z) = 0 de�ni�se karakteristi�cnu funkciju operatora L gene-
risanog sa (1,2,3), koju ozna�cavamo sa F. Radi kra�ceg zapisivanja koristi�cemo
oznake

b
(i)
k (z) = b

(i)
k (π, z), b

(i,j)
3 (z) = b

(i,j)
3 (π, z).

Tada va�zi

F (z) = sinπz +

2∑
p=1

1

zp

2∑
i=1

b(i)p (z) +

4∑
p=3

1

zp
b(2)p (z) +

1

z2
[b
(2,1)
3 (z) + b

(1,2)
3 (z)]+

+
1

z3

∑
π∈S3(2,1)

b
(π)
3 (z). (7)

Funkcija F je cijela funkcija eksponencijalnog tipa. Poznato je (vidi npr.u [4]) da
se nule zn funkcije F asimptotski pona�saju kao cijeli brojevi.
Koristimo elementarni identitet

sin z(π − t1) sin z(t1 − τi − t2) sin z(t2 − τj) =
1

4
sin z(π − 2t2 + τj − τi)+

+
1

4
[sin z(π − 2t1 + 2t2 + τj − τi) − sin z(π − τi − τj) − sin z(π − 2t1 + τj + τi)] .

De�ni�simo i funkcije

β
(i,j)
1 (z) =

π∫
τ1+τ2

[qi(t1)

t1−τi∫
τj

qj(t2)dt2] sin z(π − 2t1 + τj + τi)dt1

β
(i,j)
2 (z) =

π∫
τ1+τ2

[qi(t1)

t1−τi∫
τj

qj(t2) sin z(π − 2t2 + τj − τi)dt2]dt1

β
(i,j)
3 (z) =

π∫
τ1+τ2

[qi(t1)

t1−τi∫
τj

qj(t2) sin z(π − 2t1 + 2t2 − τj + τi)dt2]dt1, i ̸= j

βk(z) = β
(i,i)
k (z), i = 1, 2, k = 1, 2, 3. (8)

ai(z) =

π∫
τi

qi(t1) sin z(π − 2t1 + τi)dt1
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Uvedimo i slede�ce veli�cine

J
(i)
1 =

π∫
τi

qi(t1)dt1, J
(i)
2 =

π∫
2τi

qi(t1)

t1−τi∫
τi

qi(t2)dt2dt1, i = 1, 2

J
(i,j)
2 =

π∫
τ1+τ2

qi(t1)

t1−τi∫
τj

qj(t2)dt2dt1, i ̸= j (9)

Funkcija (7) pomo�cu (8) i (9) dobija oblik

F (z) = sinπz +
1

2z

2∑
i=1

[ai(z) − J
(i)
1 cos z(π − τi)]+

+
1

4z2


2∑

i=1

[

3∑
p=1

βp(z) − J
(i)
2 sin z(π − 2τi)] +

3∑
p=1

[β(1,2)p (z) + β(2,1)p (z)]

−

− 1

4z2
(J

(1,2)
2 +J

(2,1)
2 ) sin z(π − τ1 − τ2)+

1

z3

∑
π∈S3(2,1)

b
(π)
3 (z)+

4∑
p=3

1

zp
a(2)p (z) (10)

4 Asimptotika nula funkcije F

U ovom radu tra�zi�cemo asimptotiku nula zn funkcije F u obliku

zn = n+
C1(n)

n
+
C2(n)

n2
+o

(
C2(n)

n2

)
, (n→ ∞) (11)

Primjeni�cemo postupak analogan postupku koji se mo�ze vidjeti u npr. [4]. Uko-
liko se ograni�cimo da va�zi qi(x) ∈ L2[0, π] i = 1, 2, u asimptotskim procjenama
koristi�cemo klasi�cnu �cinjenicu da se Furijeovi koe�cijenti takvih funkcija pona�saju

po zakonu O

(
1

ns

)
, s >

1

2
ili o

(
1√
n

)
.

Koriste�ci (11) dobijamo

sinπzn = (−1)n
[
πC1(n)

n
+
πC2(n)

n2
+ o

(
C2(n)

n2

)]
(12)

Zbog
1

zn
=

1

n
+O

(
1

n3

)
, dovoljno je asimptotiku �clanova uz

1

zn
na�ci s ta�cno�s�cu
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do koe�cijenata uz
1

n
. Otuda dobijamo

cos zn(π − τi) = (−1)n
[
cosnτi +

(π − τi)C1(n)

n
sinnτi +O

(
C2(n)

n2

)]

sin zn(π − 2τi) = (−1)n+1 sin 2nτi +O

(
C1(n)

n

)
(13)

sin zn(π − τ1 − τ2) = (−1)n+1 sinn(τ1 + τ2)+O

(
C1(n)

n

)
De�ni�simo slede�ce brojne nizove.

a(i)n =

π∫
τi

qi(t1) cosn(2t1 − τi)dt1 i = 1, 2, n = 1, 2, ...

b(i)n =

π∫
τi

qi(t1) sinn(2t1 − τi)dt1

b̂(i)n =

π∫
τi

t1qi(t1) sinn(2t1 − τi)dt1

Dalje, va�zi

a(i)(zn) =

π∫
τi

qi(t1) cos

(
n+

C1(n)

n
+
C2(n)

n2
+ o

(
C2(n)

n2

))
(π − 2t1 + τi)dt1 =

= (−1)n
{
a(i)n +

[
C1(n)(π + τi)

n
+
C2(n)(π + τi)

n2

]
b(i)n

}
+

+(−1)n+1

[
2C1(n)

n
+

2C2(n)

n2

]
b̂(i)n + o

(
b
(i)
n C2(n)

n2

)
(14)

Uvedimo i nizove

b
(i,j)
1,n =

π∫
τ1+τ2

[qi(t1)

t1−τi∫
τj

qj(t2)dt2] sinn(2t1 − τ1 − τ2)dt1
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b
(i,j)
2,n =

π∫
τ1+τ2

[qi(t1)

t1−τi∫
τj

qj(t2) sinn(2t2 − τj + τi)dt2]dt1

b
(i,j)
3,n =

π∫
τ1+τ2

[qi(t1)

t1−τi∫
τj

qj(t2) sinn(2t1 − 2t2 + τj − τi)dt2]dt1, n ∈ N, (15)

Tada va�ze relacije

β(i,j)p = (−1)n+1b(i,j)p,n +O

(
C1(n)b

(i,j)
1,n

n

)
, p = 1, 2, 3 (16)

Koriste�ci jednakosti (11), (12), (13), (14) i (15), relacija (10) postaje

F (zn) =
(−1)n

n

[
πC1(n) +

1

2

2∑
i=1

(a(i)n − J
(i)
1 cosnτi)

]
+

+
(−1)n

n2

{
πC2(n) +

2∑
i=1

[
C1(n)(π + τi)

2
b(i)n − C1(n)b̂(i)n − (π − τi)C1(n)J

(i)
1 sinnτi

}
−

−(−1)n

4n2


2∑

i=1

 3∑
p=1

b(i)p,n − J
(i)
2 sin2nτi

+

3∑
p=1

[β(1,2)p,n + β(2,1)p,n ]

−

−(−1)n

4n2
(J

(1,2)
2 +J

(2,1)
2 ) sinn(τ1 + τ2)+O

(
b
(i)
n C2(n)

n3

)
(17)

Odavde slijedi

C1(n) =

2∑
i=1

(
J
(i)
1

2π
cosnτi −

1

2π
a(i)n

)
(18)

C2(n) =

2∑
i=1

(
C1(n)

π
b̂(i)n +

π − τi
π

C1(n)J
(i)
1 sinnτi −

C1(n)(π + τi)

2π
b(i)n

)
+

+
1

4π

2∑
i=1

 3∑
p=1

b(i)p,n − J
(i)
2 sin 2nτi

+
1

4π

3∑
p=1

[b(1,2)p,n + b(2,1)p,n ]−
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− 1

4π
(J

(1,2)
2 +J

(2,1)
2 ) sinn(τ1 + τ2) (19)

Koriste�ci (18) iz (19) imamo

C2(n) =

2∑
i=1

2∑
j=1

1

2π2

(
J
(j)
1 J

(i)
1 sinnτj sinnτi + J

(j)
1 b̂(i)n − π + τi

2
J
(j)
1 b(i)n cosnτj

)
+

+
1

4π

2∑
i=1

3∑
p=1

(
b(i)p,n − J

(i)
2 sin 2nτi

)
+

1

4π

3∑
p=1

(b(1,2)p,n + b(2,1)p,n )−

−J
(1,2)
2 + J

(1,2)
2

4π
sinn(τ1+τ2)+O

 2∑
i=1

2∑
j=1

a(j)n bn

 (20)

Primedba 4.1. Po�sto su potencijali q1, q2 iz prostora L2[0, π], asimptotika nula

zn = n+
C1(n)

n
+
C2(n)

n2
+ o

(
C2(n)

n2

)
, (n→ ∞) (21)

se odlikuje slo�zeno�s�cu koe�cijenata C1(n) i C2(n).

Naime, u svojoj strukturi ti koe�cijenti imaju sabirke koji i�s�cezavaju pri
n→ ∞ i one sabirke koji ne i�s�cezavaju nego osciluju. Tako npr. u C1(n) sabirak

J
(i)
1

2π
cosnτi osciluje, a �clan

a
(i)
n

2π
i�s�cezava. Sli�cno je i kod C2(n). Izraz

ζ2 =

2∑
i=1

 2∑
j=1

1

2π2
J
(j)
1 J

(i)
1 sinnτj sinnτi −

1

4π
J
(i)
2 sin 2nτi

−

−(J
(1,2)
2 + J

(2,1)
2 ) sinn(τ1 + τ2)

osciluje dok izraz

ζ∗2 =
2∑

i=1

 2∑
j=1

1

2π2

(
J
(j)
1 b̂(i)n − π + τi

2
J
(j)
1 b(i)n cosnτj

)
+

1

4π

3∑
p=1

b(i)n,p

+

+
1

4π

3∑
p=1

(b(2,1)p,n + b(1,2)p,n ) +O

 2∑
i=1

2∑
j=1

a(j)n b(i)n


i�s�cezava pri n→ ∞.

Primedba 4.2. Asimptotika tipa (21) sa koe�cijentima (18) i (20) ima izuzetan
zna�caj u teoriji inverznih zadataka.
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Apstract

S. Kasahara [9], [10] in 1974, considered topological vector spaces over
topological semi�eld, and introduced the notion of Φ-paranormed spaces.
O. Had�zi�c [3], [4] introduced the notion of sets of Φ-type, and proved admis-
sibility (in seance of V. Klee [11], [12]) of such sets. Sets of Zima's type were
introduced by K. Zima [15] (for metric linear spaces) and O. Had�zi�c [5] (for
arbitrary Hausdor� topological vector spaces).

In this talk (paper) we shall prove that each set of Φ-type is set of Zima's
type, which implies that every the subset of Φ-type can be a�nely embedded
in a Hausdor� locally convex linear space.

1 Introduction

There are many approach to the theory of uniform spaces which are obtained by
Tychonov, Kurepa, Weil, Efremovich, and many others. One of them is introduced
by M. Ja. Antonovskii, V. G. Boltjanskii and T. A. Sarymsakov in 1960. They
considered uniform spaces as "metric spaces" in which distance between points
belongs to some topological semi�eld.

S. Kasahara [9], [10] in 1974, considered topological vector spaces over topo-
logical semi�eld, and introduced the notion of Φ-paranormed spaces. In [1] I.
Arandelovi�c and M. Rajovi�c proved that topological vector space are Φ-paranorm-
able if and only if it is product of locally bounded spaces.

Kasahara's approach was applied in papers of O. Had�zi�c [3], [4], O. Had�zi�c
and Lj. Gaji�c [8], Lj. Gaji�c [2] and S. Ne�si�c [13], [14], in which were given some
results in �xed point theory and related topics of nonlinear analysis.

O. Had�zi�c [3], [4] introduced the notion of sets of Φ-type, and proved admis-
sibility (in seance of V. Klee [11], [12]) of such sets.

Sets of Zima's type were introduced by K. Zima [15] (for metric linear spaces)
and O. Had�zi�c [5] (for arbitrary Hausdor� topological vector spaces). For its
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applications in nonlinear analysis see monograph [6]. H. Weber [14] proved that
such set can be a�nely embedded in a Hausdor� locally convex linear space.

In this talk (paper) we shall prove that each set of Φ-type is set of Zima's
type, which implies that every the subset of Φ-type can be a�nely embedded in
a Hausdor� locally convex linear space.

2 Preliminary Notes

By R we shall denote the set of all real numbers. Further, let X be a Hausdor�
topological vector space. Then there exists nonempty set ∆ and family of metric
linear spaces {Xi}i∈∆ (see Klee [10]) such that

X =
∏
i∈∆

Xi.

We shall denote by R∆ the set of all mappings from ∆ into R with Tychono�
product topology and operations + and scalar multiplication as usual. If f, g ∈ R∆

we shall say that f ≤ g if and only if f(t) ≤ g(t) for each t ∈ ∆. By P∆ we shall
denote the cone of nonnegative elements in R∆. For q = (qi)i∈∆ ∈ R∆ we de�ne
the i−projection as:

pi(q) = qi.

The triplet (X, ∥.],Φ) is a Φ-paranormed space if and only ifX is the Hausdor�
topological vector space, ∥.] : X → P∆, Φ is a linear, positive mapping from R∆

into R∆ such that the following conditions are satis�ed:
1) ∥x] = 0 if and only if x = 0;
2) ∥tx] = |t|∥x];
3) ∥x+ y] ≤ Φ(∥x] + ∥y]).

Then for mapping ∥.] is said to be Φ paranorm.
Let (X, ∥.],Φ) be a Φ-paranormed space. Then K ⊂ X is set of Φ-type if and

only if for every n ∈ N, every x1, . . . , xn ∈ K −K and every λ1, . . . , λn such that∑
λi = 1 we have:

∥
n∑

i=1

λixi] ≤
n∑

i=1

λiΦ(∥xi]).

Let X,Y be topological spaces and f : X → Y . f is compact if it is continuous
an f(X) is a compact set. Let E be a topological vector space and g : X → Y be
a single-valued function. A function f : X → E is �nite if it is compact and f(X)
is a subset of some �nite dimensional subspace of E. A subset K ⊆ E is said to be
admissible if for every compact subset A ⊆ K and every U open neighborhoods
of zero in E there exists a �nite function h : A → K so that h(x) − x ∈ U for
each x ∈ A.

Let E be a topological vector space, U be a fundamental family of open neigh-
borhoods of zero in E and K ⊆ E.We say that the set K is of Zima's type if and
only if for every V ∈ U there exists U ∈ U such that co(U

∩
(K −K)) ⊆ V.
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3 Results

Now we need the following Lemma.

Lemma 3.1. Let (X, ∥.],Φ) be a Φ-paranormed space. Then

∥x] ≤ Φ(∥x]),

for any x ∈ X.

Proof: For any x ∈ X we have

∥x] = ∥x
2

+
x

2
] ≤ Φ(∥x

2
] + ∥x

2
]) = Φ(2∥x

2
]) = Φ(∥x]).

♢
Now we present our main result.

Theorem 3.1. Let (X, ∥.],Φ) be a Φ-paranormed space and K ⊂ X. If K is set
of Φ-type then it is set of Zima's type.

Proof: Let U be a fundamental family of open neighborhoods of zero in X and
V ∈ U . Kasahara [8],[9] proved that there exists real number ϵ > 0 and an
indecomposable idempotent ρ ∈ P∆ such that set

{x ∈ X : ∥x]ρ≪ ερ}

is nonempty open subset of V . Let

U = {x ∈ X : Φ(∥x])ρ≪ ερ}.

By Lemma 3.1 we get that

U ⊆ {x ∈ X : ∥x]ρ≪ ερ}.

So we get that U is open subset of V because Φ is continuous and linear, which
implies that U is open neighborhoods of zero.

Let x1, . . . , xn ∈ (K −K) ∩ V . For arbitrary real numbers λ1, . . . , λn ∈ [0, 1]

such that
n∑

i=1

λi = 1 we have:

∥
n∑

i=1

λixi] ≤
n∑

i=1

λiΦ(∥xi]).

From x1, . . . , xn ∈ (K −K) ∩ V it follows that

Φ(∥x])ρ≪ ερ
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for any 1 ≤ i ≤ n which implies

∥
n∑

i=1

λixi]ρ ≤
n∑

i=1

λiΦ(∥xi])ρ≪ ερ.

So we get that
n∑

i=1

λixi ∈ U,

which implies co(U
∩

(K −K)) ⊆ V .
♢
H. Weber [14] proved that set of Zima's type can be a�nely embedded in a

Hausdor� locally convex linear space. So we obtain:

Corollary 3.1. Let (X, ∥.],Φ) be a Φ-paranormed space and K ⊂ X. If K is
set of Φ-type then it can be a�nely embedded in a Hausdor� locally convex linear
space.

O. Had�zi�c, [5] proved that set of Zima's type is admissible. So we obtain:

Corollary 3.2. (O. Had�zi�c [3], [4]) Let (X, ∥.],Φ) be a Φ-paranormed space and
K ⊂ X. If K is set of Φ-type then it is admissible.
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Abstract

Using the the concept of the total Kurzweil-Henstock integral we shall try
to show that functions, which can take not only �nite but in�nite values in
the interval (−π, π), can be expanded into a Fourier series over this interval.

1 Introduction

As is well-known to all of us, signi�cant progress in Fourier analysis has gone
hand in hand with progress in theories of integration, [3, 9]. Perhaps this can
be best exempli�ed by using the so-called total value of the generalized Riemann
integrals introduced by Saric in his works [4, 5, 6, 7]. This brand new theory
of integration, which takes the notion of residues of real valued functions into
account, gives us the opportunity to integrate real valued functions that was not
integrable in any of the known integration methods until now. Accordingly, in
the main part of this paper, we shall see that real-valued functions, with in�nite
discontinuities within the interval (−π, π), can be expanded into a Fourier series
over [−π, π].

2 Preliminaries

The Lebesgue measure in the set of all real numbers R is denoted by µ, however, for
E ⊂ R we write |E| instead of µ (E). By N we denote the set of natural numbers.
Given a compact interval [−π, π] let the collection I ([−π, π]) be a family of all
compact subintervals I of [−π, π]. Any real valued function de�ned on I ([−π, π])
is an interval function. For f : [−π, π] 7→ R the associated interval function of f
is an interval function f : I ([−π, π]) 7→ R, again denoted by f , [8]. A partition
P [−π, π] of [−π, π] is a �nite set of interval-point pairs ([ai, bi] , xi), i = 1, ..., ν,
such that the subintervals [ai, bi] are non-overlapping ((ai, bi)∩(aj , bj) = ∅ for i ̸=
j, where (ai, bi) are the interiors of [ai, bi]), ∪i≤ν [ai, bi] = [−π, π] and xi ∈ [ai, bi].
The points {xi}i≤ν are the tags of P [−π, π], [1, 2]. If E is a subset of [−π, π],
then the restriction of P [−π, π] to E is a �nite subset of ([ai, bi] , xi) ∈ P [−π, π]
such that each pair of sets [ai, bi] and E intersects in at least one point. In
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symbols, P [−π, π] |E = {([ai, bi] , xi) ∈ P [−π, π] | [ai, bi] ∩ E ̸= ∅}. It is evident
that a given partition of [−π, π] can be tagged in in�nitely many ways by choosing
di�erent points as tags. Given δ : [−π, π] 7→ R+, named a gauge, a partition
P [−π, π] is called δ-�ne if [ai, bi] ⊂ (xi − δ (xi) , xi + δ (xi)). Let P [−π, π] be the
family of all partitions P [−π, π] of [−π, π]. Then, by Pδ [−π, π] we denote the
family of all δ-�ne partitions P [−π, π] of [−π, π] for some given δ : [−π, π] 7→ R+.
In what follows we will use the following notations: ∆F (I) = F (v)−F (u), where
u and v are the endpoints of I ∈ I ([−π, π]),

∑
i ∆F ([ai, bi]) = ∆F (P [−π, π])

and
∑

i f (xi) |[ai, bi]| = (f∆x) (P [−π, π]), whenever ([ai, bi] , xi) ∈ P [−π, π]. In
addition, if t ∈ (0, π) and γ (I, t) is an interval function associated to γ (x, t), then∑

i[γ ([ai, bi] , t) ∆F ([ai, bi]) − γ (xi, t) |[ai, bi]|] = (γ∆F − γ∆x) (P [−π, π] , t).
The following two de�nitions come from [2].

De�nition 2.1. A function f : [−π, π] 7→ R is said to be Kurzweil-Henstock
integrable to a real number A on [−π, π] if for every ε > 0 there exists a gauge δ on
[−π, π] such that |(f∆x) (P [−π, π]) −A| < ε, whenever P [−π, π] ∈ Pδ [−π, π].
In symbols, A = KH −

∫ π
−π f .

De�nition 2.2. Let γ : I [−π, π] 7→ R be an arbitrary interval function. Then,
a function g : [−π, π] 7→ R is the limit of γ on E ⊆ [−π, π], if for every ε > 0
there exists a gauge δ on [−π, π] such that |γ ([ai, bi]) − g (xi)| < ε, whenever
([ai, bi] , xi) ∈ P [−π, π] |E and P [−π, π] ∈ Pδ [−π, π].

For a primitive F : [−π, π] 7→ R, the derivative f could be de�ned as the limit
of the interval function ϕ : I [−π, π] 7→ R de�ned by

ϕ(I) =
∆F (I)

∆x (I)
=

∆F

∆x
(I) , (1)

where ∆x (I) = |I|. In this case, according to De�nition 2, given ε > 0 there exists
a gauge δ on [−π, π] such that |∆F ([ai, bi]) − f(xi)∆x ([ai, bi])| ≤ ε∆x ([ai, bi]),
whenever ([ai, bi] , xi) ∈ P [−π, π] |E and P [−π, π] ∈ Pδ [−π, π]. Accordingly,
if E ⊂ [−π, π], more precisely if F : [−π, π] 7→ R is a function that is not
di�erentiable on [−π, π], then for a given ε > 0 in the set

ΩKH
ε = {(x, I) : x ∈ [−π, π] is inside I and |∆F (I)| ≥ ε |I|}

we isolate two subsets:

ΩKH
<ε = {(x, I) : x ∈ [−π, π] is inside I and ε |I| ≤ |∆F (I)| < ε} and

ΩKH
≥ε = {(x, I) : x ∈ [−π, π] is inside I and |∆F (I)| ≥ ε}.

De�nition 2.3. Let F : [−π, π] 7→ R. The set (vss) [−π, π] = {x ∈ [−π, π] : for
every ε > 0 there exists a δ-�ne (x, I) ∈ ΩKH

<ε } is said to be the set of seeming
singular points of F on [−π, π].
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De�nition 2.4. Let F : [−π, π] 7→ R. The set (vs) [−π, π] = {x ∈ [−π, π] : for
every ε > 0 there exists a δ-�ne (x, I) ∈ ΩKH

≥ε } is said to be the set of singular
points of F on [−π, π].

When working with functions, which have a �nite number of discontinuities
on [−π, π], it does not really matter, from the point of view of totalization of
the Kurzweil-Henstock integral, how these functions will be de�ned on the set E
of discontinuities. Hence, we adopt the convention that such functions are equal
to 0 at all points at which they can take values ±∞ or not be de�ned at all.
Accordingly, we may de�ne point functions Fex : [−π, π] 7→ R and fex : [−π, π] 7→
R by extending F and its derivative f from [−π, π] \E to E by Fex (x) = 0 and
fex (x) = 0 for x ∈ E, so that

Fex (x) =

{
F (x) , if x ∈ [−π, π] \E

0, if x ∈ E
and (2)

fex (x) =

{
f (x) , if x ∈ [−π, π] \E

0, if x ∈ E
.

The following two de�nitions come from [5].

De�nition 2.5. Let γ : I [−π, π] 7→ R be an arbitrary interval function and
for F : [−π, π] 7→ R let ϕ : I [−π, π] 7→ R be an interval function de�ned by
(1), that converge, according to De�nition 2, to g (x) and f (x), respectively,
almost everywhere on [−π, π]. A point function g (x) is totally Kurzweil-Henstock
integrable, with respect to the di�erential form dF (x) = f (x) dx, to a real point
F on [−π, π], if for every ε > 0 there exists a gauge δ on [−π, π] such that

|(γ∆F ) (P [−π, π]) −F| < ε, (3)

whenever P [−π, π] ∈ Pδ [−π, π]. In symbols, F := KH− vt
∫ π
−π gdF .

Remark 2.1. In case, any of the point functions g and f above is the limit of
the corresponding interval function on [−π, π], then in the previous de�nition (3)
can be replaced by

|(g∆F ) (P [−π, π]) −F| < ε or |(γf∆x) (P [−π, π]) −F| < ε,

respectively.

De�nition 2.6. Let F : [−π, π] 7→ R and E ⊂ (−π, π) be a set of Lebesgue
measure zero such that E = (vs) [−π, π]. The linear di�erential form dF (x) =
f (x) dx, as the limit of ∆F (I) on [−π, π], where I ∈ I ([−π, π]), is said to be
basically summable (BSδ) to a real number ℜ on E if for every ε > 0 there exists
a gauge δ on [−π, π] such that

|(∆F − fex∆x) (P [−π, π] |E ) −ℜ| < ε,

whenever P [−π, π] ∈ Pδ [−π, π]. If in addition E can be written as a countable
union of sets on each of which the linear di�erential form f (x) dx is BSδ, then
f (x) dx is said to be BSGδ on E. In symbols, ℜ :=

∑
x∈E f (x) dx.
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3 Main results

It is an old result (see [9]) that if γ : [−π, π] 7→ R is a point function de�ned by
γ (x, t) =

∑+∞
k=1 Γk(x, t) + (x− t) /2, where Γk(x, t) = sin [k (x− t)] /k, for every

�xed t ∈ (0, π), then the dispersion of function values on [−π, π] is as follows

γ (x, t) =


−π

2 , if x ∈ [−π, t)
0, if x = t

π
2 , if x ∈ (t, π]

. (4)

Let γ : I ([−π, π]) 7→ R be the associated interval function of γ. If I ∈ I ([−π, π])
and γ (I, t) = γ (v, t) − γ (u, t), where u and v are the endpoints of I, then

γ (I, t) =

+∞∑
k=1

Γk(I, t) +
I

2
=


π, if t ∈ int.I

π
2 , if t is the endpoint of I

0, if t /∈ I
, (5)

where Γk(I, t) = Γk(v, t) − Γk(u, t). In addition, let E ⊂ (−π, π) be a set of
Lebesgue measure zero at whose points an arbitrary point function F , de�ned
and di�erentiable to f on [−π, π] \E, can take values ±∞ or not be de�ned at all
and t /∈ E. If we introduce into the analysis the interval function γ (I, t) ∆Fex(I),
as the product of the two interval functions γ (I, t) de�nd by (5) and ∆Fex(I),
whenever I ∈ I ([−π, π]), then, according to De�nition 5,

KH− vt

∫ π

−π
[
+∞∑
k=1

Gk (x, t) +
1

2
]f (x) dx = πf (t) , (6)

where Gk (x, t) = cos [k (x− t)] is the limit of Γk(I, t)/∆x (I), since f (t) is the
limit of the interval function ϕ (I) = (∆Fex/∆x) (I) at the point t and therefore
for every ε > 0 there exists a gauge δ on [−π, π] such that

|(γϕex) (P [−π, π] , t) − πf (t)| = π |ϕex([ai, bi]t) − f (t)| < πε, (7)

whenever P [−π, π] ∈ Pδ [−π, π], where [ai, bi]t are the subintervals [ai, bi] to which
the point t belongs.

On the other hand, considering the fact that
∑+∞

k=1 Γk(I, t) converges on
[−π, π] it follows that

∑+∞
k=1(Γk/∆x) (P [−π, π] , t) = (

∑+∞
k=1 Γk/∆x) (P [−π, π] , t),

for every P [−π, π] ∈ P [−π, π]. Hence, (6) becomes the Fourier series of f at the
point t, as follows

1

π

+∞∑
k=1

KH− vt

∫ π

−π
Gk (x, t) f (x) dx+

1

2π
KH− vt

∫ π

−π
f (x) dx = f (t) . (8)

The following theorem give us the opportunity to compute the Fourier co-
e�cients for a function that can take not only �nite but in�nite values within
[−π, π], using the Kurzweil-Henstock integral.
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Theorem 3.1. For [−π, π] ∈ R let E ⊂ (−π, π) be a set of Lebesgue measure zero
at whose points a primitive F that is de�ned and di�erentiable on [−π, π] \E and
its derivative f can take values ±∞ or not be de�ned at all. If Gk (x, 0) dF (x) =
Gk (x, 0) f (x) dx, as the limit of the point-interval function Gk (x, 0) ∆Fex (I) on
[−π, π], where I ∈ I ([−π, π]), is basically summable (BSδ) on E to the sum
ℜk and Gk (x, 0) fex (x) is Kurzweil-Henstock integrable to a real number Ak on
[−π, π], for each k ∈ N, then

KH− vt

∫ π

−π
Gk (x, 0) f (x) dx = KH−

∫ π

−π
Gk (x, 0) fex (x) dx+ ℜk, (9)

for each k ∈ N.

Proof. Let Fex and fex be de�ned by (2). Since the point function Gk (x, 0) fex (x)
isKurzweil-Henstock integrable to a real numberAk on [−π, π] andGk (x, 0) dF (x)
is (BSδ) on E to ℜk, for each k ∈ N, it follows from De�nitions 2 and 6 that for
every ε > 0 there exist a gauge δ1 on [−π, π] such that

|(Gkfex∆x) (P [−π, π] , 0) −Ak| < ε,

whenever P [−π, π] ∈ Pδ1 [−π, π], and a gauge δ2 on [−π, π] such that

|(Gk∆Fex −Gkfex∆x) (P [−π, π] |E , 0) −ℜk| < ε,

whenever P [−π, π] ∈ Pδ2 [−π, π]. In addition, fex (x) ≡ 0 onE andGk (x, 0) dF (x)
is the limit of Gk (x, 0) ∆F (I) on [−π, π] \E, that means that for every ε > 0 there
exists a gauge δ3 on [−π, π] such that

|(Gk∆F −Gkf∆x) (P [−π, π] \P [−π, π] |E , 0)| ≤ 2πε,

whenever P [−π, π] ∈ Pδ3 [−π, π]. A gauge δ on [−π, π] may be chosen so that
δ (x) = min (δ1 (x) , δ2 (x) , δ3 (x)). Hence, for every ε > 0 there exists a gauge δ
on [−π, π] such that

|(Gk∆Fex) (P [−π, π] , 0) −Ak −ℜk| ≤ |(Gkfex∆x) (P [−π, π] , 0) −Ak|+

+ |(Gk∆Fex −Gkfex∆x) (P [−π, π] , 0) −ℜk| ,
that is,

|(Gk∆Fex −Gkfex∆x) (P [−π, π] , 0) −ℜk| ≤
≤ |(Gk∆F −Gkf∆x) (P [−π, π] \P [−π, π] |E , 0)|+

+ |(Gk∆Fex −Gkfex∆x) (P [−π, π] |E , 0) −ℜk| ≤ (2π + 1) ε,

whenever P [−π, π] ∈ Pδ [−π, π], so that given ε > 0 there exists a gauge δ
on [−π, π] such that |(Gk∆Fex) (P [−π, π]) −Ak −ℜk| ≤ 2 (1 + π) ε, whenever
P [−π, π] ∈ Pδ [−π, π]. Therefore,

KH− vt

∫ π

−π
Gk (x, 0) f (x) dx = KH−

∫ π

−π
Gk (x, 0) fex (x) dx+ ℜk.

⊣
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Let H (x) be the so-called Heaviside (unit) step function. It is easy to see that
dH (x) = δ (x) dx, where δ (x) is the Dirac delta function that is zero everywhere
except at zero, is the limit of the interval function ∆H (I), associated to H (x),
on [−π, π] \E0, where E0 = {0}. Since for every ε > 0 there exists a gauge δ on
[−π, π] such that |∆H(P [−π, π]) − 1| < ε and |(Gk∆H)(P [−π, π] , 0) − 1| < ε,
whenever P [−π, π] ∈ Pδ [−π, π] and k ∈ N, it follows from De�nition 5 that

KH− vt

∫ π

−π
Gk (x, 0) dH (x) = 1, (10)

for each k ∈ N0, where N0 = N ∪ {0}.
By Theorem 1 and De�nition 6, we see that KH−

∫ π
−π Gk (x, 0) δex (x) dx ≡ 0 ,

for each k ∈ N0, since Gk (x, 0) dH (x) are basically summable (BSδ) to 1 on E0,
for each k ∈ N0. Finally, it follows from (8) that

+∞∑
k=1

Gk (0, t) +
1

2
= πδ (t) , (11)

at every point t belonging to the set [−π, π] \E0. This con�rms that
∑+∞

k=1Gk (x, t)
is the limit of

∑+∞
k=1 Γk(I, t)/∆x (I) on [−π, π] \Et, where Et = {t} and t ∈

(−π, π). In addition, for any real-valued periodic function f (x) of period 2π,
which is de�ned at a point t ∈ (−π, π), it follows that

πf (t) = KH− vt

∫ π

−π
πδ (x− t) f (x) dx = (12)

= KH− vt

∫ π

−π
[

+∞∑
k=1

Gk (x, t) +
1

2
]f (x) dx =

+∞∑
k=1

KH− vt

∫ π

−π
Gk (x, t) f (x) dx+

+
1

2
KH− vt

∫ π

−π
f (x) dx.
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Abstract

In the present paper we study some metric properties and dispersive
e�ects of weakly mixing (WM) measure-preserving transformations on gen-
eral metric spaces endowed with a probability measure; in particular, we
investigate connections of WM discrete time dynamical systems with the
theory of probabilistic metric spaces. Further, continuing the work begun
by B. Schweizer and A. Sklar [Z. Wahrsch. Verw. Geb. 26 (1973), 235 �
239], in [Huse Fatki�c, Slobodan Sekulovi�c, and Hana Fatki�c, Probabilistic
metric spaces determined by weakly mixing transformations, Proceedings of
the 2nd Mathematical Conference of Republic of Srpska - Section of Applied

Mathematics (2012), 195-208] is proven that if (S, d) is a separable metric
space endowed with a probability measure P and if T is a transformation
on S that is weakly mixing with respect to P , then for any x > 0 and al-
most all pairs of points (p, q) in S2, there is a distribution function F such
that the average number of times in �rst (n − 1) iterations of T that the
distance between points Tn(p) and Tn(q) is less than x converges to F (x)
as n go to in�nite. The collection of these distribution functions is almost
an equilateral probabilistic pseudometric space and the transformation T
is (probabilistic-) distance-preserving on this space. We apply this result
to establish several facts, e.g. the fact that under iteration of WM trans-
formation T , k-tuples of distinct distances d(p, q) behave asymptotically as
independent, identically distributed random variables.
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1 Introduction and preliminaries

In this work we shall study actions of the group Z of integers on a probability
space X , i.e., we study a transformation T : X → X and its iterates Tn, n ∈ Z.

Speci�cally, we shall investigate some metric properties and dispersive e�ects
of weakly mixing (WM) transformations on general metric spaces endowed with
a probability measure; in particular, we shall study connections of WM discrete
time dynamical systems with the theory of probabilistic metric (PM) spaces. We
shall generally refer to Billingsley [1], Cornfeld, Fomin and Sinai [3], Fatki�c [6],
Hille [14], Schweizer and Sklar [21] and Walters [24].

Suppose (X,A, P ) is a probability space. As usual, a transformation T : X →
X is called:

(i) measurable (P - measurable) if, for any A in A, the inverse image T−1(A)
is in A;

(ii) measure-preserving if T is measurable and P (T−1(A)) = P (A) for any A
in A (or, equivalently, measure P is said to be invariant under T );

(iii) ergodic if the only members A of A with T−1(A) = A satisfy P (A) = 0
or P (X \A) = 0;

(iv) weakly mixing (or weak-mixing) (with respect to P ) if T is P - measurable
and

lim
n→∞

1

n

n−1∑
i=0

|P (T−i(A) ∩B) − P (A)P (B)| = 0

for any two P - measurable subsets A,B of X.
(v) strongly mixing (or mixing, strong-mixing) (with respect to P ) if T is P -

measurable and
lim
n→∞

P (T−n(A) ∩B) = P (A)P (B) (1)

for any two P - measurable subsets A,B of X.
We say that the transformation T : X → X is invertible if T is one-to-one

(monic) and such that T (A) is P - measurable whenever A is P - measurable
subset of X.

A transformation T on a probability space (X,A, µ) is said to be measurability
- preserving if T (A) ⊆ A (i.e., if T (A) is P - measurable whenever A is P -
measurable. In this case we also say that the transformation T preserves P -
measurability.

If (X,A, P ) is a probability space, and T : X → X is a measure-preserving
transformation (with respect to P ), then we say that Φ := (X,A, P, T ) is an
abstract dynamical system. An abstract dynamical system is often called a dy-
namical system with discrete time or a measure-theoretic dynamical system or an
endomorphism. We shall say that the abstract dynamical system Φ is: (i) in-
vertible if T is invertible; (ii) ergodic if T is ergodic; (iii) weakly (resp. strongly)
mixing if T is weakly (resp. strongly) mixing (see [2, pp. 6 - 26]).

2010 Mathematics Subject Classi�cation: 60B05, 28A10, 54E35.
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If T is a strongly mixing transformation of a probability space (X,A, P ),
then, as is well-known, T is both measure-preserving and ergodic. Furthermore,
if T : X → X, in addition (to being strongly mixing on X with respect to P ), is
invertible, then (1.1) is equivalent to (the well- known result):

lim
n→∞

P (Tn(A) ∩B) = P (A)P (B) (2)

for any µ - measurable subsets A,B of X.
In this work we consider a metric space/( extended metric spaces, i.e., if we

allow d to take values in [0,∞] (the nonnegative lower reals) instead of just in
[0,∞), then we get extended metric spaces) (X, d) on which a probability measure
P is de�ned. The domain of P , a σ - algebra A of subsets of X , is assumed to
include all Borel sets in (X, d); in particular, therefore, all open balls in (X, d)
are P - measurable (see [10]).

The (ordinary) diameter of a subset A of X , i.e., the supremum of the set
{d(x, y)|x, y ∈ A}, will be denoted by diam(A). We can de�ne the diameter of
the empty set (the case A = ∅) as 0 or −∞, as we like. But, like many other
authors, we prefer to treat the empty set as a special case, assigning it a diameter
equal to 0, i.e., diam(∅) = 0, which corresponds to taking the codomain of d to
be the set of all nonnegative real numbers (if the distance function d is viewed
here as having codomain R, this implies that diam (∅) = −∞) (see [10]). We
call P nonsingular if there exist two open balls K1,K2, and a positive number
x0 such that P (K1) > 0, P (K2) > 0, and d(w1, w2) > 0 for all w1 in K1, w2 in
K2. We call P pervasive if P (K) > 0 for all open balls K in X. Note that any
pervasive measure is nonsingular if X has more than one point.

If A is P -measurable, then the (ordinary) essential diameter of A, denoted by
ess diam (A), is the in�mum of the set of diameters of all P -measurable sets B
such that B ⊆ A and P (B) = P (A).

Let (X, d) be a metric space/(extended metric space), and let A be a subset
of X. For any positive integer k ≥ 2, we de�ne the the geometric diameter of
order k of A (kth diameter of A), denoted by δk(A), to be the quantity

δk(A) := sup

 (
n
2

)√ ∏
1≤i<j≤k

d(xi, xj) | x1, . . . , xk ∈ A

 . (3)

Note that δ2(A) is the (ordinary) diameter of the set A. The sequence (δk(A))
can be shown to be decreasing (see, e.g., [14] and [19]), and therefore has a limit
as k tends to in�nity. By de�nition, the (geometric) trans�nite diameter of A is

τ(A) := lim
k→∞

δk(A). (4)

Note that 0 ≤ τ(A) ≤ δk(A) ≤ diam(A), and that B ⊆ A implies τ(B) ≤ τ(A).

Example 1.1. [19, p. 167] Let A be the closed unit disk (or the unit circle).
Then

δk(A) :=
k−1
√
k, τ(A) = 1.
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Example 1.2. [19, p. 169] The closed set {0}∪{1/k : k = 1, 2, . . .} has trans�nite
diameter zero.

If A is µ-measurable subset of X, then, for any positive integer k ≥ 2, the
essential geometric diameter of order k of A, denoted by ess δk(A) , is the in�mum
of the set of geometric diameters of all µ-measurable sets B such that B ⊆ A and
µ(B) = µ(A), i.e.,

ess δk(A) := inf{δk(B)|B is µ - measurable, B ⊆ A,µ(B) = µ(A)}. (5)

The general theory of geometric diameters and trans�nite diameters plays an
important role in complex analysis. It is related to the logarithmic potential
theory with applications to approximation theory and the �Ceby�sev constant (see,
e.g., [19]).

Investigations in [3 - 12], [18], [21] and [22] have shown, however, that many
important consequences of (1.2) persist in the absence of invertibility and/or the
strongly mixing property.

Many problems in mathematical analysis can be dealt with within the frame-
work of metric spaces (see [10]). This very fact compelled mathematicians to
introduce the spaces as general as topological spaces as well as the spaces such as,
probabilistic metric spaces and eve probabilistic information spaces (probabilistic
topological spaces, intuitionistic fuzzy (quasi-) metric spaces, quasi-fuzzy topolog-
ical spaces etc.). In that respect, in 1942 K. Menger [16] proposed probabilis-
tic/statistical generalization of the theory of metric spaces. Speci�cally, he pro-
posed replacing the number d(p, q) (the distance between p and q, elements/points
of a nonempty set X) by a real-value function Fpq whose value Fpq(x), for any
real number x, is interpreted as the probability that the distance between p is
less than x. From it follows that Fpq (for all p, q in X) is probability distribution
function.

For the sake of convenience, we recall some of the basic concepts related to
the theory of probabilistic metric spaces (for further details, see [6, 10, 12, 21]).

De�nition 1.1. A real function F de�ned on the extended real line R :=
[−∞,+∞] is called a distribution function brie�y, a d.f.) if it is nondecreasing
and satis�es F (−∞) = 0, F (+∞) = 1.

The set of all d.f.'s that are left-continuous on the unextended real line R :=
(−∞,+∞) is denoted by ∆ and the subset of all F 's in ∆ satisfying F (0) = 0 is
denoted by ∆+ (the set of distance functions). Let D be the subclass of ∆ formed
by all functions F ∈ ∆ such that limx→−∞ F (x) = 0 and limx→∞ F (x) = 1. The
subset of all F 's in D satisfying F (0) = 0 is denoted by D+.

The sets ∆, ∆+, D andD+ are partially ordered by the usual pointwise partial
ordering of functions.

De�nition 1.2. For any a in R, εa, the unit step at a, is the function in ∆ given
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by

εa(x) =


0, −∞ ≤ x ≤ a,

for−∞ ≤ a < +∞
1, a < x ≤ +∞;

(6)

ε∞(x) =

{
0, −∞ ≤ x < +∞,
1, x = +∞.

(7)

Note that εa ≤ εb if and only if b ≤ a; that ε∞ is the minimal element of
both ∆ and ∆+; and that ε−∞ is the maximal element of ∆, and ε0 the maximal
element of ∆+.

De�nition 1.3. A triangle function is a binary operation τ on ∆+ that is commu-
tative, associative, nondecreasing in each place, and has ε0 as an identity element.

Continuity of a triangle function means uniform continuity with respect to the
natural product topology on ∆+×∆+. Typical (continuous) triangle functions are
convolution and the operations τT , which are given by τT (F,G)(x) = sup{T (F (u),
G(v))|u + v = x}, for all F,G in ∆+ and all x ∈ R. Here, T is a continuous t -
norm, i.e., a continuous binary operation on [0, 1] that is commutative, associative,
nondecreasing in each place, and has 1 as identity.

Example 1.3 (21, pp. 70 - 71). The most important t - norms are the functions
W , Prod and M which are de�ned, respectively, by

W (a, b) = max {a+ b− 1, 0}, Prod(a, b) = ab, M(a, b) = min{a, b}.

Their corresponding t - conorms are given, respectively, by

W ∗(a, b) = min {a+ b, 1}, Prod∗(a, b) = a+ b− ab, M∗(a, b) = max {a, b}.

In the following we shall de�ne some functions, say F , on R and consider
them automatically extended to R by F (−∞) = 0 and F (∞) = 1.

{Fi : i ∈ I} is a family of functions in ∆+, then the function F : R → [0, 1]
de�ned by

F (x) = sup{Fi(x) : i ∈ I}, x ∈ R,

is the supremum of the family {Fi : i ∈ I} in the order set (∆+,≤) : F = supi∈I Fi.
To de�ne the in�mum of the family {Fi : i ∈ I} put

Γ(x) = inf{Fi(x) : i ∈ I}, x ∈ R.

Since the function Γ is nondecreasing, but not necessarily left continuous on
R, we have to regularize it by taking the left limit

G(x) = l−Γ(x) := lim
x′→x

Γ(x′) = sup
x′<x

Γ(x′), x ∈ R

Then G(x) ≤ Γ(x), ∀x ∈ R, the function G belongs to ∆+ and G = infi∈I Fi

- the in�mum of the family {Fi : i ∈ I} in the order set (∆+,≤).
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De�nition 1.4. A probabilistic metric (brie�y, PM) space is a triple (S,F, τ),
where S is a nonempty set, τ is a triangle function, and F is a mapping from S×S
into ∆+ such that, if Fpq denotes the value of F at the pair (p, q), the following
conditions hold for all p, q, r in S:

(PM1a) Fpq = ε0;
(PM1b) Fpq ̸= ε0 if p ̸= q;
(PM2) Fpq = Fqp;
(PM3) Fpr ≥ τ(Fpq, Fqr).

If (PM1a), (PM2) and (PM3) are satis�ed, then (S, F, τ) is a probabilistic
pseudometric space.

The mapping F is called the probabilistic metric on S and (PM3) is the prob-
abilistic analogue of the triangle inequality.

Every metric space can be regarded as a special kind of PM space. For if
(S, d) is a metric space, if F : S × S → ∆+ is de�ned via Fpq = εd(p,q), and τ is a
triangle function such that τ(εa, εb) ≤ εa+b for all a, b ≥ 0 � e. g., if τ is given by
τT (F,G)(x) = supu+v=x T (F (u), G(v)), for all F,G in ∆+ and all x in R, where
T is a continuous t - norm � then (S, F, τ) is a PM space from which the original
metric space can be immediately recovered.

It is well known that the simplest metric spaces are discrete metric spaces,
and by analogy are de�ned the simplest probabilistic metric spaces: PSM space
(S,F) is said to be equilateral if there exists (distance) distribution function G,
which is di�erent from step functions ε0 and ε∞, such that

(∀p, q ∈ S, p ̸= q) F(p, q) = G.

Although equilateral spaces look trivial, they naturally appear as the spaces gen-
erated by strongly mixing transformations and weakly mixing transformations on
metric spaces.

Let A be a class of PSM spaces and let τ be a triangular function. We say
that τ is universal for A if each PSM space in A is PM space relative to τ .

In the second part of this introductory paragraph we de�ne notions and bring
out the basic facts on a very important, special class of generalized metric spaces,
so called transformation-generated spaces. Such spaces were introduced and stud-
ied from the ergodic theory point of view in [20, 21, 12]. They represent the limits
of PPM spaces, each of is up to isometry the so called E space (see [21, §9.1 and
§11.1; Theorem 11.1.1]) constructed in the following way:

Let (S, d) be a metric space, and let ϕ be transformation on S, i.e. a function
from S into S. The iterates of ϕ are de�ned recursively by:

ϕ0(p) = p and ϕn+1(p) = ϕ(ϕn(p)) for each p ∈ S and for each n ∈ N0.

For brevity, we denote ϕn(p) by ϕnp.
For an arbitrary p ∈ S, sequence {ϕn(p)}∞n=0 is trajectory of p under the

transformation ϕ.
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Further on, for an arbitrary pair of points p, q in S, an arbitrary natural
number n and an arbitrary real number x, let

χ(p, q, x, n) = |{0 ≤ m < n : d(ϕmp, ϕmq) < x}|,

where |A| denotes the number of elements of a (�nite) set A.
Hence, χ(p, q, x, n) denotes how many times, in the �rst n − 1 iterations, is

the distance between nth iterations of ϕ in p and q less than x.

Let, for n ∈ N and (p, q) ∈ S2, F
(n)
pq denote a function de�ned by

F (n)
pq (−∞) = 0, F (n)

pq (∞) = 1, F (n)
pq (x) =

1

n
χ(p, q, x, n)

for each x ∈ R. Hence, F
(n)
pq (n ∈ N) are the function for which

F (1)
pq = εd(p,q), F

(2)
pq =

1

2
(εd(p,q) + εd(ϕp,ϕq)), ..., F

(n)
pq =

1

n

n−1∑
m=0

εd(ϕmp,ϕmq),

where, for each �xed t ∈ R, εt is a unit step function in t. Hence, for an arbitrary

x > 0, F
(n)
pq (x) is the average number of times in the �rst (n− 1) iterations of ϕ

that the distance d(ϕnp, ϕnq) is less then x.

Clearly, for every �xed pair (p, q) ∈ S2 and for every �xed n ∈ N, F
(n)
pq is non-

decreasing function, it has minimal value 0 (which takes for every non-positive
value of argument x), has maximum value 1 (which takes for every value of ar-
gument x which is larger of the largest among the numbers εd(ϕnp,ϕnq); n =

0, 1, ..., n− 1), and it is continuous from the left on R. Hence, F
(n)
pq is probability

distribution function, continuous from the left, and for an arbitrary real number

x, the value F
(n)
pq (x) can be interpreted as the probability that distance between

initial segments (size n with respect length), which belong to trajectories of the

points p and q, be less than x. Consequently, F
(n)
pq belongs to ∆+, and if metric

d never takes value ∞ then F
(n)
pq belongs to the set ∆+.

For any n ∈ N function F(n), de�ned on S × S by

F
(n)
(p,q) = F (n)

pq ,

satis�es the conditions
F
(n)
(p,q) = ε0, F

(n)
(p,q) = F

(n)
(q,p),

i.e. each of the spaces (S,F(n)) is probabilistic metric space. It has been proved
in [21, §11.1] that each of the spaces (S,F(n)) is isometric with E - space, and
therefore (S,F(n)) is probabilistic pseudometric space with triangular function τW .

However, our primary interest is not the sequence {(S,F(n))} of probabilistic
pseudometric spaces itself, but its limits, which exhibits information about the
sequence of distances {d(ϕnp, ϕnq)} behavior over the asymptotic average. It has
been proved (see [21, p. 176]) that, in weak sense, this limit always exists. Hence,

103



we are interested in asymptotic behavior of the sequences {F (n)
(p,q)(x)}, and in that

sense, for each x ∈ R, we take

Fpq(x) = lim
n→∞

inf F (n)
pq (x)(= lim

n→∞
(inf{F (m)

pq : m ≥ n})) (8)

and
F ∗
pq(x) = lim

n→∞
sup F (n)

pq (x). (9)

For arbitrary p, q in S, functions Fpq and F ∗
pq are probabilistic distribution

functions such that Fpq(x) ≤ F ∗
pq(x) for each x ∈ R. Without loss of generality,

we can assume that these distribution functions are normalized in such a way
that they are continuous from the left on R so from Fpq < F ∗

pq it follows that
Fpq(x) < F ∗

pq(x) not only for some x but for all x from some positive interval with
positive length. We call function Fpq the lower distribution of p and q, whereas
F ∗
pq is the upper distribution of p and q.
It causes no great di�culty to prove (see [21, §11.1; Theorem 11.1.2]) that

the lower distribution satis�es (one version of Menger's triangular inequality)
inequality

Fpq(u+ v) ≥W (Fpq(u), Fqp(v))

for all real numbers u, v (where W (x, y) = max(x+ y − 1, 0) for all x, y ∈ [0, 1]).
It follows that, if F is mapping from S×S into the space of distribution functions,
de�ned by

F(p, q) = Fpq,

for all p, q in S, then the pair (S,F) is probabilistic pseudometric space (with
triangular function τW ). We call this space probabilistic metric space determined
by transformation (or transformation-generated space, de�ned by the metric space
(S, d) and transformation ϕ), and we denote it by [S, d, ϕ].

Example 1.4. Strongly mixing transformations exhibit dispersive e�ects. Thus,
for example, the dispersive character of the functions Cn de�ned by

Cn = 2 cos(n arc cos
x

2
), (10)

i.e., Cn = 2Čn(x/2) (where Čn is the standard nth-degree �Ceby�sev polynomial),
is brought out by the fact that if I is a subinterval of [−2, 2] with Pc(I) > 0 (where
Pc is the Lebesgue-Stieltjes Fc measure on [−2, 2] determined by Fc(x) = 1/2 +
(1/π) arc sin(x/2))) if n ≥ 2 and m is any integer such that m ≥ (log(2/Pc(I))/
log n+ 2), then Cm

n (I) = [−2, 2]; i.e., the mth image of I is the entire space (see
[21, p.184] and [6]).

A strongly mixing transformation T that is one to one cannot exhibit such
extreme behavior, for in this case T−1 is also measure preserving. Nevertheless,
as was shown in [3] and [18], under iteration, all strongly mixing transformations
tend to spread sets out. Indeed any weakly mixing transformation cannot exhibit
such extreme behavior; for as H. Fatki�e [5] has shown, we have the following
result:
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Theorem 1.1. [5, Theorem 3]. Let (X, d) be a metric space, let A be a σ-algebra
of subsets of X and µ a normalized (probability) measure on A. Suppose further
that every open ball in (X, d) is µ-measurable and has positive measure. Let T be
a transformation on X that is weakly mixing with respect to µ and suppose that
A is µ-measurable subset of X with positive measure. Then

lim
n→∞

sup δk(Tn(A)) = δk(X), (11)

where δk is the geometric diameter of order k given by (1.3).

Note that the hypotheses of Theorem 2.4 are such that ess diam (X) = diam
(X).

Theorem 1.4. shows that any set A of positive measure necessarily spreads
out, not only in (ordinary) diameter, but also in geometric diameter of any �nite
order. Thus, even though A may not spread out in "volume" (measure), there is
a very de�nite sense in which A does not remain small.

2 Main results

In this section of the paper we continue work from a previous paper [12], where
is proven that if (S, d) is a separable metric space endowed with a probability
measure P and if T is a transformation on S that is weakly mixing with respect
to P , then for any x > 0 and almost all pairs of points (p, q) in S2, there is a
distribution function F such that the average number of times in �rst (n − 1)
iterations of T that the distance between points Tn(p) and Tn(q) is less than x
converges to F (x) as n go to in�nite. The collection of these distribution functions
is almost an equilateral probabilistic pseudometric space and the transformation
T is (probabilistic-) distance-preserving on this space. In that direction, we have
the following result, which is Theorem 2.1 in [12] and is a substantial improvement
of Theorem 11.3.4 in [21]:

Theorem 2.1. [12, Theorem 2.1]. Let [X, d, T ] be a transformation-generated
space. Suppose that the following conditions hold:

(i) The metric space (X, d) is separable.

(ii) There is a probability measure P , de�ned on σ-algebra F of subsets of X.

(iii) Every open ball in X belongs to A.

(iv) T : X → X is weakly mixing with respect to P .

Then there is a unique distribution function GT with the following properties:

(a) For all x ∈ [−∞,∞),
GT (x) = P (2)(D(x)), (12)

where P (2) is the product measure on the set X ×X, while, for any x ∈ R,
D(x) denote the set of all pairs (p, q) in X ×X such that d(p, q) < x.
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(b) There is a subset A0 of X×X with P (2)(A0) = 1 such that for all (p, q) ∈ A0

the sequence of distribution functions (F
(n)
pq )∞n=1 de�ned by

F (n)
pq (−∞) = 0, F (n)

pq (∞) = 1 and F (n)
pq (x) =

1

n
χ(p, q, x, n) (x ∈ R), (13)

where
χ(p, q, x, n) = card{0 ≤ m < n : d(ϕmp, ϕmq) < x},

converges to GT , i.e. for each point x ∈ R holds

lim
n→∞

1

n

n−1∑
m=0

εd(Tmp,Tmq)(x) = GT (x), (14)

where, for each �xed point t ∈ R, εt is a unit step function at t (see (1.6)
and (1.7)).

Technique developed in the proof of this theorem surpasses the needs of this
proof and, it can be successfully employed in further investigations.

We apply this result to establish several facts about the connections of WM
discrete time dynamical systems with the theory of PM spaces, e.g. the fact that
under iteration of weakly mixing transformation T , k-tuples of distinct distances
d(p, q) behave asymptotically as independent, identically distributed random vari-
ables.

The space [X, d, T ] in Theorem 2.1 is called the weakly mixing transformation-
generated space determined by the separable metric space (X, d) and the weakly
mixing transformation T and is denoted by [X, d, T ]WM . It follows that under
the hypotheses of Theorem 2.1, the associated weakly mixing transformation-
generated space [X, d, T ] is almost an equilateral probabilistic pseudo-metric space.
If the probability measure P is nonsingular, then there exist two open ballsQ1, Q2,
and a positive number x0 such that P (Q1) > 0, P (Q2) > 0 and d(q1, q2) > x0 for
all q1 ∈ Q1, q2 ∈ Q2. This yields

GT (x0) ≤ 1 − P (2)(Q1 ×Q2) = 1 − P (Q1) · P (Q2) < 1, (15)

whence GT ̸= ε0 and [X, d, T ]WM is an equilateral probabilistic metric space.

Remark 2.1. If P in Theorem 2.1 is pervasive, then we note that x0 in (2.4) can
be taken to by any number less than ess diam (X). Also, it follows that under
the hypotheses of Theorem 2.1, the associated weakly mixing transformation-
generated space [X, d, T ] is almost an equilateral probabilistic metric space if,
instead of the conditions that the measure P is nonsingular, assume that there is
an x > 0 such that P (2)(D(x)) < 1, because then GT ̸= ε0. Note that in this case
A0 (in Theorem 2.1) cannot contain any pair of the form (p, p), whence

P (2)({(p, p) : p ∈ X}) = 0. (16)
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Theorem 2.2. Under hypotheses of Theorem 2.1, for any α > 0 there is a subset

Aα of X×X with P (2)(Aα) = 1 such that the sequence of α-moments (m(α)F
(n)
pq ),

m(α)F (n)
pq :=

1

n

n−1∑
m=0

[d(Tm(p), Tm(q))]α, (17)

converges for all pairs (p, q) in Aα. If, in addition, there is an α0 ∈ (0,∞) such

that |x|α0 is uniformly integrable in (F
(n)
pq ) , then for all α ∈ (0, α0] and for all

pairs (p, q) in Aα ∩A0 (where A0 as in Theorem 2.1)

lim
n→∞

m(α)F (n)
pq = m(α)GT <∞, (18)

where m(β)GT is α-th moment of GT as in Theorem 2.1.

Proof. For each �xed x ∈ [−∞,+∞] let D(x) be the subset of X ×X de�ned by

D(x) = {(p, q) | d(p, q) < x}.

If x ∈ [−∞, 0], thenD(x) is empty, therefore automatically P (2) (where P (2) is the
product measure on the set X×X) measurable with P (2)(D(x)) = GT (x) = 0. If
x ∈ (0,+∞), then it readily follows from the separability of (X, d) that D(x) may
be expressed as a countable union of open Cartesian rectangles of the form A×B,
where A is an open ball of small diameter, compared to x, and B is the set of all
points t such that d(t, t′) < x for all points t′ ∈ A. HenceD(x) is P (2)-measurable.
Now, the P (2)-measurability of the sets D(x) and the continuity of the metric d
together imply that for any α in (0,∞), the function dα is P (2)-measurable. Since
T is weakly mixing with respect to P , the product transformation T ×T (de�ned
on X ×X by (T ×T )(p, q) = (T (p), T (q))) is weakly mixing with respect to P (2).
Hence T × T (= T (2)) is ergodic on X ×X and he Birkho� ergodic theorem can
be applied to the sums in (2.6) to yield that for all α ∈ (0, α0) and for all pairs
(p, q) in Aα ∩A0 the limit in (2.7) exists and is equal to m(α)GT . ⊣

For any positive integer n, we denote the n-fold product T × T × · · · × T of
a transformations T with itself by T (n), and the n-fold product of a probability
measure P with itself by P (n). Then the next lemma is readily established:
Lemma 2.1. Let (X,A, P ) be a probability space. For any positive integer n, let
(Xn,A(n), P (n)) be the probability space in which A(n) is the product σ-�eld A ×
A × · · · × A and P (n) the corresponding product measure. For any transformation
T on X, let T (n) be the n-fold product of T with itself. If T is weakly mixing with
respect to P , then T (n) is weakly mixing with respect to P (n).

Next, using Lemma 2.1 and the techniques developed in the proof of Theorem
2.1, by working with T (2k) rather than T (2) we can extend Theorem 2.1 to k-tuples
of pairs of points as follows:
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Theorem 2.3. Under the hypotheses of Theorem 2.1, for any k ≥ 0 there is a sub-
set Ak of X2k with P (2k)(Ak) = 1 such that, for any 2k-tuple (p1, q1, . . . , pk, qk) ∈
Ak

lim
n→∞

1

n

n−1∑
m=0

χD(x1)×···×D(xk)[(T
(2))m(p1, q1), . . . , (T

(2))m(pk, qk)]

= GT (x1) · . . . ·GT (xk). (19)

Note that Theorem 2.3 shows, loosely speaking, that under iteration of weakly
mixing transformation T , k-tuples of distinct distances d(p, q) behave asympto-
tically as independent, identically distributed random variables.

Let (X, d) be a metric space with a probability measure P de�ned on a σ-
algebra A of subsets of X including the Borel sets, and T : X → X be a transfor-
mation that is measure preserving with respect to P . The α-harmonic diameter
(0 < α < γ) of order k (k ≥ 2) of a set A(⊆ X) is de�ned by

D
(α)
k (A) := sup


(
k

2

) ∑
1≤i<j≤k

[d(pi, pj)]
α−γ−1| p1, . . . , pk ∈ A

 . (20)

Note that D
(α)
2 (A) = diam (A).

Comparison of (2.9) with (1.3) and (2.8) and the proof of Theorem 3 in [5]
quickly leads to the following conjecture (open problem):
Problem 2.1. Does Theorem 1.1. remain valid when "geometric diameter of
order k" is replaced by "α-harmonic diameter of order k"?
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Abstract

We give a new and simple formula for the Hilbert transform on the
Schwartz space S(R). Using this result we obtain a simple formula for the
Hilbert transform on the spaces Lp(R), 1 < p <∞. At the end of this paper,
we give a result "stronger" than the previously obtained one for the Hilbert
transform on a Hilbert space.

1 Introduction

The Hilbert's result for the Hilbert transform on the space L2(R) is well-known. In
[8] we have studied the Hilbert transform on some Banach spaces. Particularly, in
[8] we have obtained the following result (Theorem 1.1) for the Hilbert transform
on a Hilbert space.

If H is a Hilbert space, {U (t)}t∈R is a strongly continuous group of isometries
in B(H), then the in�nitesimal generator A of the group {U (t)}t∈R can be written
as A = i (B+ −B−) , where B+ and B− are positive hermitian operators such
that B+B− = B−B+ = 0 on D(A).

Theorem 1.1. (proved in [8]) Let H be a Hilbert space and let {U (t)}t∈R be a
strongly continuous group of isometries in B(H) with the in�nitesimal generator
A. If 0 is not an eigenvalue of the operator A2, then the Hilbert transform H is
de�ned on the whole H and

Hx = i (E+x− E−x) , for all x ∈ H,

where the orthogonal projections from the space H onto the closed linear hull of
H spanned by R (B±) is denoted by E±.
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Theorem 1.1 is the generalization of the Hilbert's result for the Hilbert trans-
form on the space L2(R):

• Theorem 1.1 is valid on any Hilbert space (not only on L2(R));

• in Theorem 1.1, {U (t)}t∈R is any group of isometries (not only the group
of translations).

Furthermore, the representation formula for the Hilbert transform in Theorem
1.1. is simple.
In this paper we give a new and simple representation formula for the Hilbert
transform on the space S(R) (Theorem 2.1). Using this result we obtain the
equivalence of the formula in Theorem 1.1 for the Hilbert transform on the spaces
Lp(R), 1 < p < ∞ (Theorem 2.2). At the end of this paper we formulate and
prove a theorem "stronger" than Theorem 1.1(Remark 2.2, Theorem 2.3).

First, we recall some notations and basic notions. Let X be complex Banach
space, and let B(X) denote the complex Banach algebra of all bounded linear
operators on X.

De�nition 1.1. If the map t→ U(t) from the real axis R into the Banach algebra
B(X) satis�es the conditions

i) U(t1 + t2) = U(t1)U(t2), (t1, t2 ∈ R),

ii) U(0) = I, (I = identity operator),

then the family {U (t)}t∈R is called a one-parameter group of operators in B(X).
The group is said to be strongly continuous if lim

t→0+
U(t)f = f for every f ∈ X

in the norm of X (for short, in X). If there is a constant M ≥ 1 such that
∥U(t)∥ ≤M for all t ∈ R, then the group {U (t)}t∈R is said to be bounded.

The in�nitesimal generator A of the group {U (t)}t∈R is de�ned by

Af = lim
t→0

U(t)f − f

f

whenever the limit exists in X. A is a closed linear operator with domain D(A)
dense in X. The range of A is denoted by R(A).

De�nition 1.2. (see [3]) Let {U (t)}t∈R be a strongly continuous group of op-
erators in B(X). A continuous linear operator Hϵ,N (0 < ϵ < N <∞) on X is
de�ned as follows

Hϵ,Nf :=
1

π

∫
ϵ≤|t|≤N

U(t)f

f
dt (f ∈ X).

If lim
ϵ→0

N→∞

Hϵ,Nf exists in X, we denote it by Hf , and call it a Hilbert transform of

f , i. e.
Hf := lim

ϵ→0
N→∞

Hϵ,Nf.
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Let {U (t)}t∈R be a bounded strongly continuous group in B(X) such that
∥U(t)∥ ≤ 1 for all t ∈ R with the in�nitesimal generator A.

Note that in this case {U (t)}t∈R is a group of isometries inB(X), i.e. U (t) , t ∈
R is a bounded linear operator on X that has a bounded inverse linear operator
(de�ned on the whole X), and such that ∥U(t)x∥ = ∥x∥ for all x ∈ X.
Namely, from ∥U(t)x∥ ≤ ∥U(t)∥∥x∥ ≤ ∥x∥ and
∥x∥ = ∥U(−t)U(t)x∥ ≤ ∥U(−t)∥∥U(t)x∥ ≤ ∥U(t)x∥ for all x ∈ X and t ∈ R it
follows ∥U(t)x∥ = ∥x∥ for all x ∈ X and t ∈ R.
Let us set

C(t) :=
1

2
[U(t) + U(−t)] , t ∈ R. (1)

One readily veri�es that C(·) is a bounded strongly continuous cosine operator
function on X, such that ∥C(t)∥ ≤ 1 for all t ∈ R, and that its in�nitesimal
generator is A2 , i. e. C(·) is a function from R into B(X) satisfying

a) C(0) = I, (I = identity operator),

b) C(t+ s) + C(t− s) = 2C(t)C(s), t, s ∈ R,

c) the function C(·)f is continuous on R for every f ∈ X,

d) ∥C(t)∥ ≤ 1 for every t ∈ R.

The in�nitesimal generator of C(·) is de�ned by the limit in norm as t → 0 of

2C(t)f−f
t2

, with natural domain (see [1], [2], [6]).
Let Fa, a ≥ 0 a family introduced in [10] as

Fax := lim
α↘0

Fa,αx, x ∈ X, a ≥ 0 (2)

where

Fa,αx :=
1

πi

a∫
0

du

α+iu∫
α+i0

[
λR(λ2, A2) + λR(λ

2
, A2

]
dλ, λ = α+ iy, i =

√
−1.

Here A2 is the in�nitesimal generator of C(·) de�ned by (1), the resolvent of A2

is denoted by R(λ2, A2), i.e. R(λ2, A2) = (λ2 −A2)−1 ∈ B(X).

We remark that the family of bounded linear operators Fa, a ≥ 0 exists for
every bounded strongly continuous cosine operator function on X. In [4], it is
proved that the limit in (2) exists for all x ∈ X and a ≥ 0, and that

Fax =
2

π

∞∫
0

(
sin at

t

)2

C(2t)xdt =
2a

π

∞∫
0

(
sin at

t

)2

C

(
2t

a

)
xdt. (3)

Since ∥C(t)∥ ≤ 1 for all t ∈ R, (3) implies that ∥Fa∥ ≤ a for all a ≥ 0 and that
the function a 7−→ Fa is strongly continuous on [0,+∞).
Let us note some further properties of operators Fa, a ≥ 0 (proved in [4]):
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i)

lim
a→+∞

Fax

a
= x, x ∈ X (4)

ii)

FaFbx = FbFax = 2

a∫
0

Fuxdu+ (b− a)Fax, x ∈ X, 0 ≤ a ≤ b. (5)

iii) A2Fax = FaA
2x for all x ∈ D(A2), a ≥ 0

iv) Fax ∈ D(A2k), k = 1, 2, 3, . . . , a ≥ 0, x ∈ X

v)

the set
∪
a≥0

Fa(X) is dense in X. (6)

Let A0 be an operator de�ned by A0Fax := aFax − F 2
ax, x ∈ X, a ≥ 0, where

Fa, a ≥ 0 is a family de�ned by (2). The operator A0 has a closed extension
denoted by A+ (proved in [8]). In [8] the operator A+ is called the positive square
root of −A2. A detailed investigation of some of its properties is given in [8] and
[9].

Theorem 1.2. (proved in [8]) If X is a complex Banach space, {U (t)}t∈R is a
bounded strongly continuous group in B(X) such that ∥U(t)∥ ≤ 1 for all t ∈ R
with the in�nitesimal generator A, C(·) is de�ned by (1), A+ is the positive square
root of −A2, Hilbert transform H is de�ned by De�nition 1.2, then

HAx = −A+x for all x ∈ D(A2). (7)

2 The Hilbert transform on the spaces S(R) and
Lp(R), 1 < p < ∞

We will need the following lemma.

Lemma 2.1. If X is a complex Banach space, {U (t)}t∈R is a bounded strongly
continuous group in B(X) such that ∥U(t)∥ ≤ 1 for all t ∈ R with the in�nitesimal
generator A,C(·) is de�ned by (1), Fa, a ≥ 0 is de�ned by (2), Hilbert transform
H is de�ned by De�nition 1.2, then

HFax =
1

π

∞∫
0

at− sin at

t2
[U(t) − U(−t)]xdt =

=
1

π

∞∫
−∞

at− sin at

t2
U(t)xdt

(8)

for all x ∈ R(A), a ≥ 0.
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Proof. By de�nition of the operator A+, and using (5) and (3), we get

A+Fax := aFax− F 2
ax = aFax− 2

a∫
0

Fuxdu for a ≥ 0,

and

2

a∫
0

Fudu = 2 · 2

π

a∫
0

 ∞∫
0

sin2 ut

t2
C(2t)dt

 du =

=
4

π

∞∫
0

C(2t)

t2

 a∫
0

sin2 utdu

 dt =

=
4

π

∞∫
0

(
a

2t2
− sin 2at

4t3

)
C(2t)dt

Using (1) and the following relation

d

dt
U(t)x = AU(t)x = U(t)Ax, x ∈ D(A),

we then obtain

−A+Fax = −a · 2

π

∞∫
0

sin2 at

t2
C(2t)xdt+

4

π

∞∫
0

(
a

2t2
− sin 2at

4t3

)
C(2t)xdt =

= − 4

π

∞∫
0

a sin2 at
2

t2
C(t)xdt+

4

π

∞∫
0

(
a

t2
− sin at

t3

)
C(t)xdt =

= − 2

π

∞∫
0

2 sin at− at(1 + cos at)

t3
C(t)xdt

for x ∈ D(A), a ≥ 0.
The last integral is �nite and

− 2

π

∞∫
0

2 sin at− at(1 + cos at)

t3
C(t)xdt = − 2

π

∞∫
0

(
at− sin at

t2

)′
C(t)xdt =

= − 1

π

∞∫
0

(
at− sin at

t2

)′
[U(t) + U(−t)]xdt.

This, and

− 1

π

∞∫
0

(
at− sin at

t2

)′
[U(t) + U(−t)]xdt =
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= − 1

π
lim
ϵ→0

N→∞

N∫
ϵ

(
at− sin at

t2

)′
[U(t) + U(−t)]xdt =

= − 1

π
lim
ϵ→0

N→∞

at− sin at

t2
[U(t) + U(−t)]x

∣∣∣N
ϵ

+

+
1

π
lim
ϵ→0

N→∞

N∫
ϵ

(
at− sin at

t2

)
[U(t) − U(−t)]Axdt

and aN−sin aN
N2 → 0 as N → +∞ and aϵ−sin aϵ

ϵ2
→ 0 as ϵ → 0 imply that

1
π lim

ϵ→0
N→∞

N∫
ϵ

(
at−sin at

t2

)
[U(t) − U(−t)]Axdt exists, i.e. that the integral

1

π

∞∫
0

(
at− sin at

t2

)
[U(t) − U(−t)]Axdt =

1

π

∞∫
−∞

at− sin at

t2
U(t)Axdt

is �nite.
So,

−A+Fax = 1
π

∞∫
−∞

at−sin at
t2

U(t)Axdt for x ∈ D(A), a ≥ 0.

Since AFax = FaAx for all x ∈ D(A), a ≥ 0 and (6), from the last equality and
from (7) (Theorem 1.2.), we get (8) for all x ∈ R(A) and a ≥ 0. The lemma is
proved. ⊣

From now, X = Lp (R) , 1 < p < ∞, {U (t)}t∈R is the group of right transla-
tions in B(X) de�ned by

[U(t)f ] (x) := f(x− t), f ∈ X, t ∈ R, x ∈ R. (9)

It is well-known that {U (t)}t∈R is a strongly continuous group of isometries in
B(X) (∥U(t)∥ = 1 for all t ∈ R) . We denote its in�nitesimal generator by A.
S(R) will denote the space of functions ϕ on R having derivates of all order and
satisfying sup

x∈R

∣∣xkϕ(n)(x)
∣∣ < ∞ for all indicies k, n ∈ N0 = {0, 1, 2, . . .} , where

ϕ(n) denotes the derivate of n order of the function ϕ. It is well-known that S(R)

is a Fr�echet space with the system of semi-norms

{
sup
x∈R

∣∣xkϕ(n)(x)
∣∣ ; k, n ∈ N0

}
.

De�nition 2.1. The Fourier transformation f̂ of a function f ∈ S(R) is de�ned
by

f̂(λ) :=
1√
2π

∫ ∞

−∞
e−iλxf(x)dx,

and the inverse of the Fourier transformation f̌ of a function f ∈ S(R) is de�ned
by

f̌(λ) :=
1√
2π

∫ ∞

−∞
eiλxf(x)dx.
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Remark 2.1. a) It is known (see [5]) that the Fourier transformation � ˆ � and
the inverse of the Fourier transformation �ˇ� from S(R) into S(R) are linear

continuous in the topology of S(R), and that
ˇ̂
f = f, f ∈ S(R).

b) f ∈ S(R) can be written in the following form (see [7])

f(x) =

∞∫
0

[a(z) cos zx+ b(z) sin zx] dz, (10)

where

a(z) =
1

π

∞∫
−∞

f(u) cos zudu and b(z) =
1

π

∞∫
−∞

f(u) sin zudu. (11)

Theorem 2.1. The Hilbert transform H on the space S(R) has the representation

(Hf)(x) =

∞∫
0

[a(z) sin zx− b(z) cos zx] dz, f ∈ S(R), (12)

where a(z) and b(z) are de�ned by (11).

Proof. Let us recall that 0 is not an eigenvalue of the in�nitesimal generator A of
the group {U (t)}t∈R de�ned by (9) in B(X), X = Lp (R) , 1 < p <∞. Therefore,
by lemma 2.1. and (9), we obtain

(HFaf) (x) =
1

π

∞∫
0

at− sin at

t2
[f(x− t) − f(x+ t)] dt (13)

for f ∈ S(R) and a ≥ 0.
But, by remark 2.1 b),

f(x+ t) − f(x− t) =

=

∞∫
0

{a(z) [cos z(x+ t) − cos z(x− t)] + b(z) [sin z(x+ t) − sin z(x− t)]} dz =

=

∞∫
0

[−2a(z) sin zx sin zt+ 2b(z) cos zx sin zt] dz

for f ∈ S(R) and a ≥ 0.
Thus, from (13), we get

(HFaf) (x) = − 2

π

∞∫
0

at− sin at

t2

∞∫
0

[b(z) cos zx sin zt− a(z) sin zx sin zt] dzdt =
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= − 2

π

∞∫
0

[b(z) cos zx− a(z) sin zx] dz

∞∫
0

at− sin at

t2
sin ztdt

for f ∈ S(R) and a ≥ 0.
Since

∞∫
0

at− sin at

t2
sin ztdt =

{
0 for a ≤ z

(a− z)π2 for a > z
,

now we have

(HFaf) (x) = −
a∫

0

[b(z) cos zx− a(z) sin zx] (a− z)dz

for f ∈ S(R) and a ≥ 0.
Since the operator H is continuous on X (Riesz's result) and (4), from the last
equality it follows, by dividing the last equality by a and by taking the limit as
a→ ∞ on both of its sides, that (12) holds. The theorem is proved. ⊣

Now, using this result (Theorem 2.1) we can obtain the equivalence of the
formula in Theorem 1.1. for the Hilbert transform on the spaces Lp (R) , 1 < p <
∞.

Theorem 2.2. If X = Lp (R) , 1 < p <∞ then there are subspaces L1 and L2 of

the space X such that X = L1

.
+ L2 (i.e. X is a direct sum of subspaces L1 and

L2 of the space X), and the Hilbert transform H has the representation

Hf = i(P−f − P+f) , f ∈ X,

where P− and P+ are continuous projections from X onto L1 and L2 respectively.

Proof. From (12) (Theorem 2.1) and (10) it follows

f(x) + i(Hf)(x) =

∞∫
0

[a(z) cos zx+ b(z) sin zx] dz+

+ i

∞∫
0

[a(z) sin zx− b(z) cos zx] dz =

=

∞∫
0

[
a(z)eizx − ib(z)eizx

]
dz =

∞∫
0

eizx [a(z) − ib(z)] dz =

=

∞∫
0

eizx

 1

π

∞∫
−∞

f(u) cos zudu− i
1

π

∞∫
−∞

f(u) sin zudu

 dz =
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=

∞∫
0

eizx

 1

π

∞∫
−∞

e−izuf(u)du

 dz =

=

∞∫
0

eizx
√

2

π
f̂(z)dz =

2√
2π

∞∫
0

eizxf̂(z)dz

for f ∈ S(R).
So,

f(x) + i(Hf)(x) = 2
1√
2π

∞∫
0

eizxf̂(z)dz, f ∈ S(R). (14)

Let X = Lp (R) , 1 < p <∞.

Set L
′

:=
{
f ∈ S(R

∣∣∣suppf̂ ⊆ (−∞, 0]
}
, and L

′′
:=
{
f ∈ S(R

∣∣∣suppf̂ ⊆ [0,+∞)
}
.

Let us denote the closure (in X) of L
′
and L

′′
by L1 and L2 respectively. It is

well-known from the theory of Hardy spaces that the set L
′
+ L

′′
is dense in X.

Let f be any element belonging to X. Then there are f
′
n ∈ L

′
and f

′′
n ∈ L

′′
,

n = 1, 2, . . . , such that

f
′
n + f

′′
n

Lp

−→ f (n→ ∞). (15)

Since H is continuous on X, it follows

H(f
′
n + f

′′
n )

Lp

−→ Hf (n→ ∞). (16)

From (14) we get

f
′
(x) + i(Hf

′
)(x) = 0 for all f

′ ∈ L
′
,

and
f

′′
(x) + i(Hf

′′
)(x) = 2f

′′
(x) for all f

′′ ∈ L
′′
,

i.e.

(Hf
′
)(x) = if

′
(x) for all f

′ ∈ L
′
, and (Hf

′′
)(x) = −if ′′

(x) for all f
′′ ∈ L

′′
.

Thus,

H
(
f

′
n + f

′′
n

)
= i
(
f

′
n − f

′′
n

)
, for every n = 1, 2, . . . . (17)

Hence,

2if
′
n = i

(
f

′
n + f

′′
n

)
+H

(
f

′
n + f

′′
n

)
, for every n = 1, 2, . . . .

From this, (15), and (16) it follows that the sequence
{
f

′
n

}∞

n=1
converges to a

limit point f1 ∈ L1 as n → ∞, and then from (15) it follows that the sequence{
f

′′
n

}∞

n=1
converges to a limit point f2 ∈ L2 as n → ∞. Therefore, from (15),
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(16) and (17) we obtain
f = f1 + f2, and Hf = H(f1 + f2) = i(f1 − f2) = i(P−f − P+f),
where P− and P+ are continuous projections from X onto L1 and L2 respectively.
Note, the uniqueness of f1 and then of f2 immediately follows from 2if1 = Hf+if.
Also from this, since the operator H is continuous, it easily follows that P− and
P+ are continuous. The theorem is proved.

⊣

Remark 2.2. It is easy to see that the following �stronger� than Theorem 1.1
Theorem 2.3 is valid.

Theorem 2.3. If H is a Hilbert space and {U (t)}t∈R is a strongly continuous
group of isometries in B(H) with the in�nitesimal generator A, then there are
subspaces H0,H+,H− of the space H satisfying:

a) H is a direct and orthogonal sum of subspaces H0,H+,H− of the space H, i.e.

H = H0 ⊕H+ ⊕H−;

b) the Hilbert transform H is de�ned (and continuous) on the whole H and

Hx = i(E+x− E−x) for all x ∈ H,

where E0, E+ and E− are orthogonal projections from H onto H0,H+ and H−
respectively.

The proof of Theorem 2.3 immediately follows from Theorem 1.1 when applied
on H ⊖ H0, where H = H0 ⊕ (H⊖H0), and H0 = {x ∈ H; Ax = 0}, and from
the fact that Hx = 0, x ∈ H0 (it easily follows from U(t)x = x, x ∈ H0).
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Apstrakt

U ovom radu se konstrui�se rje�senje i karakteristi�cna funkcija grani�cnog
zadatka generisanog diferencijalnom jedna�cinom sa linearnim ka�snjenjem,
potom se uspostavlja va�zna relacija izmedu potencijala q na segmentu [ξ1, π]
i takozvane prelazne funkcije q̃ na segmentu [−π, π]. Taj dobijeni rezultat
otvara mogu�cnost rje�senja inverznog zadatka.

1 Uvod

Ovaj rad je posve�cen uspostavljanju relacije izmedu potencijala q i takozvane
prelazne funkcije q̃ spektralnog zadatka sljede�ceg tipa

−y′′
(x) + q (x) y (x− τ (x)) = λy(x) (1)

y (x− τ (x))≡ 0 x < τ(x) (2)

y
′
(0) − hy (0) = 0 (3)

y
′
(π) + Hy (π) = 0 (4)

Pretpostavimo da je q∈L2 [0, π]. Osim toga, neka je τ (x) = αx + β, α, β∈R+

i α < 1. Funkcija γ (x) = x − τ (x) = (1 − α)x − β je strogo rastu�ca, jer je
γ

′
(x) = 1 − α > 0. Njena inverzna funkcija je

γ−1 (y) =
1

1 − α
y +

β

1 − α
i vrijedi γ−1 (0) =

β

1 − α
= ξ1.

Uslov (2) ispunjen je na razmaku [0, ξ1) .
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Ograni�cimo se na slu�caj h = H = ∞. Tada iz (1) i (3) dobijamo integralnu
jedna�cinu

y (x, z) = sin zx+
1

z

x∫
0

q (t1) sin z(x− t1)y (t1 − τ (t1) , z) dt1 z2 = λ (5)

Rje�senju zadatka (1-3) posve�cena je monogra�ja [4].

2 Rje�senje zadatka (1,2,3)

Za x∈ [0, ξ1) iz (5) dobijamo

y (x, z) = sin zx

Na razmaku (ξ1, π] jedna�cina (5) postaje

y (x, z) = sin zx+
1

z

x∫
ξ1

q (t1) sin z(x− t1)y (t1 − τ (t1) , z) dt1, z2 = λ (6)

Lema 2.1. Postoji k0∈N0 takav da va�zi

ξk0 < π≤ξk0+1; ξl = γ−l (0) .

Dokaz 2.1. Ako je β
1−α≥π tada je k0 = 0 pa se nema �sta dokazivati. Pret-

postavimo da je ξ1 = γ−1 (0) = β
1−α < π. Konstrui�simo niz

ξl = γ−l (0) = γ−1
(
γ−l+1 (0)

)
, l = 2, 3, . . .

Za l = 2 dobijamo

ξ2 = γ−l (ξ1) = γ−1

(
β

1 − α

)
=

β

(1 − α)2
+

β

1 − α
.

Nastavljaju�ci proceduru konstrukcije �clanova niza ξl dobijamo

ξl =
l∑

k=1

β

(1 − α)k
=

β

1 − α

[
1 +

1

1 − α
+ · · · +

β

(1 − α)l−1

]
.

Zbog 0 < α < 1 va�zi 1
1−α > 1 pa geometrijski red

∞∑
k=0

1

(1 − α)k
divergira za + ∞.

Stoga postoji najmanji k0∈N0 takav da va�zi ξk0+1≥π dok je ξk0 < π.
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Posledica 2.0.1.

(ξ1, π] =

k0∪
l=2

(ξl−1, ξl] ∪ (ξk0 , π] (*)

Na osnovu (*) rje�senje integralne jedna�cine (6) se konstrui�se metodom
promjenjivih koraka na razmaku (ξl−1, ξl].

Uvedimo sljede�ce funkcije

as2 (x, z) =

x∫
ξ1

q (t1) sin z(x− t1) sin zγ (t1) dt1

asl+1 (x, z) =

x∫
ξl

q (t1) sin z(x− t1)asl (γ (t1) , z) dt1, l = 1, k0

Lema 2.2. Rje�senje yl(x, z) na razmaku (ξl−1, ξl] , l = 1, k0−1 dato je sa

yl (x, z) = sin zx+
l∑

k=1

1

zk
ask+1 (x, z) (7)

Dokaz se izvodi metodom matemati�cke indukcije. Radi ilustracije raspi�simo
rje�senje za l = 2.

y2 (x, z) = sin zx+
1

z

x∫
ξ1

q (t1) sin z(x− t1) sin zγ (t1) dt1

+
1

z2

x∫
ξ2

q (t1) sin z(x− t1)

∫ γ(t1)

ξ1

q (t2) sin z(γ (t1 − t2) sinzγ (t2) dt2dt1

Na zavr�snom razmaku (ξk0 , π] ⊂ (ξk0 , ξk0+1] rje�senje ima oblik

yk0 (x, z) = sin zx+
1

z
as2 (x, z) +

k0∑
k=2

1

zk
ask+1 (x, z) (8)

Primedba 2.1. U [5] je posmatran slu�caj bilinearnog ka�snjenja sa ciljem kon-
strukcije asimptotike svojstvenih vrijednosti.

3 Karakteristi�cna funkcija

Stavljaju�ci x = π i koriste�ci grani�cni uslov y (π, z) = 0 dobijamo karakteristi�cnu
funkciju F (z) = y (π, z), z∈C operatora L.

Dakle,
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F (z) = sinπz +
1

z
as2 (π, z) +

k0∑
k=2

1

zk
ask+1 (π, z) (9)

Funkcija F je cijela funkcija eksponencijalnog tipa sa prividnim singularitetom
u nuli. Zapravo lim

z→0
F (z) = 0.

Koriste�ci elementarni identitet

sin z (π − t1) sin z (t1 − τ (t1)) =
1

2
[cos z(π − 2t1 + τ(t1) − cos z(π − τ(τ1)] .

imamo,

as2 (π, z) =
1

z

π∫
ξ1

q (t1) cos z (π − 2t1 + τ (t1)) dt1 −
1

z

π∫
ξ1

q (t1) cos z (π − τ (t1)) dt1

=
1

2

π∫
ξ1

q (t1) cos z (π + (α− 2)t1 + β) dt1 −
1

2

π∫
ξ1

q (t1) cos z (π − αt1 − β) dt1

Neka je θ = π + 2β + (α− 2) t1, dt1 = dθ
α−2

t1|ξ1|π
θ|π−ξ1|γ(π)

odnosno θ = π − αt1 − β, dt1 = −dθ
α

t|ξ1|π
θ|π−ξ1|γ(π) .

Tada va�zi

as2 (π, z) =
1

2

π−ξ1∫
−γ(π)

1

2 − α
q

(
π + β − θ

2 − α

)
cos θdθ− 1

2

π−ξ1∫
γ(π)

1

α
q

(
π − β − θ

α

)
cos θdθ

De�ni�simo takozvanu prelaznu funkciju q̃ na sljede�ci na�cin

q̃ =


0, θ∈ (−π,−γ (π))∪ (π − ξ1, π)
1

2−αq
(
π+β−θ
2−α

)
, θ∈ (−γ (π) , γ (π))

1
2−αq

(
π+β−θ
2−α

)
− 1

αq
(
π−β−θ

α

)
, θ∈ (γ (π) , π − ξ1)

(10)

Iz (10) vidimo da poznati potencijal q na segment [ξ1, π] u pri poznatom
ka�snjenju τ (x) = αx + β, ξ1 = β

1−α jednozna�cno de�ni�se prelaznu funkciju q̃ na
segmentu [−π, π] . Zapravo, dato ka�snjenje zna�ci poznavanje funkcije γ(x) pa su
poznati i brojevi −γ (π) i γ (π) .

Postavimo obrnuto pitanje: da li data prelazna funkcija q̃ dobro de�ni�se po-
tencijal q?

Parametre ξ1,±γ (π) , α i β smatramo da su poznati. Radi davanja odgovora
na postavljeno pitanje, izvr�simo particiju segmenata [ξ1, π] i [−γ (π) , π − ξ1] u
skladu sa prirodom preslikavanja koji ostvaruju funkcije θ1 = π + β − (2 − α)t1
odnosno t1 = π+β−θ1

2−α .
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Funkcija θ1 : [ξ1, π] → [−γ (π) , π − ξ1] je strogo opadaju�ca. Istovremeno
funkcija θ∗1 = π − β − αt1 : [ξ1, π] → [γ (π) , π − ξ1] je takode strogo opadaju�ca.
Stavimo δ1 = 2β+απ

2−α . Tada imamo

θ1 ([δ1, π]) = [−γ (π) , γ (π)] , θ2 ([δ1, π]) = [γ (π) , η1] ,

η1 = θ2 (δ1) = π − β − α2π + 2αβ

2 − α

Neka je δ0 = π, η0 = γ (π) . Dalje, θ1 (δ2) = η1, θ
∗
1 (δ2) = η2

U op�stem slu�caju

θ1 (δk) = ηk−1, θ∗1 (δk) = ηk K∈N0

Navedimo vrijednosti nekoliko prvih �clanova niza δk :

δ2 =
4β + α2π

(2 − α)2
, δ3 =

8β − 4αβ + α3π + 2α2π

(2 − α)3
, δ4 =

16β − 16αβ + α4π + 2α2π

(2 − α)4

δ5 =
32β − 48αβ − 8α3π + 32α2π + 2α4π + α5π

(2 − α)5

Indukcijom dokazujemo relacije

δk − ξ1 = αk

(2−α)k(1−α)
γ(π)

π − ξ1 − ηk = αk+1

(2−α)k(1−α)
γ (π) , K∈N

(11)

Na osnovu (11) mo�zemo pisati

[ξ1, π] =
∞∪
k=1

[δk, δk−1], [γ(π), π − ξ1] =
∞∪
k=1

[ηk−1, ηk] (12)

Iz (10) slijedi

q (t1) = (2 − α) q̃ (θ1) = (2 − α) q̃ (π + β − (2 − α)t1) , t1∈[δ1, δ0] (12
′
)

Dakle, na segmentu [δ1, π] = [δ1, δ0] potencijal q je jednozna�cno odreden
pomo�cu prelazne funkcije q̃ na segmentu [γ (π) , η0]. Za t1∈ [δ2, δ1) imamo θ1∈ (η0, η1]
i vrijedi jednakost

q(t1) = (2 − α)q̃(θ1) +
2 − α

α
q(t∗1), t∗1 =

−2β + (2 − α)t1
α

∈[δ1, δ0] (12
′′
)

Vrijednosti funkcije q na razmaku [δ1, δ0) su poznate iz (12′), a q̃ (θ1) je un-
aprijed data pa je funkcija q pomo�cu (12′′) dobro de�nisana i na [δ2, δ1) .

Potpuno analogno nastavljamo proces konstrukcije potencijala q na svakom
razmaku [δk+1, δk), k∈N na osnovu poznatog potencijala na razmaku [δk, δK−1),
k∈N .

Dobijeni rezultat zna�ci da se rje�savanje obrnutog zadatka za posmatranu
jedna�cinu svodi na odredivanje prelazne funkcije operatora.

Primedba 3.1. U [11] i [12] koristi se prelazna funkcija za rje�savanje inverznih
zadataka pri homogenom ka�snjenju to jest pri otklonjenom argumentu αx, 0 <
α < 1.
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Abstract

The study of complex di�erential equations in recent years has open
numerous questions regarding the determination of frequencies of zero so-
lutions, dispositions of zero solutions, oscillatory of solutions, asymptotic
behavior, growth rank and so on. This paper presents the result of research
seeking for model of determination of location of zero solutions of complex
homogenous di�erential equation of �rst order with analytic coe�cients.
Using the sequence-iteration method, which seemed to us better in applica-
tions, the new approach to problem solving has been developed and opened
the perspectives in further research.

1 Introduction

Complex homogeneous linear di�erential equation (CHLDE) of the �rst order
is equation

Φ (z, w (z) , w′ (z)) = 0 (1.1)

where Φ is given function, w (z) = F (z) = u+ iv is complex function of complex
variable z = x+ iy, where u = u (x, y) and v = v (x, y) are continuously di�eren-
tiable functions in area G (for the further details, see [1]).
As derivative of a function w (z) depends on four partial derivatives u′x, u′y, v′x, v′y,
(1.1) transforms into equation

Φ (x, y;u (x, y) , v (x, y) ;u′x, u′y, v′x, v′y) = 0 (1.2)

Here, according to the de�nition of equality of complex numbers we obtain the
real system

Φ1 (x, y;u (x, y) , v (x, y) ;u′x, u′y, v′x, v′y) = 01.3 (1)

Φ2 (x, y;u (x, y) , v (x, y) ;u′x, u′y, v′x, v′y) = 0
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of partial di�erential equations (PDEs) of the �rst order with two unknown real
functions u (x, y) and v (x, y).
From the normal form of CHLDE of the �rst order (1.1)

w′ (z) = F (z, w (z)) (1.4)

we obtain complex integral w (z) =
∫
L F (z, w (z)) dz + c, where L is path that

connects points z0 and z and where c = a + ib is orbitrary complex constant.
Independence from the path is valid only if at (1.1) Φ is analytical function from
its arguments. Then for solutions w (z) = u (x, y) + iv (x, y) Cauchy�Riemann
conditions must be applied in advance.
The idea is to observe at the system of PDE (1.3) and assume that w (z) is an
analytical function. The problem is to �nd a zero solution w (z) = 0, ie zero real
functions u (x, y) = 0 and v (x, y) = 0 of a region of G (see [7])
Let G is circular sector |z| = R, 0 ≤ arg z ≤ π

2 . There may or may not be a
certain number of zero solutions w (z) = 0. Those zeros can be �included�, if we
draw a direction y = kx, k = tanφ, where k continuously changes. Direction
y = kx shall encompass all zeros from G. At a certain direction there shall be
one zero, and at another one more zeros, but isolated and �nitely many zeros,
at certain direction not a single one zero. Therefore, the number of zeros shall
depend on k, and locations of zeros shall depend on zeros of a function

u (x, y) = u (x, kx) = U (x) , v (x, y) = v (x, kx) = V (x) . (1.5)

From Cauchy�Riemann conditions and from real functions (1.5) by substitution
of y = kx we obtain one complete real homogenous linear di�erential equation of
the second order U ′′ (x)+A (x)U ′ (x)+B (x)U (x) = 0, for which Sturm theorems
apply.
In the following text we consider �rst order complex homogenous linear di�erential
equations in form

dw

dz
+ a (z)w (z) = 0 (1.6)

where a (z) = α (x, y) + iβ (x, y) is given analytical function.
It is easy to prove that non-trivial solution of CHLDE (1.6), has no zeros. Only
trivial solution has zeros. If a (z) = 0 then solution of CHLDE dw

dz = 0 has only
one zero at point z = 0.These discussion can be easily generalized on the case of
CHLDE of n-th order dnw

dzn = 0, because after successive integrations we obtain
polynomial Pn−1 (z), which has exactly n − 1 zeros, real or complex, simple or
multiple. Also, we can link it with small Picard theorem. Namely, equation
f (z) = A, where f (z) is analytical function, A complex constant, has solution if
A = 0, that is, if A = 0 + i0 = (0, 0). On the other hand, solution of CHLDE
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of the �rst order dw
dz = 0 is arbitrary constant w (z) = c = a1 + ib1. Therefore,

in�nite number of solutions is possible, for each real pair (a1, b1).

2 Main results

2.1 Behavior along direction

Theorem 2.1. Real and imaginary part of the solution w (z) = u (x, y)+ iv (x, y)
of complex homogenous linear di�erential equation of the �rst order (1.6), with
analytical coe�cient a (z) = α (x, y) + iβ (x, y), each has countless number of
zeros. Those zeros, except at trivial solution w (z) ≡ 0, are never common. Zeros
for u (x, y) and for v (x, y), along arbitrary direction y = kx, 0 ≤ k < ∞,are
respectively in the solutions of the equations∫ x

0
(β (x, kx) + α (x, kx) k) dx = − arctan

a1
b1

(2.1.1)

∫ x

0
(β (x, kx) + α (x, kx) k) dx = arctan

b1
a1

(2.1.2)

where a1 and b1 are arbitrary constants.

Dokaz 2.1. From general solution w (z) = C exp
(
−
∫
L a (z) dz

)
= u (x, y) +

iv (x, y), where L is path that connects points z0 and z, and C = a1 + ib1 is
arbitrary constants, according to the de�nition of equality of complex numbers
we obtain

u (x, y) = exp

(
−
∫
α (x, y) dx− β (x, y) dy

)
·

·
[
a1 cos

∫
(β (x, y) dx+ α (x, y) dy) + b1 sin

∫
(β (x, y) dx+ α (x, y) dy)

]
,

v (x, y) = exp

(
−
∫
α (x, y) dx− β (x, y) dy

)
·

·
[
b1 cos

∫
(β (x, y) dx+ α (x, y) dy) − a1 sin

∫
(β (x, y) dx+ α (x, y) dy)

]
.

Area G (circular sector |z| = R, 0 ≤ arg z ≤ π
2 ) is covered by directions y =

kx, 0 ≤ k < ∞. Then real function u (x, y = kx) and v (x, y = kx), transform
into functions from x and parameter k.
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These functions do not have a common zero, but each can have its own zero. Zero
is determined from the equations

a1 cos

∫ x

0
(β (x, kx) + kα (x, kx)) dx+ b1 sin

∫ x

0
(β (x, kx) + kα (x, kx)) dx = 0

and

b1 cos

∫ x

0
(β (x, kx) + kα (x, kx)) dx− a1 sin

∫ x

0
(β (x, kx) + kα (x, kx)) dx = 0,

or if we express through the tangent we obtain formula (2.1.1) and (2.1.2). As
tanges unambiguous function to be within a period of −π

2 to π
2 , the value of the

tangent (2.1.1) or (2.1.2) occur only once, and they can coincide in a common
point. Therefore, u (x, y) and v (x, y) may have each of their zero, but have in
common. So, u (x, y) = v (x, y) only in (0, 0).♢

Example 2.1. Non-trivial solution w (z) = u (x, y) + iv (x, y) of CHLDE of the
�rst order w′ (z) − w (z) = 0 does not have real zeros for each z. Zeros of the
functions for u (x, y) and v (x, y), along arbitrary direction y = kx, 0 ≤ k < ∞
are respectively in points xu = 1

k arctan a1
b1
, xv = − 1

k arctan b1
a1
.

Along x−axis is k = 0. Here, zeros of function u (x, 0) are at xu = ∞, and zeros
v (x, 0) are at xv = −∞, which means that there are no �nite zeros. Along
direction y = x, therefore along line where k = 1, zeros for u (x, x) are at xu =
arctan a1

b1
, and for v (x, x) are at xv = − arctan b1

a1
. Along y−axis is k = ∞, and

zeros for u are at xu = 0, and for v are at xv = 0. Thus, there is one zero O (0, 0) .
Now observe the sector |z| = R, 0 ≤ arg z < π

2 , and let the constants are a1, b1 >

0. Then xu = 1
tanφ arctan a1

b1
, yu = kxu = arctan a1

b1
and xv = − 1

tanφ arctan b1
a1
,

yu = kxu = − arctan b1
a1
, so the zeros u (x, y) are at points Mu (xu, yu), and zeros

v (x, y) are at points Mv (xv, yv).
If 0 < xu ≤ R, then 0 < 1

tanφ arctan a1
b1

≤ R. If ordinate yu = arctan a1
b1

≤ R,
then there is only one intersection at point Mu. Hence, for one k = tanφ, that is
for one φ and for a1

b1
≤ tan (Rk), there exists only one zero Mu. However, if a1

b1
increases, for example from R to 2R, then ordinate yu = arctan a1

b1
is greater than

R, and lower than 2R, and for same φ there is one more zero. We conclude, for
given k = tanφ, constant and positive, for given R, which is variable parameter
and for a1,b1 positive and variable constants following apply:
• for 0 < arctan a1

b1
≤ R, there is one zero xu of function u (x, y) ,

• for R < arctan a1
b1

≤ 2R, there are two zeros xu and x′u of function u (x, y) ,
• for 2R < arctan a1

b1
≤ 3R, there are three zeros xu, x

′
u,x

′′
u of function u (x, y),

...
• for (n− 1)R < arctan a1

b1
≤ nR, there are n zeros xu, x

′
u,x

′′
u, . . . , x

(n−1)
u of

function u (x, y) and no zeros of function v (x, y) .♢
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Example 2.2. For CHLDE of the �rst order w′ (z) + (1 − 2z)w (z) = 0 from
analytical function a (z) = 1 − 2z follows α (x, y) = 1 − 2x and β (x, y) = −2y.
General solution of the equation is
w (z) = (α1 + iβ1) exp

(
−
∫

(1 − 2x) dx+ 2ydy
)
·

·
[
cos
(∫

(2x− 1) dy + 2ydx
)

+ i sin
(∫

(2x− 1) dy + 2ydx
)]
.

Zeros for u (x, y) are solutions of equation −kx2 + k
(
x− x2

)
= − arctan a1

b1
,

while from (2.1.2) follows, zeros for v (x, y) are in solutions of equation −kx2 +
k
(
x− x2

)
= arctan b1

a1
. Here we obtain quadratic equtions for abscissas of ze-

ros, for u (x, y) we have x1,2 = 1
4k

(
k ±

√
k2 + 8k arctan a1

b1

)
, and for v (x, y) we

obtain x3,4 = 1
4k

(
k ±

√
k2 − 8k arctan b1

a1

)
. Ordinates of zeros are respectively

y1,2 = kx1,2 and y3,4 = kx3,4.
Due to simplicity of the coe�cient a (z), this CDE can be directly solved.♢

2.2 On rationality of increasing of order at resolving of the sys-

tem of PDEs

CHLDE of the �rst order (1.6), with analytical coe�cient a (z) = α (x, y) +
iβ (x, y) can be written in the form

∂u

∂x
+ i

∂v

∂x
+ (α (x, y)u (x, y) − β (x, y) v (x, y)) +

+i (β (x, y)u (x, y) + α (x, y) v (x, y)) = 0.

From here we obtain the real system of PDEs of the �rst order

∂u

∂x
= −α (x, y)u (x, y) + β (x, y) v (x, y) ,

∂v

∂x
= −β (x, y)u (x, y) − α (x, y) v (x, y) .2.2.1 (2)

The system (2.2.1) can be transformed to the system of one PDE of the second
order and one algebraic equation. For example,

∂2u

∂x2
+

(
2α (x, y) − 1

β (x, y)

∂β

∂x

)
∂u

∂x
+

+

(
β (x, y)

∂

∂x

(
α (x, y)

β (x, y)

)
+ α2 (x, y) + β2 (x, y)

)
u (x, y) = 0, (2.2.2)
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β (x, y) v (x, y) =
∂u

∂x
+ α (x, y)u (x, y) .

During the elimination of the function u (x, y) or v (x, y), it was notice that is
better not to increase order of DE, but is better to stay at lower order and
seak for separate zeros of mentioned real functions, especially along the direc-
tion y = kx, 0 ≤ k <∞.

Theorem 2.2. General solution of CHLDE of the �rst order (1.6) with analytical
coe�cient a (z) = α (x, y) + iβ (x, y) is

Φ (φ1 (x, y, u) , φ2 (x, y, u)) = 0, (2.2.3)

where Φ is arbitrary di�erential function and φ1, φ2 linearly independet �rst in-
tegrals of characteristic system of equations.

Dokaz 2.2. Multiply the �rst equation of system (2.2.1) with α (x, y) and the
second with β (x, y) and sum them. Since w (z) = u (x, y) + iv (x, y) is the ana-
lytic function, it follows that Cauchy�Riemann conditions apply and in the end
we obtain equation

α (x, y)
∂u

∂x
− β (x, y)

∂v

∂x
+
(
α2 (x, y) + β2 (x, y)

)
u (x, y) = 0. (2.2.4)

This is the quasi-linear �rst order PDE which is equivalent in terms of �nding
solutions to the system of ordinary di�erential equations in symmetric form

dx

α (x, y)
=

dy

−β (x, y)
=

du

− (α2 (x, y) + β2 (x, y))
. (2.2.5)

Since α (x, y) and β (x, y) are given, follows φ1 (x, y, u) = c1 and φ2 (x, y, u) = c2
are linearly independent two �rst integrals, which depends on α (x, y) and β (x, y).
The general solution of PDE (2.2.4) is precisely the expression (2.2.3).♢

Remark 2.1. It is known that if the di�erential equation has an analytical solu-
tion w (z) = u (x, y) + iv (x, y), then for the u (x, y) and v (x, y) are valid Cauchy-
Riemann conditions. Therefore, the imaginary part v (x, y) of the solution w (z),
of CHLDE of the �rst order (1.6), has been characterized by a system of ordinary
di�erential equations

dx

α (x, y)
=

dy

−β (x, y)
=

dv

− (α2 (x, y) + β2 (x, y))
. (2.2.5')
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Theorem 2.3. General solution w (z) = u (x, y)+ iv (x, y) of CHLDE of the �rst
order (1.6), with analytical coe�cient a (z) = α (x, y) + iβ (x, y), along arbitrary
direction y = kx, 0 ≤ k <∞ is given with

w (z) = − (1 + i)

∫ x

0

α2 (x, kx) + β2 (x, kx)

α (x, kx)
dx+ c1 + ic2. (2.2.6)

Dokaz 2.3. From the system (2.2.5), for the function u (x, y) , we obtain the DE
dx
dy = α(x,y)

−β(x,y) . It follows that for an arbitrary direction y = kx, 0 ≤ k <∞ we can

determine k = dy
dx , that is k = β(x,y)

−α(x,y) . From the second equation of system (2.2.5),

that is from dx
α(x,y) = du

−(α2(x,y)+β2(x,y))
, in the same direction we can �nd a solution

u (x, k) = −
∫ x

0

α2 (x, kx) + β2 (x, kx)

α (x, kx)
dx+ c1. (2.2.7)

This formula gives the behavior of the real part of the solution w (z) = u (x, y) +
iv (x, y).
Similarly, from the second equation system (2.2.5'), in the direction y = kx we
have

v (x, k) = −
∫ x

0

α2 (x, kx) + β2 (x, kx)

α (x, kx)
dx+ c2. (2.2.8)

Based on (2.2.7) and (2.2.8) follows (2.2.6).♢

Corollary 2.1. Only trivial solution w (z) ≡ 0 of CHLDE of the �rst order (1.6),
with analytical coe�cient a (z) = α (x, y) + iβ (x, y), along arbitrary direction
y = kx, 0 ≤ k <∞ has zero.

Dokaz 2.4. From (2.3.6), for z = x+ iy = 0, that is, for x = 0 and y = kx = 0, it
follows that the integral is equal to zero. Then c1+ic2 = 0, that is c1 = u (0, 0) = 0
and c2 = v (0, 0) = 0.
Hence, the functions u (x, y) and v (x, y) have their zeros, but common zeros are
possible only for c1 = c2 = 0. Accordingly, only the trivial solution w (z) ≡ 0 has
zero z = 0.♢

The following is a formula for the exact number of zeros along direction if we
already know the location.
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Theorem 2.4. Number of zeros of sine solution of CHLDE of the �rst order
(1.6), with analytical coe�cient a (z) = α (x, y) + iβ (x, y), along arbitrary direc-
tion y = kx, 0 ≤ k <∞, from O (0, 0) to the point (R, kR) is

n = E

[
1

π

∫ R

0
(kα (x, kx) + β (x, kx)) dx

]
, (2.2.9)

E [.] denotes the entire part of argument. Number of zeros of cosine solution is a
for one less.

Dokaz 2.5. From the general solution CHLDE of of the �rst order (1.6), with
analytical coe�cient a (z) after elementary transformations we obtain that the
zeros of the real and imaginary part of the solution is possible only for

cos

∫ x

0
(β (x, y) dx+ α (x, y) dy) = 0, sin

∫ x

0
(β (x, y) dx+ α (x, y) dy) = 0.

It follows that the zeros of cosine and sine solution, along arbitrary direction
y = kx, 0 ≤ k <∞ are given by

∫ R

0
(β (x, kx) + kα (x, kx)) dx = (2n− 1)

π

2
, n = 1, 2, . . .∫ R

0
(β (x, kx) + kα (x, kx)) dx = nπ, n = 0, 1, . . . .

Considering the sine function characteristic which within one period 2π has three
zeros 0, π, 2π, and of the cosine function characteristic to have a two zeros π

2 ,
3π
2

at the same period, it is concluded that the cosine solution has one less zero than
the sine solution. ♢

Remark 2.2. If we now move along Ox-axis, then z = x, so w (z) = w (x) =
u (x) + iv (x). Here, by substitution in system (2.2.1) we obtain ordinary system
of DE, with two unknown functions u (x) and v (x). Eliminating one function,
for example v (x) , from �rst equation of the system and substituting in second
equation of the system, we obtain complete HLDE of the second order

u′′ (x) +

(
2α (x) − β′ (x)

β (x)

)
u′ (x) +

+

(
α′ (x) − α (x)β′ (x)

β (x)
+ α2 (x) + β2 (x)

)
u (x) = 0,
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which by substitution

u (x) = exp

(
−1

2

∫ (
2α (x) − β′ (x)

β (x)

)
dx

)
S (x)

where S (x) is new unknown function transforms into canonical DE of the second
order S′′ (x) + Ψ (x)S (x) = 0, for which applies Sturm theorem, (for further
details, see [2],[3],[4],[5],[6],[7]).
It is well known that solution of CHLDE (1.6) does not have mutual zeros, except
w (z) = w (x) = 0, that is, only for u (y) = v (y) = 0.

Remark 2.3. An important direction, Oy-axis till now has been excluded from
observed directions, because for k = ∞ it couldn't be encompassed by expression
y = kx, 0 ≤ k <∞. This direction is called singular direction. Along it, CHLDE
of the �rst order (1.6), with analytical coe�cient a (z) can have solution, even
zeros of solution.
Indeed, along Oy-axis is x = 0, so CHLDE (1.6), written in developed form,
must contain derivatives from y. Since CHLDE has analytical solution, that is,
Cauchy�Riemann conditions apply, then system (2.2.1) becomes

dv

dy
+ α (y)u (y) − β (y) v (y) = 0,

β (y)u (y) + α (y) v (y) = 0. (2.2.10)

This is mixed algebraic-di�erential system, which is also called singular. Elimi-
nating u (y) from the second equation of the system, and substituting into �rst
one, we obtain DE of the �rst order with separated variables. Its general solu-

tion is v (y) = c1 exp
(∫ α2(y)+β2(y)

β(y) dy
)
. Solutions for u (y) are obtained without

quadratures. Since system (2.2.10) is mixed, this case is treated separately. Note
that system (2.2.10) also has trivial solution for u (y) = v (y) = 0.

Example 2.3. General solution of CHLDE of the �rst order w′ (z) + zw (z) = 0
along direction y = kx, 0 ≤ k <∞, is

w (x, kx) = c exp

(
x2
(
k2 − 1

)
2

)(
cos
(
kx2
)
− i sin

(
kx2
))
.

Zeros of sine solution are x = ±
√

nπ
k , n = 0, 1, . . ., and their number along

direction, to point x = R is n = E
[
k
πR

2
]
. Zeros of cosine solution are x =

±
√

(2n− 1) π
2k , n = 1, 2, . . ., and number of zeros to abscissa x = R is n =
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E
[
1
2 + k

πR
2
]
. We note that separate sine and cosine zeros there are more if k is

growing.

3 Conclusion

Question on location of zeros even the simplest complex di�erential equations,
is very di�cult and certainly not elementary. Moreover, it has been solved only
for certain classes of di�erential equations. In this short presentation a goal was
determination of number of zeros solutions of complex linear homogenous di�er-
ential equations of �rst order. The idea on location of isolated zeros according to
arbitrary direction in �rst quadrant, have proved useful,where with simple appli-
cation of elementary theorems on substitution of independent variable a problem
transferred to ordinary di�erential equations.
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Abstract

In this paper we generalize the theorems of Nemycki� and Edelstein.

1 Introduction

Let (X, d) be a metric space and T : X → X. A mapping T is contractive if it
ful�lls the condition ([1]):

d(Tx, Ty) < d(x, y), x ̸= y, x, y ∈ X. (1)

A mapping T is a generalized contractive mapping if it ful�lls the condition (where
x ̸= y, x, y ∈ X)

d(Tx, Ty) < max

{
d(x, y), d(x, Tx), d(y, Ty),

d(x, Ty) + d(y, Tx)

2

}
, (2)

Obviously, if T is a contractive mapping, then it is also a generalized contractive
mapping (i.e. (1) ⇒ (2)), but not vice versa.

Example 1.1. Let X = [0, 4] be a set of real numbers with the standard
metric d(x, y) = |x− y| and T : X → X a mapping de�ned by

Tx =


1
2 , x = 0

x
3 , x ∈ (0, 3]

x
4 , x ∈ (3, 4].

(3)

Then the mapping T ful�lls the condition (2) but not (1). Also [1] con�rms that
the condition (2) is ful�lled. One can conclude that the condition (1) does not
hold based on the fact that the mapping T de�ned by (3) is not continuous on X
(it has discontinuities at the points x = 0 and x = 3) while contractive mappings
(i.e. mappings ful�lling condition (1)), are necessarily continuous.
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2 Main results

In this section we prove the generalized Nemycki� theorem ([3], [1]).
Theorem 2.1. Let T : X → X be a continuous mapping of a compact space

(X, d). If T ful�lls the condition (2), then T has a unique �xed point.
Proof. De�ne a function f : X → R+ by f(x) = d(x, Tx), x ∈ X. Then f is

a continuous function, because T is a continuous mapping. Since X is a compact
metric space, there exists u ∈ X such that

f(u) = d(u, Tu) = min
{
f(x) : x ∈ X

}
. (4)

Assuming that for each x ∈ X it holds that x ̸= Tx, which is equivalent with
f(u) > 0 i.e. d(u, Tu) > 0, we can apply the condition (2):

d(TuT 2u) = d(Tu, T (Tu))

< max

{
d(u, Tu), d(u, Tu), d(Tu, T (Tu)),

d(u, T (Tu)) + d(Tu, Tu)

2

}
= max

{
d(u, Tu), d(Tu, T 2u),

d(u, T 2u)

2

}
.

Since

d(u, T 2u) ≤ d(u, Tu) + d(Tu, T 2u) ≤ 2 max
{
d(u, Tu), d(Tu, T 2u)

}
i.e.

d(u, T 2u)

2
≤ max

{
d(u, Tu), d(Tu, T 2u)

}
,

it holds that
d(Tu, T 2u) < max

{
d(u, Tu), d(Tu, T 2u)

}
. (5)

Based on (4) and (5) we conclude that

d(Tu, T 2u) < d(Tu, T 2u)

which is a contradiction. Therefore, f(u) = 0, i.e. Tu = u. This proves the
existence of a �xed point. Let us now prove that the �xed point is unique.
Suppose that T has another �xed point v, (Tv = v) and v ̸= u. Then, based on
(2), we have:

d(u, v) = d(Tu, Tv) < max

{
d(u, v), d(u, Tu), d(v, Tv),

d(u, Tv) + d(v, Tu)

2

}
= max

{
d(u, v), d(u, u), d(v, v),

d(u, v) + d(v, u)

2

}
= d(u, v),

which is a contradiction. Therefore, the mapping T has a unique �xed point. �
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The condition that the mapping T must be continuous in Theorem 2.1 can't
be ignored, as shown by Example 1.1. Here a discontinuous mapping T of a
compact metric space X = [0, 4] has no �xed points. The following theorem
reduces the continuity condition using that T should be orbitally continuous, and
the compactness is replaced by the existence of an iterated sequence that has a
convergent subsequence which must ful�ll the condition (2), and not (1), as stated
by the Edelstein theorem ([2]).

Theorem 2.2. Let (X, d) be a metric space and T : X → X orbitally
continuous mapping that ful�lls the condition (2). If there exists x0 ∈ X such
that the sequence (Tnx0)n∈N contains a convergent subsequence (Tnix0)i∈N, then
u = lim

i→∞
Tnix0 is a unique �xed point of the mapping T.

Proof. We consider two mutually exclusive cases:
(i) There exists n0 ∈ N such that Tn0+1x0 = Tn0x0;
(ii) For each n ∈ N it holds that Tn+1x0 ̸= Tnx0, i.e. d(Tn+1x0, T

nx0) > 0.
In the case (i) Tn0x0 = u is a �xed point, because of Tu = u.We now consider

the case (ii)

d(Tn+1x0, T
n+2x0) = d(T (Tnx0), T (Tn+1x0))

< max

{
d(Tnx0, T

n+1x0), d(Tnx0, T (Tnx0)), d(Tn+1x0, T (Tn+1x0)),

d(Tnx0, T (Tn+1x0)) + d(Tn+1x0, T (Tnx0))

2

}
= max

{
d(Tnx0, T

n+1x0), d(Tnx0, T
n+1x0), d(Tn+1x0, T

n+2x0),

d(Tnx0, T
n+2x0) + d(Tn+1x0T

n+1x0)

2

}
= max

{
d(Tnx0, T

n+1x0), d(Tn+1x0, T
n+2x0),

d(Tnx0, T
n+2x0)

2

}
.

Since

d(Tnx0, T
n+2x0) ≤ d(Tnx0, T

n+1x0) + d(Tn+1x0, T
n+2x0)

≤ 2 max
{
d(Tnx0, T

n+1x0), d(Tn+1x0, T
n+2x0)

}
i.e.

d(Tnx0, T
n+2x0)

2
≤ max

{
d(Tnx0, T

n+1x0), d(Tn+1x0, T
n+2x0)

}
we �nd that

d(Tn+1x0, T
n+2x0) < max

{
d(Tnx0, T

n+1x0), d(Tn+1x0, T
n+2x0)

}
wherefrom

d(Tn+1x0, T
n+2x0) < d(Tnx0, T

n+1x0) (6)
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since d(Tn+1x0, T
n+2x0) < d(Tn+1x0, T

n+2x0) is impossible.
This proves that the sequence (d(Tnx0, T

n+1x0))n∈N is decreasing, and since
it is non-negative, there exists

lim
n→∞

d(Tnx0, T
n+1x0).

Since the iterated sequence (Tnx0)n∈N has a convergent subsequence (Tnix0)i∈N,
i.e. lim

i→∞
Tnix0 = u and since T is an orbitally continuous mapping, it follows that

lim
i→∞

T (Tnix0) = Tu and lim
i→∞

T (Tni+1x0) = T (Tu)

so

lim
i→∞

d(Tnix0, T
ni+1x0) = d(u, Tu) and lim

i→∞
d(Tni+1x0, T

ni+2x0) = d(Tu, T 2u).

Considering the fact that (d(Tnix0, T
ni+1x0))i∈N and (d(Tni+1x0, T

ni+2x0))i∈N
are both subsequences of a convergent sequence (d(Tnx0, T

n+1x0))n∈N we con-
clude that

d(u, Tu) = d(Tu, T 2u). (7)

If Tu ̸= u, applying the same method used to prove (6), we obtain

d(Tu, T 2u) < d(u, Tu)

which is impossible because of (7). Therefore, Tu = u. Fixed point uniqueness is
proved the same way as in Theorem 2.1. �
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Abstract

In a recent paper [Fixed point theorem for generalized operator quasi-

contractive mappings in cone metric spaces, Afrika Mat., DOI 10.1007/
s13370-012-0105-7], X. Zhang has used bounded positive de�nite linear op-
erators on the given Banach space in an attempt to obtain a more general
�xed point result in a normal cone metric space. We will show in this paper
that most of the conditions in his theorem are super�uous and that the proof
can be obtained in a much easier way, by reducing it to a well known �Ciri�c's
result on quasicontractions in standard metric spaces.

Key words: metric space, solid cone, cone metric space, generalized operator
quasicontractive mapping.

1 Introduction

L.G. Huang and X. Zhang introduced cone metric spaces in [4], replacing the set
of real numbers by an ordered Banach space as the codomain of a metric. Thus,
they reconsidered the notion of K-metric spaces that was used earlier (see, e.g.,
[12]). A lot of known metric �xed point and common �xed point results were
subsequently extended to this new setting (for a review of these results till 2010
see [5]).

In a recent paper [13], X. Zhang has used bounded positive de�nite linear
operators on the given Banach space in an attempt to obtain a more general
�xed point result in a normal cone metric space. We will show in this note that
most of the conditions in his theorem are super�uous and that the proof can be
obtained in a much easier way, by reducing it to a well known �Ciri�c's ([1]) result
on quasicontractions in standard metric spaces.

2 Preliminaries

We recall some properties of cones and cone metric spaces. The details and proofs
can be found in [4, 5].
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Let E be a real Banach space with the zero vector θ. A proper nonempty and
closed subset K of E is called a (convex) cone if K +K ⊂ K, λK ⊂ K for λ ≥ 0
and K ∩ (−K) = {θ}. We shall always assume that the cone K has a nonempty
interior intK (such cones are called solid).

Each cone K induces a partial order ≼ on E by x ≼ y ⇔ y − x ∈ K, x ≺ y
will stand for x ≼ y and x ̸= y, while x ≪ y will stand for y − x ∈ intK. The
pair (E,K) is an ordered Banach space.

De�nition 2.1. [3] A cone K in a Banach space (E, ∥ · ∥) is called:
1◦ normal if

inf{ ∥x+ y∥ : x, y ∈ K, ∥x∥ = ∥y∥ = 1 } > 0;

2◦ semi-monotone if there exists k > 0 such that, for all x, y ∈ E,

θ ≼ x ≼ y implies ∥x∥ ≤ k ∥y∥; (1)

3◦ monotone if, for all x, y ∈ E,

θ ≼ x ≼ y implies ∥x∥ ≤ ∥y∥, (2)

i.e. it is semi-monotone with k = 1.

The next lemma contains results on cones in ordered Banach spaces that are
rather old (1940, see [8]). It is interesting that most of the authors (working with
normal cones after 2007) do not use these results, which can be applied to reduce
a lot of results to the setting of ordinary metric spaces.

Lemma 2.1. [8, 3] The following conditions are equivalent for a cone K in the
Banach space (E, ∥ · ∥):

1◦ K is normal;
2◦ for arbitrary sequences {xn}, {yn}, {zn} in E,

(∀n) xn ≼ yn ≼ zn and lim
n→∞

xn = lim
n→∞

zn = x imply lim
n→∞

yn = x;

3◦ K is semi-monotone;
4◦ there exists a norm ∥ · ∥1 on E, equivalent to the given norm ∥ · ∥, such that

the cone K is monotone w.r.t. ∥ · ∥1.

The smallest constant k satisfying the inequality (1) is called the normal
constant of K. It is clear that it is always k ≥ 1.

Example 2.1. [10] Let E = C1
R[0, 1], with ∥x∥ = ∥x∥∞ + ∥x′∥∞, K = {x ∈

E : x(t) ≥ 0}. This cone is non-normal. Consider, for example, xn(t) = tn

n and
yn(t) = 1

n . Then θ ≼ xn ≼ yn, and limn→∞ yn = θ, but ∥xn∥ = maxt∈[0,1]
∣∣ tn
n

∣∣ +

maxt∈[0,1] |tn−1| = 1
n + 1 > 1; hence xn does not converge to zero. It follows by

2◦ that K is a non-normal cone.
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Let X be a nonempty set and (E,K) an ordered Banach space. A function
d : X ×X → E is called a cone metric and (X, d) is called a cone metric space if
the following conditions hold:

(C1) θ ≼ d(x, y) for all x, y ∈ X and d(x, y) = θ if and only if x = y;
(C2) d(x, y) = d(y, x) for all x, y ∈ X;
(C3) d(x, z) ≼ d(x, y) + d(y, z) for all x, y, z ∈ X.
Let x ∈ X and {xn} be a sequence in X. Then it is said that:
(i) {xn} cone converges to x if for every c ∈ E with θ ≪ c there exists a natural

number n0 such that d(xn, x) ≪ c for all n > n0; we denote it by d-limn→∞ xn = x

or xn
d→ x as n→ ∞;

(ii) {xn} is a cone Cauchy sequence if for every c ∈ E with θ ≪ c there exists
a natural number n0 such that d(xm, xn) ≪ c for all m,n > n0;

(iii) (X, d) is cone complete if every tvs-Cauchy sequence is tvs-convergent
in X.

Suppose now that (X, d) is a cone metric space over a normal solid cone
K in a Banach space E (with the normal constant satisfying k ≥ 1). Then
D(x, y) = ∥d(x, y)∥ is a symmetric on the set X, that is, a mapping from X ×X
into [0,+∞) with the following properties:

(s1) D(x, y) ≥ 0 and D(x, y) = 0 if and only if x = y;
(s2) D(x, y) = D(y, x).
It satis�es also:
(s3) D(x, y) ≤ k(D(x, z) +D(z, y)).
The cone metric d and the associated symmetric D = ∥d∥ in X generate two

topologies: td and tD. Their bases of neighborhoods consist of the sets

Bc(y) = {x ∈ X : d(x, y) ≪ c } and Bε(y) = {x ∈ X : D(x, y) < ε },

where y, c, ε are, respectively, a given point from X, a given interior point from
K, and a given positive number (for details see [9]).

Theorem 2.1. [9] Let (X, d) be a cone metric space with a normal solid cone K
and let D be the associated symmetric. Then td = tD.

In other words, the spaces (X, d) and (X,D) have the same collections of open,
closed, bounded and compact sets, and also the same convergent and Cauchy
sequences, and the same continuous functions. Also, the interior of the cone is
the same in both equivalent norms. If the normal constant k = 1, then the
symmetric space (X,D) is a metric space.

Thus we obtain the following principal remark : From Lemma 2.1 and Theorem
2.1 it is obvious that, in the investigation of cone metric spaces with normal solid
cones, we can assume that the normal constant can be taken to be k = 1. This
follows from the fact that we can deal with the space E, equipped with the norm
∥ · ∥1, which is equivalent to ∥ · ∥. Taking into account Lemma 2.1 and Theorem
2.1, it follows that results for normal solid cone metric spaces can be derived from
the respective results for metric spaces. Namely, if d is a cone metric on X and
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the norm ∥ · ∥ is monotone on the cone, then the composition ∥ · ∥ ◦ d = D is
a usual metric on X. Clearly, non-expansive and contractive (with respect to d)
self-mappings of X are also non-expansive and contractive (respectively) with
respect to the metric ∥ · ∥ ◦ d = D.

3 Main results

Let (E, ∥ · ∥) be a Banach space with a cone K ⊂ E. Consider the set B(K)
of bounded linear operators A on E that are positive-de�nite, i.e., A(K) ⊂ K
holds. Moreover, let B(K, 1) denote the subset of B(K) containing operators
A having the norm ∥A∥ ≤ 1. X. Zhang in [13], called a mapping f : X → X
generalized operator quasicontractive on a cone metric space (X, d) (over K) if
there exists λ ∈ [0, 1) such that for all x, y ∈ X there exist a, b, c, d, e ≥ 0 satisfying
a+b+c+d+e ≤ 1, and A,B,C,D,E ∈ B(K, 1) such that the following inequality
holds

d(fx, fy) ≼ λ(aAd(x, y) + bBd(x, fx) + cCd(y, fy) + dDd(x, fy) + eEd(y, fx)).
(3)

Note that the constants a, b, c, d, e, as well as the operators A,B,C,D,E depend
on the points x, y, but we will not write ax,y, . . . in order to avoid cumbersome
notation. The following example is inspired by [13, Example 1].

Example 3.1. Let E = R2 and let K = {(x, y)⊤ ∈ R2 : x ≥ 0, y ≥ 0}, which
is a normal cone with k = 1. Let X = {a, b, c} and de�ne a cone metric d on X
by d(x, x) = (0, 0)⊤ for x ∈ X , d(a, b) = d(a, c) = (1, 1)⊤, d(b, c) = (0, 1.1)⊤ and
d(x, y) = d(y, x) for x, y ∈ X . It is easy to see that (X , d) is a cone metric space.

Let f : X → X be de�ned by fa = b, fb = fc = c. Take A =

[
0 0

0.6 0.6

]
∈

B(K, 1) and λ = 11
12 . Then it is easy to check that the inequality d(fx, fy) ≼

λAd(x, y) is ful�lled for all x, y ∈ X . Hence, f is a generalized operator quasicon-
tractive mapping on X .

X. Zhang proved the following.

Theorem 3.1. [13] Let (X, d) be a complete cone metric space over a normal
cone K with normal constant k. Let f : X → X be a generalized operator quasi-
contractive mapping with contractive constant λ. If one of the following conditions
hold:

1. f is continuous;

2. λk < 1;

3. there exists x0 ∈ X such that

{A(x, y), B(x, y), C(x, y), D(x, y), E(x, y) : x, y ∈ O(x0,∞) }
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is a compact set (here, A(x, y), B(x, y), C(x, y), D(x, y), E(x, y) are opera-
tors A,B,C,D,E from (3.1) and O(x0,∞) is the orbit of f at the point x0),

then f has a unique �xed point x∗ ∈ X. Moreover, in the cases (1) and (2),
any Picard sequence {fnx} converges to x∗; in the case (3), the Picard sequence
{fnx0} converges to x∗.

We shall prove that the previous result can be obtained without assuming any
of the conditions (1)�(3).

Theorem 3.2. Let (X, d) be a complete cone metric space over a normal cone K
and let f : X → X be a generalized operator quasicontractive mapping. Then f
has a unique �xed point x∗ ∈ X and any Picard sequence {fnx}, x ∈ X converges
to x∗.

Proof. According to Lemma 2.1, 3◦ ⇔ 4◦, there exists a norm on E (denoted by
∥ · ∥), equivalent to the original one, which is monotone, i.e., the implication (2)
holds. As in Theorem 2.1, denote D(x, y) = ∥d(x, y)∥. Then D is a standard
metric on X, and (X,D) is a complete metric space. The inequality (3.1) implies
that

D(fx, fy) = ∥d(fx, fy)∥
≤ λ∥aAd(x, y) + bBd(x, fx) + cCd(y, fy) + dDd(x, fy) + eEd(y, fx)∥
≤ λ(a∥A∥∥d(x, y)∥ + b∥B∥∥d(x, fx)∥ + c∥C∥∥d(y, fy)∥

+ d∥D∥∥d(x, fy)∥ + e∥E∥∥d(y, fx)∥)

≤ λ(a+ b+ c+ d+ e) max{∥d(x, y)∥, ∥d(x, fx)∥, ∥d(y, fy)∥,
∥d(x, fy)∥, ∥d(y, fx∥}

≤ λmax{∥d(x, y)∥, ∥d(x, fx)∥, ∥d(y, fy)∥, ∥d(x, fy)∥, ∥d(y, fx)}
= λmax{D(x, y), D(x, fx), D(y, fy), D(x, fy), D(y, fx)}

holds for all x, y ∈ X. In other words, f is a �Ciri�c-type quasicontraction ([1]) in
a complete metric space (X,D). Hence, f has a unique �xed point x∗ ∈ X, being
the limit of an arbitrary Picard sequence {fnx}. ⊣

Remark 3.1. Since the mapping f in Example 3.1 ful�lls all the conditions of
Theorem 3.2, it follows that f has a unique �xed point (which is x∗ = c). As was
shown in a similar situation in [13, Example 1], no scalar cone-quasicontractive
condition is satis�ed in this case. However, the statement from [13, Remark 1]
does not hold, since Theorem 3.2 and its proof show that the result can still be
obtained by reducing it to the standard metric arguments.
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Abstract

In this survey of our recent results, the kernels Kn(z) in the remainder
terms Rn(f) of the Gaussian quadrature formulae for analytic functions f
inside elliptical contours with foci at ∓1 and a sum of semi-axes ρ > 1, when
the weight function w is of Bernstein-Szeg�o type

w(t) ≡ w(∓1/2,∓1/2)
γ (t) =

(1 − t)∓1/2(1 + t)∓1/2

1 − 4γ

(1 + γ)2
t2

, t ∈ (−1, 1), γ ∈ (−1, 0),

are given. Su�cient conditions are found ensuring that the kernel attains
its maximal absolute value at the intersection point of the contour with
either the real or the imaginary axis. This leads to e�ective error bounds
of the corresponding Gauss quadratures. The quality of the derived bounds
is analyzed by a comparison with other error bounds intended for the same
class of integrands.

1 Introduction

Let the weight function w be a nonnegative and integrable function on the interval
(−1, 1). Consider the Gauss quadrature formula∫ 1

−1
f(t)w(t) dt = Gn[f ] +Rn(f), Gn[f ] =

n∑
ν=1

λνf(τν) (n ∈ N) (1)

which is exact for all algebraic polynomials of degree at most 2n− 1. The nodes
τν in (1) are zeros of the orthogonal polynomials πn with respect to the weight
function w.

In this paper w is the weight function of Bernstein-Szeg�o type

w(t) ≡ w(∓1/2,∓1/2)
γ (t) =

(1 − t)∓1/2(1 + t)∓1/2

1 − 4γ

(1 + γ)2
t2

, t ∈ (−1, 1), γ ∈ (−1, 0).

(2)

151



The weight functions under consideration are special cases of the (more gen-
eral) Bernstein-Szeg�o weight functions

w
(∓1/2,∓1/2)
α,β,δ (t) =

(1 − t)∓1/2(1 + t)∓1/2

β(β − 2α) t2 + 2δ(β − α) t+ α2 + δ2
, t ∈ (−1, 1), (3)

where 0 < α < β, β ̸= 2α, |δ| < β − α, having in the denominator an arbitrary
polynomial of exact degree 2 that remains positive on [−1, 1]. Namely, if we
set α = 1, β = 2/(1 + γ), −1 < γ < 0, and δ = 0, (3) reduces to (2). The
weight function (3) have been studied extensively in [1], and therefore the results
obtained there can be specialized in the case of (2).

Let Γ be a simple closed curve in the complex plane surrounding the interval
[−1, 1] and D = int Γ its interior. If the integrand f is analytic in D and con-
tinuous on D, then the remainder term Rn(f) in (1) admits the contour integral
representation

Rn(f) =
1

2πi

∮
Γ
Kn(z)f(z)dz. (4)

The kernel is given by

Kn(z) ≡ Kn(z, w) =
ϱn(z)

πn(z)
, z /∈ [−1, 1],

where

ϱn(z) ≡ ϱn,w(z) =

∫ 1

−1

πn(t)

z − t
w(t)dt.

The modulus of the kernel is symmetric with respect to the real axis, i.e.,
|Kn(z)| = |Kn(z)|.

The integral representation (4) leads to the error estimate

|Rn(f)| ≤ ℓ(Γ)

2π

(
max
z∈Γ

|Kn(z)|
)(

max
z∈Γ

|f(z)|
)
, (5)

where ℓ(Γ) is the length of the contour Γ. In order to get estimate (5), one has
to study the magnitude of |Kn(z)| on Γ.

In many papers error bounds of |Rn(f)|, where f is an analytic function, are
considered. Two choices of the contour Γ have been widely used:

• a circle Cr with a center at the origin and a radius r (> 1), i. e., Cr =
{z | |z| = r}, r > 1 (cf. [2], [4], [5]), and

• an ellipse Eρ with foci at the points ∓1 and a sum of semi-axes ρ > 1,

Eρ =

{
z ∈ C | z =

1

2

(
ρ eiθ + ρ−1e−iθ

)
, 0 ≤ θ ≤ 2π

}
. (6)

When ρ → 1 the ellipse shrinks to the interval [−1, 1], while with increasing
ρ it becomes more and more circle-like. The advantage of the elliptical contours,
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compared to the circular ones, is that such a choice needs the analyticity of f in
a smaller region of the complex plane, especially when ρ is near 1. In this paper
we take Γ to be ellipse Eρ, then (5) has the form

|Rn(f)| ≤ ℓ(Eρ)

2π

(
max
z∈Eρ

|Kn(z)|
)(

max
z∈Eρ

|f(z)|
)
. (7)

Since the ellipse Eρ has length ℓ(Eρ) = 4ε−1E(ε), where ε is the eccentricity

of Eρ, i. e., ε = 2/(ρ + ρ−1), and E(ε) =
∫ π/2
0

√
1 − ε2 sin2 θ dθ is the complete

elliptic integral of the second kind, the estimate (7) reduces to

|Rn(f)| ≤ 2E(ε)

πε

(
max
z∈Eρ

|Kn(z)|
)
∥f∥ρ , ε =

2

ρ+ ρ−1
, (8)

where ∥f∥ρ = maxz∈Eρ |f(z)|. As we can see, the bound on the right-hand side in
(8) is a function of ρ, so it can be optimized with respect to ρ > 1.

The derivation of adequate bounds for |Rn(f)| on the basis of (8) is possible
only if good estimates for maxz∈Eρ |Kn(z)| are available. Especially useful is
knowledge of the location of the extremal point η ∈ Eρ, at which |Kn| attains its
maximum. In such a case, instead of looking for upper bounds for maxz∈Eρ |Kn(z)|
one can simply try to calculate |Kn(η, w)|. In general, this may not be an easy
task, but in the case the Gauss-type quadrature formula (1) there exist e�ective
algorithms for calculation of Kn(z) at any point z outside [−1, 1] (see Gautschi
and Varga [2]).

So far the approach (8) was discussed for Gaussian quadrature rules (1) with
respect to the Chebyshev weight functions (see [2], [3])

w1(t) =
1√

1 − t2
, w2(t) =

√
1 − t2, w3(t) =

√
1 + t

1 − t
, w4(t) =

√
1 − t

1 + t
,

and later has been extended by Schira to symmetric weight functions under
restriction of monotonicity type (either w(t)

√
1 − t2 is increasing on (0, 1) or

w(t)/
√

1 − t2 is decreasing on (0, 1)), including certain Gegenbauer weight func-
tions (see [7]). Concerning error bounds and estimates for the Gauss-Tur�an
quadrature formulae of analytic functions see [11] and reference therein.

With respect to the rational modi�cation of the Chebyshev weight function

of the second kind, i. e., the weight function of Bernstein-Szeg�o type w
(1/2)
γ (t) =

w
(1/2,1/2)
γ (t),

w(1/2)
γ (t) =

√
1 − t2

(
1 − 4γ

(1 + γ)2
t2
)−1

, t ∈ (−1, 1), γ ∈ (−1, 0),

we found in [8] su�cient conditions ensuring that there exists a ρ∗ = ρ∗n = ρ∗n,γ
such that for each ρ ≥ ρ∗ the kernel Kn attains its maximal absolute value at
the intersection point of the ellipse with the imaginary axis. For this specialized
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case, we obtained much smaller values for ρ = ρ∗n than ones obtained by Schira
(except for γ close to 0 and n even), especially for large values of n. Observe

that the weight function w
(1/2)
γ (t) belongs to the class considered by Schira [7]

(w
(1/2)
γ (t)/

√
1 − t2 is decreasing on (0, 1)).

In [9] the same problematic with respect to the weight function w
(−1/2)
γ (t) =

w
(−1/2,−1/2)
γ (t),

w(−1/2)
γ (t) = (1/

√
1 − t2) ·

(
1 − 4γ

(1 + γ)2
t2
)−1

, t ∈ (−1, 1), γ ∈ (−1, 0),

has been considered. With respect to this symmetric weight function of Bernstein-
Szeg�o type, su�cient conditions are found ensuring that there exists a ρ∗ = ρ∗n =
ρ∗n,γ such that for each ρ ≥ ρ∗ the kernel Kn attains its maximal absolute value at
the intersection point of the ellipse with either the real or the imaginary axis. The
corresponding analysis is much more complicated than the one in [8]. Observe
that this weight function does not belong to the class of the ones considered by
Schira [7].

The paper [10] is a continuation of the previous two [8], [9], as this methodology
works good in the cases when the modulus of kernels have rather complicated
forms. With respect to the weight function of Bernstein-Szeg�o type

w(−1/2,1/2)
γ (t) =

√
1 + t

1 − t
·
(

1 − 4γ

(1 + γ)2
t2
)−1

, t ∈ (−1, 1), γ ∈ (−1, 0),

which is not symmetric and therefore does not belong to the class of the ones
considered by Schira [7], su�cient conditions are found ensuring that there exists
a ρ∗ = ρ∗n = ρ∗n,γ such that for each ρ ≥ ρ∗ the kernel Kn attains its maximal
absolute value at the intersection point of the ellipse with the positive real semi-
axis. In an analogous way (using the substitution t := −t) a similar analysis could
be derived with respect to the weight function of Bernstein-Szeg�o type

w(1/2,−1/2)
γ (t) =

√
1 − t

1 + t
·
(

1 − 4γ

(1 + γ)2
t2
)−1

, t ∈ (−1, 1), γ ∈ (−1, 0).

In this way we rounded o� this problematic with respect to the corresponding
rational modi�cation (of Bernstein-Szeg�o type) of all 4 classical Chebyshev weight
functions. In this paper a survey of those results is presented.

2 Maximum of the modulus of kernel of the Gauss
quadrature formula with the weight function wγ(t) =

w
(1/2)
γ (t) (γ ∈ (−1, 0))

For the weight function under consideration, the corresponding (monic) orthogo-
nal polynomial πn(t) = πn,γ(t) of the degree n has the form (see [1]):

πn(t) = πn,γ(t) =
1

2n
[Un(t) − γUn−2(t)], n ≥ 1, (9)

154



where Un denotes the Chebyshev polynomial of the second kind, characterized by

Un(cos θ) =
sin(n+ 1)θ

sin θ
.

As usual we use the substitution

z =
1

2
(ξ + ξ−1), ξ = ρ eiθ.

Using the well-known facts (cf. [2])

Un(z) =
ξn+1 − ξ−(n+1)

ξ − ξ−1
, z =

1

2
(ξ + ξ−1),

and ∫ 1

−1

Un(t)

z − t

√
1 − t2 dt =

∫ π

0

sin(n+ 1)θ sin θ

z − cos θ
dθ =

π

ξn+1
,

on the basis of direct calculation, we obtain that the kernel can be expressed
(γ ∈ (−1, 0), n ∈ N) in the following way

Kn,γ(z) =
π(1 + γ)2(1 − γξ2)(ξ − ξ−1)

ξn+1[(1 + γ)2 − γ(ξ + ξ−1)2]
[
(ξn+1 − ξ−(n+1)) − γ(ξn−1 − ξ−(n−1))

] .
(10)

Namely,

ϱn(z) = ϱn,γ(z) =

∫ 1

−1

2nπn,γ(t)

z − t

√
1 − t2

1 − 4γ

(1 + γ)2
t2
dt.

We use the decomposition

1

(z − t)

(
1 − 4γ

(1 + γ)2
t2
) =

A1

z − t
+

A2t+A3

1 − 4γ

(1 + γ)2
t2
, (11)

where

A1 =
(1 + γ)2

(1 + γ)2 − 4γz2
, A2 =

−4γ

(1 + γ)2 − 4γz2
, A3 =

−4γz

(1 + γ)2 − 4γz2
.

Multiplying (11) by 2nπn,γ(t)
√

1 − t2 and integrating over the interval [−1, 1], we
obtain

ϱn,γ(z) = A1

∫ 1

−1

Un(t) − γUn−2(t)

z − t

√
1 − t2 dt

+ 2n
∫ 1

−1
πn,γ(t)(A2t+A3)

√
1 − t2

1 − 4γ

(1 + γ)2
t2
dt.
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If n ≥ 2, in the last equality the second integral is equal to zero, then the
formula (10) can be derived easily.

If n = 1, we have

ϱ1,γ(z) = A1

∫ 1

−1

U1(t)

z − t

√
1 − t2 dt+

1

2
A2

∫ 1

−1

U2
1 (t)

√
1 − t2

1 − 4γ

(1 + γ)2
t2
dt,

where U1(t) = 2t. On the basis of [1, Eq. (3.22)], we have∫ 1

−1

U2
1 (t)

√
1 − t2

1 − 4γ

(1 + γ)2
t2
dt =

(1 + γ)2π

2
.

Finally, using the representation U1(z) = 2z = ξ + ξ−1, we obtain

K1,γ(z) =
π(1 + γ)2(1 − γξ2)

ξ2[(1 + γ)2 − γ(ξ + ξ−1)2](ξ + ξ−1)
,

which represents (10) for n = 1.
From here on, we use the usual notation (see for example [2])

aj =
1

2
(ρj + ρ−j), j ∈ N.

Using (10), and on the basis of

|1 − γξ2| =
(
1 + γ2ρ4 − 2γρ2 cos 2θ

)1/2
,

|ξ − ξ−1| =
√

2 (a2 − cos 2θ)1/2,∣∣(1 + γ)2 − γ(ξ + ξ−1)2
∣∣ =

[
(1 + γ2)2 − 4γ(1 + γ2)a2 cos 2θ

+ 2γ2(a4 + cos 4θ)
]1/2

,∣∣∣ξn+1 − ξ−(n+1) − γ(ξn−1 − ξ−n+1)
∣∣∣ =

√
2 [a2n+2 − cos(2n+ 2)θ

+ γ2(a2n−2 − cos(2n− 2)θ)

− 2γ(a2n cos 2θ − a2 cos 2nθ)]1/2 ,

we obtain (for n ∈ N)

|Kn,γ(z)| =
π(1 + γ)2(a2 − cos 2θ)1/2

(
1 + γ2ρ4 − 2γρ2 cos 2θ

)1/2
ρn+1 [(1 + γ2)2 − 4γ(1 + γ2)a2 cos 2θ + 2γ2(a4 + cos 4θ)]1/2

× 1

[a2n+2 − cos(2n+ 2)θ + γ2(a2n−2 − cos(2n− 2)θ) − 2γ(a2n cos 2θ − a2 cos 2nθ)]1/2
.

(12)
Numerical experiments showed us that there exists a ρ∗ = ρ∗n = ρ∗(n, γ) > 1 so

that |Kn,γ(z)| attains its maximum value on the imaginary axis, i. e., at θ = π/2,
for each ρ ≥ ρ∗. We stated and proved it in [8], as follows.
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Theorem 2.1. For the Gauss quadrature formula (1), n ∈ N, with the weight

function wγ(t) = w
(1/2)
γ (t), γ ∈ (−1, 0), there exists a ρ∗ ∈ (1,+∞) (ρ∗ = ρ∗n =

ρ∗(n, γ)) such that for each ρ ≥ ρ∗ the modulus of the kernel |Kn,γ(z)| attains its
maximum value on the imaginary axis (θ = π/2), i. e.,

max
z∈Eρ

|Kn,γ(z)| =

∣∣∣∣Kn,γ

(
i

2
(ρ− ρ−1)

)∣∣∣∣ .
Proof. On the basis of (12), in order to demonstrate the theorem we have to prove
the following inequality for θ ∈ [0, π/2]:

(a2 − cos 2θ)
(
1 + γ2ρ4 − 2γρ2 cos 2θ

)
(1 + γ2)2 − 4γ(1 + γ2)a2 cos 2θ + 2γ2(a4 + cos 4θ)

× 1

a2n+2 − cos(2n+ 2)θ + γ2(a2n−2 − cos(2n− 2)θ) − 2γ(a2n cos 2θ − a2 cos 2nθ)

≤
(a2 + 1)

(
1 + γ2ρ4 + 2γρ2

)
(1 + γ2)2 + 4γ(1 + γ2)a2 + 2γ2(a4 + 1)

× 1

a2n+2 + (−1)n + γ2(a2n−2 + (−1)n) + 2γ(a2n + (−1)na2)
.

(13)
First, we have

a2 − cos 2θ ≤ a2 + 1. (14)

Second, let us prove that for each ρ > 1 and γ ∈ (−1, 0) there holds

1 + γ2ρ4 − 2γρ2 cos 2θ

(1 + γ2)2 − 4γ(1 + γ2)a2 cos 2θ + 2γ2(a4 + cos 4θ)

≤ 1 + γ2ρ4 + 2γρ2

(1 + γ2)2 + 4γ(1 + γ2)a2 + 2γ2(a4 + 1)
.

(15)

Let us denote

A = 1 + γ2ρ4 + 2γρ2 (≥ 0), A1 = −4γρ2 cos2 θ,

B = (1 + γ2)2 + 4γ(1 + γ2)a2 + 2γ2(a4 + 1) (≥ 0),

B1 = −8γ(1 + γ2)a2 cos2 θ − 4γ2 sin2 2θ.

The inequality (15) can now be written in the form

A+A1

B +B1
≤ A

B
,

that is
AB1 −BA1 ≥ 0,

i. e.

(1 + γ2ρ4 + 2γρ2
) (

−8γ(1 + γ2)a2 cos2 θ − 4γ2 sin2 2θ
)
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−
(
(1 + γ2)2 + 4γ(1 + γ2)a2 + 2γ2(a4 + 1)

)
· (−4γρ2 cos2 θ) ≥ 0.

The last inequality is satis�ed for θ = π/2. Therefore, let us consider the case
when θ ∈ [0, π/2), and divide the last inequality by cos2 θ. We obtain

(1 + γ2ρ4 + 2γρ2
) (

−8γ(1 + γ2)a2 − 16γ2 sin2 θ
)

+ 4γρ2
(
(1 + γ2)2 + 4γ(1 + γ2)a2 + 2γ2(a4 + 1)

)
≥ 0.

The last inequality holds if

(1 + γ2ρ4 + 2γρ2
) (

(1 + γ2)a2 + 2γ
)

− 1

2
ρ2
(
(1 + γ2)2 + 4γ(1 + γ2)a2 + 2γ2(a4 + 1)

)
≥ 0.

Now, we use a4 = 2a22 − 1, and conclude that the last inequality holds, since
the left-hand side of it becomes

[(1 + γ2)a2 + 2γ](1 + γρ2)2 − 1

2
ρ2[(1 + γ2) + 2γa2]

2

=
1

2
[(1 + γ2)(ρ2 + ρ−2) + 4γ](1 + γρ2)2 − 1

2
ρ2[(1 + γρ2) + γ(γ + ρ−2)]2

=
1

2
{[(1 + γ2)(ρ2 + ρ−2) + 4γ](1 + γρ2)2

−ρ2(1 + γρ2)2 − 2γρ2(1 + γρ2)(γ + ρ−2) − γ2ρ2(γ + ρ−2)2}

=
1

2
{[(1 + γ2)(ρ2 + ρ−2) + 4γ](1 + γρ2)2

−ρ2(1 + γρ2)2 − 2γ(1 + γρ2)2 − ρ−2γ2(1 + γρ2)2}

=
1

2
(1 + γρ2)2(γ2ρ2 + 2γ + ρ−2)

=
1

2
(1 + γρ2)2(γρ+ ρ−1)2.

Therefore (15) holds, for each ρ > 1, γ ∈ (−1, 0), θ ∈ [0, π/2].
Now, let n be even. We put

C + C1 = a2n+2 − cos(2n+ 2)θ + γ2(a2n−2 − cos(2n− 2)θ)

− 2γ(a2n cos 2θ − a2 cos 2nθ),
(16)

where

C = a2n+2 + 1 + γ2(a2n−2 + 1) + 2γ(a2n + a2),

C1 = −2 cos2(n+ 1)θ − 2γ2 cos2(n− 1)θ − 4γa2n cos2 θ − 4γa2 sin2 nθ.

For the second fraction in (12) there holds

1

C + C1
≤ 1

C
,
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if C1 ≥ 0. This is satis�ed if θ = π/2, so we consider the case when θ ∈ [0, π/2).
Using the well-known inequality∣∣∣∣cos(n+ 1)θ

cos θ

∣∣∣∣ ≤ n+ 1, n even,

we conclude that

C1

cos2 θ
≡ −2

cos2(n+ 1)θ

cos2 θ
− 2γ2

cos2(n− 1)θ

cos2 θ
− 4γa2n − 4γa2

sin2 nθ

cos2 θ
≥ 0,

if there holds
−2(n+ 1)2 − 2γ2(n− 1)2 − 4γa2n ≥ 0,

i. e., after dividing the last inequality by 2,

−(n+ 1)2 − γ2(n− 1)2 − 2γa2n ≥ 0 . (17)

This is satis�ed for each ρ ≥ ρE (> 1).
Finally, let n be odd. In (16) we now take that

C = a2n+2 − 1 + γ2(a2n−2 − 1) + 2γ(a2n − a2),

C1 = 2 sin2(n+ 1)θ + 2γ2 sin2(n− 1)θ − 4γa2n cos2 θ + 4γa2 cos2 nθ.

For the second fraction in (12) there holds 1/(C + C1) ≤ 1/C, if C1 ≥ 0. This is
satis�ed if θ = π/2, so we consider the case when θ ∈ [0, π/2). Similarly as in the
previous case we conclude that

C1

cos2 θ
≡ 2

sin2(n+ 1)θ

cos2 θ
+ 2γ2

sin2(n− 1)θ

cos2 θ
− 4γa2n + 4γa2

cos2 nθ

cos2 θ
≥ 0,

if there holds
−4γa2n + 4γn2a2 ≥ 0,

i. e., after dividing it by −4γ, if there holds

a2n − n2a2 ≥ 0 . (18)

If n = 1, then the expression a2n − n2a2 is equal to zero. If n > 1, let us write it
in the form h(x) = cosh(nx)−n2 cosh(x), where x = ln ρ2. We have that h′(x) =
ng(x), where g(x) = sinh(nx)−n sinh(x). Since g′(x) = n(cosh(nx)−cosh(x)) > 0
for x > 0, g(0)=0, we conclude that the function g is positive for x > 0. For
the function h we conclude that it is strongly increasing for x > 0, h(0) < 0.
Therefore, the inequality (18) holds for each ρ ≥ ρO (> 1), n = 3, 5, . . . , and
ρ > 1 for n = 1. Observe that (18) does not depend on γ.

Taking ρ∗ = ρE for n even and ρ∗ = ρO for n odd, because of (14) and (15),
the inequality (13) holds on the interval [ρ∗,+∞). ⊣
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3 Numerical results

The proof of Theorem 2.1 is of practical importance. Namely, on the basis of the
conditions (17) and (18), we can determine the intervals [ρ∗,+∞) on which the
modulus of the kernel Kn,γ attains its maximum value on the imaginary axis. For
some values of n, γ the values of ρ∗ are displayed in the tables 1 and 2. Observe
that the results become very satisfactory when n increases.

(n, γ) ρ∗ (n, γ) ρ∗ (n, γ) ρ∗

(2,−0.001) 9.741 (2,−0.1) 3.081 (2,−0.2) 2.593

(2,−0.3) 2.346 (2,−0.5) 2.073 (2,−0.7) 1.917

(2,−0.8) 1.86 (2,−0.9) 1.814 (2,−0.99) 1.778

(10,−0.001) 1.796 (10,−0.1) 1.427 (10,−0.2) 1.38

(10,−0.3) 1.354 (10,−0.5) 1.327 (10,−0.7) 1.313

(10,−0.8) 1.309 (10,−0.9) 1.306 (10,−0.99) 1.305

(30,−0.001) 1.259 (30,−0.1) 1.166 (30,−0.2) 1.153

(30,−0.3) 1.146 (30,−0.5) 1.139 (30,−0.7) 1.135

(30,−0.8) 1.134 (30,−0.9) 1.134 (30,−0.99) 1.134

(50,−0.001) 1.16 (50,−0.1) 1.108 (50,−0.2) 1.1

(50,−0.3) 1.096 (50,−0.5) 1.092 (50,−0.7) 1.09

(50,−0.8) 1.09 (50,−0.9) 1.09 (50,−0.99) 1.089

(100,−0.001) 1.085 (100,−0.1) 1.06 (100,−0.2) 1.056

(100,−0.3) 1.054 (100,−0.5) 1.052 (100,−0.7) 1.052

(100,−0.8) 1.051 (100,−0.9) 1.051 (100,−0.99) 1.051

Table 1: The values of ρ∗ for some n ∈ 2N and γ ∈ (−1, 0)

n ρ∗ n ρ∗ n ρ∗

3 1.774 5 1.528 7 1.41

9 1.339 13 1.256 15 1.23

25 1.155 35 1.119 45 1.097

55 1.083 65 1.073 75 1.065

85 1.059 95 1.053 145 1.038

Table 2: The values of ρ∗ for some n ∈ 2N + 1 and γ ∈ (−1, 0)

Remainder terms for quadrature formulas are traditionally expressed in terms
of some high-order derivative of the involved function. This is a serious disadvan-
tage, if such derivatives are not known, do not exist or are too complicated to be
handled.

Let us consider numerical calculation of the integral

I(f) =

∫ 1

−1
f(t)

√
1 − t2

1 − 4γ

(1 + γ)2
t2
dt, (19)
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with

f(t) =
ee

t

(a+ t)k(b+ t)ℓ(c+ t)m
,

where c ≤ b ≤ a < −1; k ∈ N, ℓ,m ∈ N0.
Under the assumption that f is analytic inside Eρmax , from (8) we obtain the

error bound
|Rn(f)| ≤ r̃n(f), (20)

where

r̃n(f) = inf
ρ∗n<ρ<ρmax

[
ℓ(Eρ)

2π

(
max
z∈Eρ

|Kn(z)|
)(

max
z∈Eρ

|f(z)|
)]

,

and ρ∗n is de�ned by Theorem 2.1. In the case under consideration |a| = 1
2(ρmax +

ρ−1
max).
The length of the ellipse Eρ can be estimated by (see [6, Eq. (2.2)])

ℓ(Eρ) ≤ 2πa1

(
1 − 1

4
a−2
1 − 3

64
a−4
1 − 5

256
a−6
1

)
, (21)

where a1 = (ρ+ ρ−1)/2.
For z ∈ Eρ, we have

ee
z

= ee
a1 cos θ·cos( 1

2
(ρ−ρ−1) sin θ) · ei ea1 cos θ·sin( 1

2
(ρ−ρ−1) sin θ),

and from this it follows that

max
z∈Eρ

|eez | = ee
a1
. (22)

The above maximum is attained at θ = 0.
Further, we have

1

|a+ z|
=

1√
a2 + 1

2(a2 − 1) + 2aa1 cos θ + cos2 θ
≤ 1

|a+ a1|
,

where the equality holds for θ = 0. We have used the facts that the function
under the squared root has minimum at θ = 0 and a2 = 2a21 − 1.

On the basis of the above analysis and (22), we have

max
z∈Eρ

∣∣∣∣∣ ee
z

(a+ z)k(b+ z)ℓ(c+ z)m

∣∣∣∣∣ =
ee

a1

|a+ a1|k |b+ a1|ℓ |c+ a1|m
,

where the maximum is attained at θ = 0. Now, rn(f) (≥ r̃n(f)) has the form

rn(f) = inf
ρ∗n<ρ<ρmax

{
πa1

(
1 − 1

4
a−2
1 − 3

64
a−4
1 − 5

256
a−6
1

)
× ee

a1

|a+ a1|k |b+ a1|ℓ |c+ a1|m
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×
(1 + γ)2(a2 + 1)1/2

(
1 + γρ2

)
ρn+1 [(1 + γ2)2 + 4γ(1 + γ2)a2 + 2γ2(a4 + 1)]1/2

×
[
a2n+2 + (−1)n + γ2(a2n−2 + (−1)n) + 2γ(a2n + (−1)na2)

]−1/2
}
.

Let −
√

2 < a < −1, c ≤ b ≤ a. This condition means that the function f is
analytic inside the elliptical contour Eρmax , where ρmax = 1 +

√
2. Therefore, the

results obtained by Schira [7] cannot be used here. Also, the classical error bound
in this case is di�cult to determine, since the derivatives f (2n)(t) for higher values
n are too complicated to be handled. However, we can use the error bound (20)
based on the results of Theorem 2.1.

The error bound (20) is valid for integrands analytic on a neighborhood of
the interval of integration and should be compared with other error bounds in-
tended for the same class of integrands. There are several classical error bounds
for Gaussian quadrature rules of analytic functions. See Theorem 4 in [12] or
Theorem 1 in [13], where the contour Γ is the ellipse Eρ given by (6). We also
take into account the error bounds appearing in [4], where the contour Γ is the
circumference Cr = {z ∈ C : |z| = r} (r > 1).

Therefore, the error bound r̂n(f) (|Rn(f)| ≤ r̂n(f)) of the Gauss quadrature
formula (1) with respect to the weight function (2), for the integrand f under
consideration, can be given by (see Stenger [12, Eq. (38)])

r̂n(f) = r̂(Sten)n (f) = inf
1<ρ<ρmax

{
16µ0
πρ2n

· ee
a1

|a+ a1|k |b+ a1|ℓ |c+ a1|m

}
,

where µ0 = π(1 + γ)/2 (cf. [1, Eqs. (2.24),(2.27)]), or by (see von Sydow [13, Th.
1])

r̂n(f) = r̂(Syd)n (f) = inf
1<ρ<ρmax

{
4µ0

(1 − ρ−2)ρ2n
· ee

a1

|a+ a1|k |b+ a1|ℓ |c+ a1|m

}
,

or by (see Notaris [4, Eq. (3.28)])

r̂n(f) = r̂(Not)n (f) = inf
1<r<rmax

{
2π(1 + γ)2 τ2n+2 r

√
r2 − 1

(1 − γτ2)[1 − τ2n+2 − γτ2(1 − τ2n−2)]

× ee
r

|a+ r|k |b+ r|ℓ |c+ r|m

}
,

where τ = r −
√
r2 − 1 and rmax = |a|.

Let the integrand f be specialized by k = 1, ℓ = 5,m = 10, and

a = −1.408333333333333, b = −1.892857142857143, c = −2.408695652173913,

which means that ρmax = 2.4.

We have been calculating the values of r̂
(Sten)
n (f), r̂

(Syd)
n (f), r̂

(Not)
n (f), rn(f) for

the corresponding integral I(f) given by (19). The results do show the e�e-
ctiveness of the error bound (20) as compared to, for instance, the error bounds
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given by r̂
(Sten)
n (f), r̂

(Syd)
n (f). For some values of γ and n = 15, 35, the obtained

results are displayed in Table 3. (Numbers in parentheses indicate decimal expo-
nents.)

γ r̂
(Sten)
15 (f) r̂

(Syd)
15 (f) r̂

(Not)
15 (f) r15(f) r̂

(Sten)
35 (f) r̂

(Syd)
35 (f) r̂

(Not)
35 (f) r35(f)

−0.1 1.63(−6) 1.61(−6) 2.64(−7) 3.66(−7) 5.04(−21) 4.84(−21) 8.31(−22) 1.11(−21)

−0.2 1.45(−6) 1.43(−6) 2.01(−7) 2.30(−7) 4.48(−21) 4.30(−21) 6.34(−22) 9.04(−22)

−0.3 1.27(−6) 1.26(−6) 1.48(−7) 2.41(−7) 3.92(−21) 3.76(−21) 4.69(−22) 7.19(−22)

−0.4 1.09(−6) 1.08(−6) 1.05(−7) 1.86(−7) 3.36(−21) 3.23(−21) 3.33(−22) 5.49(−22)

−0.5 9.04(−7) 8.93(−7) 6.97(−8) 1.35(−7) 2.80(−21) 2.69(−21) 2.24(−22) 3.97(−22)

−0.6 7.23(−7) 7.15(−7) 4.30(−8) 9.01(−8) 2.24(−21) 2.15(−21) 1.39(−22) 2.64(−22)

−0.7 5.42(−7) 5.36(−7) 2.34(−8) 5.32(−8) 1.68(−21) 1.62(−21) 7.54(−23) 1.55(−22)

−0.8 3.62(−7) 3.58(−7) 9.99(−9) 2.48(−8) 1.12(−21) 1.08(−21) 3.25(−23) 7.17(−23)

−0.9 1.81(−7) 1.79(−7) 2.42(−9) 6.51(−9) 5.60(−22) 5.37(−22) 7.87(−24) 1.88(−23)

Table 3: The values of r̂
(Sten)
n (f), r̂

(Syd)
n (f), r̂

(Not)
n (f), rn(f) for n = 15, 35 and

some γ ∈ (−1, 0)

At the end, let us consider numerical calculation of the integral (19), with

f(t) = f̄(t) = cos t.

The function f̄(z) = cos z is entire, and for it holds

max
z∈Cr

|cos z| = cosh(r),

and
max
z∈Eρ

|cos z| = cosh(b1),

where b1 = 1
2(ρ− ρ−1).

For some values of γ and n = 5, 9, the obtained results of r̂
(Sten)
n (f̄), r̂

(Syd)
n (f̄),

r̂
(Not)
n (f̄), rn(f̄) are displayed in Table 4. The results do show the e�ectiveness of
the error bound (20).

4 The corresponding results for w
(−1/2)
γ (t) and w

(−1/2,1/2)
γ (t)

Theorem 4.1. For the Gauss quadrature formula (1) with the weight function

w
(−1/2)
γ (t) there exists a ρ∗ = ρ∗n = ρ∗n,γ ∈ (1,+∞) such that for each ρ > ρ∗ the

modulus of the kernel
∣∣∣K(−1/2)

n,γ (z)
∣∣∣ attains its maximum:

a) on the real axis (positive real semi-axis (θ = 0)), i. e.,

max
z∈Eρ

∣∣∣K(−1/2)
n,γ (z)

∣∣∣ = K(−1/2)
n,γ

(
1

2
(ρ+ ρ−1)

)
,

if
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γ r̂
(Sten)
5 (f̄) r̂

(Syd)
5 (f̄) r̂

(Not)
5 (f̄) r5(f̄) r̂

(Sten)
9 (f̄) r̂

(Syd)
9 (f̄) r̂

(Not)
9 (f̄) r9(f̄)

−0.1 7.57(−9) 5.97(−9) 1.41(−9) 1.35(−9) 2.27(−20) 1.78(−20) 4.11(−21) 4.01(−21)

−0.2 6.73(−9) 5.30(−9) 1.11(−9) 1.07(−9) 2.02(−20) 1.59(−20) 3.25(−21) 3.17(−21)

−0.3 5.89(−9) 4.64(−9) 8.48(−10) 8.13(−10) 1.76(−20) 1.39(−20) 2.49(−21) 2.43(−21)

−0.4 5.05(−9) 3.98(−9) 6.23(−10) 5.98(−10) 1.51(−20) 1.19(−20) 1.83(−21) 1.78(−21)

−0.5 4.21(−9) 3.32(−9) 4.32(−10) 4.16(−10) 1.26(−20) 9.88(−21) 1.27(−21) 1.24(−21)

−0.6 3.37(−9) 2.66(−9) 2.77(−10) 2.66(−10) 1.01(−20) 7.91(−21) 8.11(−22) 7.91(−22)

−0.7 2.53(−9) 1.99(−9) 1.56(−10) 1.50(−10) 7.55(−21) 5.93(−21) 4.56(−22) 4.45(−22)

−0.8 1.69(−9) 1.33(−9) 6.91(−11) 6.66(−11) 5.03(−21) 3.96(−21) 2.03(−22) 1.98(−22)

−0.9 8.42(−10) 6.63(−10) 1.73(−11) 1.67(−11) 2.52(−21) 1.98(−21) 5.07(−23) 4.95(−23)

Table 4: The values of r̂
(Sten)
n (f̄), r̂

(Syd)
n (f̄), r̂

(Not)
n (f̄), rn(f̄) for n = 5, 9 and some

γ ∈ (−1, 0)

(i) γ ∈ (−1/3, 0), n = 2,
(ii) γ ∈ (−1/2, 0), n ≥ 3,
(iii) γ = −1/2, n ≥ 5;

b) on the imaginary axis (θ = π/2), i. e.,

max
z∈Eρ

∣∣∣K(−1/2)
n,γ (z)

∣∣∣ =

∣∣∣∣K(−1/2)
n,γ

(
i

2
(ρ− ρ−1)

)∣∣∣∣ ,
if

(i) γ ∈ (−1, 0), n = 1,
(ii) γ ∈ (−1,−1/3), n = 2,
(iii) γ ∈ (−1,−1/2), n ≥ 3,
(iv) γ = −1/2, n = 3, 4,

c) on the line which bisect the angle between the axes (θ = π/4) i. e.,

max
z∈Eρ

∣∣∣K(−1/2)
n,γ (z)

∣∣∣ =

∣∣∣∣K−1/2
n,γ

(
− 1

2
√

2
(ρ+ ρ−1) +

i

2
√

2
(ρ− ρ−1)

)∣∣∣∣ .
if γ = −1/3, n = 2.

Theorem 4.2. For the Gauss quadrature formula (1) with the weight function

w
(−1/2,1/2)
γ (t) there exists a ρ∗ = ρ∗n = ρ∗n,γ ∈ (1,+∞) such that for each ρ > ρ∗

the modulus of the kernel
∣∣∣K(−1/2,1/2)

n,γ (z)
∣∣∣ attains its maximum on the real axis

(positive real semi-axis (θ = 0)), i. e.,

max
z∈Eρ

∣∣∣K(−1/2,1/2)
n,γ (z)

∣∣∣ = K(−1/2,1/2)
n,γ

(
1

2
(ρ+ ρ−1)

)
,

for γ ∈ (−1, 0).
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Theorem 4.3. If n = 1, for the Gauss quadrature formula (1) with the weight

function w
(−1/2,1/2)
γ (t) there exists a ρ∗1 = ρ∗1,γ ∈ (1,+∞) such that for each

ρ > ρ∗1 the modulus of the kernel
∣∣∣K(−1/2,1/2)

1,γ (z)
∣∣∣ attains its maximum on the real

axis (positive real semi-axis (θ = 0)), i. e.,

max
z∈Eρ

∣∣∣K(−1/2,1/2)
1,γ (z)

∣∣∣ = K
(−1/2,1/2)
1,γ

(
1

2
(ρ+ ρ−1)

)
,

for γ ∈ (−1, 0).

The proof of Theorem 4.1 can be found in [9], and the proofs of Theorems 4.2,
4.3 can be found in [10].
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Abstract

We consider the action of the automorphism group I(n) of Zn on the set
of k−sets of Zn in the natural way. Although elementary in its nature, it
has not been fully analyzed and understood yet. The vast class of enumer-
ative and computational problems problems is related to this action. For
example, the number of orbits on the set of k−sets of Zn is one of them that
we are interested in. Those enumerative problems are mainly resolved by
application of P�olya's theory.

1 Introduction

Let I(n) be the automorphism group of cyclic additive group Zn. We consider
the action of the group I(n) on the set of elements of Zn, given by

(x, t) → tx (t ∈ I(n), x ∈ Zn).

There is a natural way to induce this action on the set Ok, that denotes the set of
all subsets of Zn of size k. In order to answer to some of the standard enumerative
questions regarding this action, we need to determine the cycle index of I(n)
acting on Zn. We �rst �nd the cycle index of the permutation groups I(pm) acting
on Zpm , where p is a prime number and then use technique described in [4] in
order to �nd the cycle index of the product of permutation groups. Consequently,
our goal is to obtain the cycle index of I(n) acting on Zn.
Besides this combinatorial aspect of the described action, we were interested in
some computational questions as �nding the stabilizer of a k−set A ⊆ Zn. Once
a stabilizer is found, there is a straightforward way to determine the orbit that a
set A belongs to.
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Motivation for this type of action is twofold. Firstly, it is very natural, elemen-
tary group action that, to the best of our knowledge, has not been fully analyzed
and understood yet. There are couple of papers, like [5, 6] that deal with the very
similar things but not in the same fashion.

Another motivation for the action of I(n) on the set Ok comes from one fact
related to the factorizations of abelian groups. In the case of an abelian group G,
a factorization is a collection of subsets

α = [B1, . . . , Bk]

such that that every element g ∈ G has a unique representation g = s1s2 . . . sk,
where si ∈ Bi for 1 ≤ i ≤ k. The subsets Bi, 1 ≤ i ≤ k of G are called the blocks
of the factorization.
Suppose the case of factorization of Zmn into two blocks [B1, B2] of size m and
n respectively. Given t, s ∈ Zmn such that gcd(t,mn) = 1, gcd(s,mn) = 1, it is
proven that [tB1, sB2] is also factorization of Zmn. That is why it is substantially
enough to have just representatives of orbits of m and n−sets for describing all
factorization of Zmn.

2 The notion of (r, k)−coprime residue set in Zn
In this section, we introduce the notion of a (r, k)−coprime residue set in Zn and
give their analysis from the algebraic and number theoretical point of view. Here,
by natural number we assume positive integer.

De�nition 2.1. Let r, k be natural numbers such that gcd(r, k) = 1, r < k and
let k be a divisor of natural number n. A set of integers

Ir
k(n) = {x ∈ I(n)| x ≡ r (mod k)}

is called (r, k)−coprime residue set in Zn.

Firstly, we prove that any (r, k)−coprime set in Zn is not empty.

Lemma 2.1. Let r, k, ℓ, n be natural numbers such that gcd(r, k) = 1, r < k and
n = kℓ. Then (r, k)-coprime set ¸rk(n) is nonempty.

Proof. We prove for given r, k and n and gcd(r, k) = 1, there exists t such that

gcd(r + ut, n) = 1

Let pvii be a general prime power divisor of n. Then, there exists ti such that

gcd(r + kti, p
vi
i ) = 1

Namely, if pi | k, then pi - r and ti = 0 su�ces. If pi - k, than any number ti such
that

ti ̸≡ −r/k (mod pi)
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will work. By Chinese Reminder Theorem, there exists t such that

t ≡ ti (mod pi)

and gcd(r + kt, n) = 1. We need to prove that there exists x ∈ I(n) such that
x ≡ r (mod k). Let x ≡ r + kt (mod n). Since k | n then x ≡ r (mod k). Also,
it is easy to see that gcd(x, n) = 1 and therefore x ∈ I(n).

⊣

Lemma 2.2. Let r, k, ℓ be natural numbers such that gcd(r, k) = 1 and r < k. It
follows that

|Ir
k(kℓ)| = |I1

k(kℓ)|.

Proof. According to Lemma 2.1, both sets Ir
k(kℓ) and I1

k(kℓ) are nonempty.
Let x ∈ Ir

k(kℓ). It follows that x−1Ir
k(kℓ) ⊆ I1

k(kℓ). Hence, we have

|x−1Ir
k(kℓ)| = |Ir

k(kℓ)|

and therefore
|Ir

k(kℓ)| ≤ |I1
k(kℓ)| (1)

Similarly, xI1
k(kℓ) ⊆ Ir

k(kℓ) implies

|I1
k(kℓ)| ≤ |Ir

k(kℓ)|. (2)

From inequalities 1 and 2, it follows that

|I1
k(kℓ)| = |Ir

k(kℓ)|

⊣

Lemma 2.3. Let k, ℓ be natural numbers and k > 1. Then I1
k(kℓ) is a subgroup

of I(kℓ).

Proof. According to the de�nition of I1
k(kℓ), it is clear that I1

u(kℓ) ⊆ I(kℓ).
Apparently the identity, 1, is in I1

k(kℓ). For any x, y ∈ I1
u(kℓ), it holds xy−1 ≡

1 (mod k), i.e. xy−1 ∈ I1
k(kℓ) that concludes the proof. ⊣

Lemma 2.4. Let k and ℓ be relatively prime natural numbers and k > 1. Then,
it holds

I1
k(kℓ) ∼= I(ℓ).

Proof. Let A be a mapping from I1
k(kℓ) to I(ℓ) de�ned by

A(x) = x mod ℓ

First, we show that Im(A) ⊆ I(ℓ). Let x ∈ I1
k(kℓ). Then,

x = aℓ + b, 0 ≤ b ≤ ℓ. Since x ∈ I1
k(kℓ), then by the de�nition of that set, it

follows that x ∈ I(kℓ). Therefore gcd(x, ℓ) = 1 and consequently gcd(b, ℓ) = 1.
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Thus, b ∈ I(ℓ), so we have A(x) ∈ I(ℓ).

A is evidently homomorphism, according to properties of modulo operation.
A is one to one. Let x, y ∈ I1

k(kℓ) and A(x) = A(y). From the de�nition of
I1
k(kℓ), we have x ≡ 1 (mod k) and y ≡ 1 (mod k), so x ≡ y (mod k). From

A(x) = A(y) it follows x ≡ y (mod ℓ). Since k and ℓ are relatively prime numbers,
then x ≡ y (mod kℓ), so A is one to one.

A is onto. Let z ∈ I(ℓ). We have to �nd x ∈ I1
k(kℓ) such that A(x) = ℓ, or in

other words x ≡ z (mod ℓ) . That x must be of the form 1 +kt, so we should �nd
such a t for which it holds x ≡ z (mod ℓ). From gcd(k, ℓ) = 1, there existm,n ∈ Z
such that mk+nℓ = 1. Let us de�ne t = (z−1)m, i.e. x = 1+(z−1)mk. Clearly,
x ≡ 1 (mod k). Note that x = 1 + (z − 1)(1 − nℓ), that is x = z + nℓ(1 − z),
so x ≡ z (mod ℓ). Now, we need to prove that gcd(x, ℓ) = 1. Let p be a prime
divisor of x and l. Then, p divides z, from which we would have that p | gcd(z, ℓ)
what is impossible since z ∈ I(ℓ). Therefore, gcd(x, kℓ) = 1. At the end, we need
to provide that x < kℓ. If x = 1 + (z − 1)mk is not less than kℓ then we should
take x = 1 + (z − 1)mk (mod kℓ) and all previously given arguments hold. ⊣

Corollary 2.1. Let r, k, ℓ be natural numbers such that r < k, gcd(k, ℓ) = 1 and
gcd(r, k) = 1. Then, it holds

|Ir
k(kℓ)| = ϕ(ℓ).

Proof. It follows directly from Lemma 2.2 and Lemma 2.4. ⊣

Our goal is to �nd the cardinality of the set Ir
k(kℓ) when k and ℓ are not

necessarily relatively prime numbers and when gcd(r, k) = 1. As we sow in
the proof of Lemma 2.1 it holds gcd(x, kℓ) = 1 ⇔ gcd(x, kℓ′) = 1 where ℓ′ is
the largest divisor of ℓ that is relatively prime to k. This gives us idea for the
following lemma.

Lemma 2.5. Let k, ℓ be natural numbers and k > 1. It follows that

|I1
k(kℓ)| = ϕ(ℓ′)

ℓ

ℓ′

where ℓ′ is the largest divisor of ℓ that is relatively prime to ℓ.

Proof. According to Lemma 2.3 ¸1k(kℓ) is a subgroup of ¸(kℓ). Let us de�ne a
homomorphism S from I1

k(kℓ) to I1
k(kℓ′) in the following way

S(x) = x mod kℓ′

This is evidently epimorphism and Ker(S) = {1 + tkℓ′ | 0 ≤ t < ℓ
ℓ′ }. Therefore,

we have that

|I1
k(kℓ)| = |I1

k(kℓ′)| ℓ
ℓ′

By Corollary 2.1 it follows that |I1
k(kℓ′)| = ϕ(ℓ′) and this concludes the proof. ⊣
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Lemma 2.6. Let k, ℓ be natural numbers and k > 1. Then it follows that

|I1
k(kℓ)| =

ϕ(kℓ)

ϕ(k)
.

Proof. By Lemma 2.5 it holds that

ϕ(ℓ′) =
ℓ′|I1

k(kℓ)|
ℓ

where ℓ′ is the largest divisor of ℓ that is relatively prime to k. Let ℓ = ℓ′ℓ′′.
Clearly, ℓ′′ | k. Then gcd(kℓ′′, ℓ′) = 1 and therefore ϕ(kℓ) = ϕ(kℓ′′)ϕ(ℓ′). Since
ℓ′′ | k then

ϕ(kℓ′′) = kℓ′′
∏
p|k

(1 − 1

p
) = ℓ′′ϕ(k)

Therefore,

ϕ(kℓ′′)ϕ(ℓ′) = ℓ′′ϕ(k)
ℓ′|I1

k(kℓ)|
ℓ

what implies

ϕ(kℓ) =
ϕ(k)

|I1
k(kℓ)|

and

|I1
k(kℓ)| =

ϕ(kℓ)

ϕ(k)

⊣

Corollary 2.2. Let k, ℓ, r be natural numbers such that gcd(r, k) = 1 and r < k.
Then,

|Ir
k(kℓ)| =

ϕ(kℓ)

ϕ(k)
.

Proof. It follows directly from Lemma 2.2 and Lemma 2.6. ⊣

3 Action of I(n) on k−sets of Zn
It is well known fact [7] that automorphisms of Zn are mappings πt : Zn → Zn of
the form

πt(x) = tx, (x ∈ Zn)

where gcd(t, n) = 1. We denote the automorphism group of Zn by I(n). There is
actually obvious isomorphism between group I(n) and the multiplicative group
of all positive integers that are coprime to n. Further we will denote by I(n) that
group too, but it will be clear from the context which of those two we have in
mind.
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Consider the following, natural action of the group I(n) on the additive cyclic
group Zn by multiplication, Zn × I(n) → Zn,

(x, t) → tx (t ∈ I(n), x ∈ Zn)

Naturally, we can extend this action to k− sets in Zn. By k−set we assume a set of
size k. Let Ok be the collection of k−sets of Zn. Given a set A = {a1, a2, . . . , ak},
let us de�ne multiplication of the set A by an element t ∈ Zn in the usual way,
that is

tA = {ta1, ta2, . . . , tak}.

We consider the following type of group action Ok × ¸(n) → Ok de�ned as

(A, t) → tA (t ∈ I(n), A ∈ Ok)

If not speci�ed di�erently, the term action will be further reserved for the one
described above. By Ωd we denote the set of elements of order d in the Zn.
Obviously,

Zn =
⊎
d|n

Ωd

and |Ωd| = ϕ(d), where ϕ is Euler's phi function.

3.1 Cycle index of I(n) and orbits of k−sets of Zn

There is a class of interesting enumerative problems regarding the action of I(n)
on Ok that principally could be answered by applying P�olya's theory. There is
a lot of literature about P�olyaâ�TMs counting theory. For instance see [1, 2, 3].
Frequently, the main combinatorial problem about the action of a permutation
group acting on a set is to determine its cycle index. We determine cycle index
of the group I(n) acting on Zn and show that it contains information about the
number of orbits of k−sets of Zn. Firstly, we give basic de�nitions.

De�nition 3.1. (Type of a Permutation) Let M be a set with |M | = m. A
permutation π ∈ SM is of the type (λ1, λ2, . . . , λm), i� π can be written as the
composition of λi disjointed cycles of length i, for i = 1, . . . ,m. Hence, by λi(π)
we mean the number of cycles of length i in the decomposition of π into disjoint
cycles. Shortly, we write

ctype(π) =

(
m∏
i=1

iλi

)
De�nition 3.2. (Cycle Index) Let P be a set of |P | = n elements and let Γ
be a subgroup of SP . The cycle index of Γ is de�ned as a polynomial in n
indeterminates x1, . . . , xn, de�ned as:

Z(Γ,P )(x1, . . . , xn) :=
1

|Γ|
∑
γ∈Γ

n∏
i=1

x
λi(γ)
i .
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The following famous theorem is P�olya's theorem [10], published in 1937.

Theorem 3.1. Let P and F be �nite sets with |P | = n, and let Γ ≤ SP . Further-
more let R be a commutative ring over the rationals Q and let w be a mapping
w : F → R. Two mappings f1, f2 ∈ FP are called equivalent, i� there exists some
γ ∈ Γ such that f1 ◦ γ = f2. The equivalence classes are called mapping patterns
and are written as [f ]. For every f ∈ FP we de�ne the weight W (f) as product
weight

W (f) :=
∏
p∈P

w(f(p)).

Any two equivalent f 's have the same weight. Thus we may de�ne W([f ]) := W(f).
Then the sum of the weights of the patterns is

∑
[f ]

W ([f ]) = Z(Γ,P )

∑
y∈F

w(y),
∑
y∈F

w(y)2, . . . ,
∑
y∈F

w(y)n


There are extensions of P�olya's theorem to cases of a di�erent de�nition of the

weight function and equivalence classes [2]. We will need the following elementary
lemma. For proof, see for instance [9].

Lemma 3.1. Let G = ⟨a⟩ be a cyclic group where |G| = n. Then
⟨a

n
d ⟩ = ⟨ak

n
d ⟩ if and only if gcd(k, d) = 1.

We prove that the typical orbit of the aforementioned group action is the set
of all elements from (Zn,+) of certain �xed order d.

Lemma 3.2. Let Ωd = {a ∈ Zn | ord(a) = d} where d is a divisor of n. We have

Ωd =
n

d
I(d)

Also, Ωd is an orbit under the action of the group I(n) on Zn.

Proof. According to Lemma 3.1, it clearly follows that Ωd = n
dI(d). Let x and

y be elements of order d. Then we have x = (n/d)k1 and y = (n/d)k2 where
k1, k2 ∈ I(d). Therefore, there exist k ∈ I(d) and k1 = kk2. On the other hand,
Lemma 2.1 claims the existence of an element h ∈ I(n) such that h ≡ k (mod d).
Clearly k1 ≡ hk2 (mod d). By multiplying both sides by (n/d) we have x = hy
(mod n). Thus, I(n) is transitive on the set of elements of (additive) order d. ⊣

Note that mappings from I(n) keep �xed sets Ωd for each d | n. In the
following lemma, we implicitly prove that the group I(2m) is generated by π3
and π−1. This result would be necessary for understanding of action of the group
I(2m) on Z2m and consequently �nding the corresponding cycle index.

Lemma 3.3. The order of element 3 is 2m−2 modulo 2m if m ≥ 3. The elements
from Ω2m are represented by

(−1)a3b where a ∈ {0, 1} and b ∈ {0, 1, . . . , k − 3}.
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Proof. We note

32 = 1 + 8

34 = 1 + 16 + 32t

38 = 1 + 32 + 64u

for integers t and u. By induction, 3 is of order 2m−2 modulo 2m, if m ≥ 3. For
the second part, it is enough to show that

(−1)3b1 ̸≡ 3b2 (mod 2k), for b1, b2 ∈ {0, 1, . . . , k − 3}.

If not so, we would have
8 | 3b + 1

where b = |b1 − b2|. This is not possible since 3b + 1 ≡ 2 or 4 (mod 8). ⊣

Lemma 3.4. Let fj , gj be mappings from Ω2m to Ω2m, m ≥ 3 de�ned by

fj(x) := 3jx and gj(x) = −3jx,

for j ≥ 1. Let sj be order of fj ∈ ¸(2m). Then

ctype(fj) = (s
uj

j )

where uj = 2m−1/sj. Note that ctype(gj) = ctype(fj).

Proof. Consider the mapping fj ∈ I(2m). Let x0 ∈ Ω2m be arbitrary element.
Since f sj (x0) ≡ x0 (mod 2m) if and only if s ≡ 0 (mod sj), then it is clear that
every cycle must contain exactly sj elements. Since the order of gj is equal to
order fj , conclusion ctype(gj) = ctype(fj) follows easily. ⊣

The following lemma is explaining how the number of orbits of the permutation
group I(n) acting on Ok can be determined, once the cycle index of I(n) acting
on Zn is determined.

Lemma 3.5. The number of orbits in the action of I(n) on the Ok is equal to
the coe�cient of xk in

Z(I(n),Zn)(1 + x, 1 + x2, . . . , 1 + xn)

Proof. We apply P�olya's theorem 3.1. Let F = {in, out} and P = {0, 1, . . . , n}.
This means that functions f ∈ FP are actually characteristic functions of subsets
in Zn. Let us de�ne w(in) = x and w(out) = 1. Then, the weight of characteristic
function f of a k−set is

W (f) = xk

Thus, the number of orbits of k−sets in the given group action is the coe�cient
of xk in

Z(I(n),Zn)(1 + x, 1 + x2, . . . , 1 + xn)

⊣
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Therefore, we need to determine the cycle index of I(n) acting on Zn. The
following lemma considers the case of I(pm), where p is an od prime number. As
it has been well known, this group is cyclic [7] and therefore it is trivial to �nd
its cycle index.

Lemma 3.6. Let p be an odd prime. The cycle type of the permutation group
¸(pm) acting on Zpm is

Z(¸(pm),Zpm )(x1, x2, . . . , xpm) =
r∑

k=1

x1

m∏
i=1

x
v(i,k)
u(i,k),

where r = pm−1(p− 1), v(i, k) = gcd(k, pi−1(p− 1)) and

u(i, k) =
pi−1(p− 1)

v(i, k)
.

Proof. It is well known that in the case of odd prime p, the automorphism group
I(pm) is cyclic [7]. Let β be a generator of I(pm). According to Lemma 3.2,
I(pm) is transitive on each set Ωd, for d | pm. Note that |Ωpi | = pi−1(p− 1) and
|I(pm)| = pm−1(p− 1). Now it is easy to see that

ctype(β) = x1

m∏
i=1

x1ϕ(pi).

Since every element in I(pm) is a power of β, the rest of the conclusion follows
trivially. ⊣

The much more complex case is the cycle index of the group I(2m) when
m ≥ 3. This is the special case since I(2m) for m ≥ 3 is not cyclic group. That
case remains unresolved yet, but the authors are getting very close to the answer.

3.2 Cycle index of direct product of permutation groups

When one �nd the cycle indices of all groups I(pm) when p is a prime number,
there is a natural question if there exists a way to combine them together in order
to obtain the cycle index of I(n), where n is the product of those prime power
components. Hence, we need something like the cycle index of the direct product
of permutation groups.

Let G1, G2 be permutation groups acting on sets X1, X2 respectively. Let
G = G1 × G2 and X = X1 ×X2 be the direct product of corresponding groups
and sets. For an element x = (x1, x2) of X and an element g = (g1, g2) of G, we
de�ne the action of g on x by

(g, a) 7→ (g1x1, g2x2)

Evidently, G is a permutation group on X. Let P and Q be polynomials

P (x1, x2, . . . , xu) =
∑

ai1i2...iux
i1
1 x

i2
2 . . . x

iu
u ,
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Q(x1, x2, . . . , xv) =
∑

bj1j2...jvx
j1
1 x

j2
2 . . . xjvv

In [4] the following product operator was de�ned

P ~Q =
∑

ai1i2...iubj1j2...jv
∏

1≤l≤u
1≤m≤v

(xi1l ~ xjmm ),

where
xi1l ~ xjmm = x

i1jm gcd(l,m)
lcm(l,m)

We need the following lemma. For proof, see [4] and [5].

Lemma 3.7. The cycle index of the natural action of permutation group G1×G2

on X1 ×X2 induced by actions G1 on X1 and G2 on X2 can be expressed as:

Z(G1×G2,X1×X2) = Z(G1,X1) ~ Z(G2,X2).

Let n =
∏s

i=1 p
αi
i . Applying the ring isomorphism

Zn
∼=

s⊕
i=1

Zp
αi
i
,

it follows that

I(n) ∼=
s⊕

i=1

Ipαi
i
.

Hence, according to Lemma 3.7, we have

Z(I(n),Zn) = Z(I
p
α1
1

,Z
p
α1
1

) ~ Z(I
p
α2
2

,Z
p
α2
2

) ~ · · ·~ Z(Ipαs
s

,Zp
αs
s

).

Once the cylce index for the group the group ¸(2m) is found, the cycle index
Z(I(n),Zn) can be calculated as above. Hence, in order to �nd the number of
orbits in the action of I(n) on Ok we just need to apply result from Lemma 3.5.

4 Conlusions

In this paper we studied problem of �nding cycle index of the automorphism group
I(n) of Zn acting on the set of k−subsets of Zn. At the beginning we explained
some algebraic and number theoretical questions regarding the group I(n). In the
section 3.1 we deal with the problem of �nding the number of orbits in the action
we introduced before. That problem, as it has been explained, could be resolved
component wise considering the action of the group I(pt), where p is a prime
number. In the Lemma 3.6 we resolved the case of I(pt), where p is an odd prime
number. However, the cycle index of the group I(2t) still remains unresolved.
Authors are very close to completing that case and that is the important part of
the future research.
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Abstract

U radu je predstavljena nelinearna metoda kona�cnih zapremina za diskre-
tizaciju difuznog terma, sa osvrtom na primene u modeliranju bunara u
jedna�cini podzemnog strujanja. Metode kona�cnih zapremina predstavljaju
familiju metoda za numeri�cko re�savanje parcijalnih diferencijalnih jednacina
zadatih u konzervativnoj formi. Ove metode garantuju lokalno odr�zanje �sto
je od zna�caja u velikom broju problema dinamike �uida.

Klasi�cna metoda kona�cnih zapremina, gde je difuzni �uks aprok-simiran
kona�cnom razlikom, zadovoljava princip maksimuma, ali je u op�stem slu�caju
nekonzistentna. Numeri�cki primeri pokazuju da je nelinearna metoda prika-
zana u ovom radu drugog reda ta�cnosti i u anizotropnom, diskontinual-
nom slu�caju na proizvoljnim mre�zama. Predstavljena metoda ne zadovol-
java princip maksimuma, ali garantuje pozitivnost re�senja. Diskretizacijom
se dobija M-matrica, �sto garantuje egzistenciju i jedinstvenost numeri�ckog
re�senja.

U okolini bunara re�senje se pona�sa logaritamski sa singularitetom u
centru bunara, �sto rezultuje velikom gre�skom u odnosu proticaja i nivoa
u bunaru. Predstavljena je metoda za diskretizaciju �uksa na bunarskim
stranama koja znacajno smanjuje ovu gre�sku.
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1 Uvod

Stacionarno stanje podzemnog strujanja na domenu Ω matema�cki opisujemo gra-
ni�cnim problemom:

∇ · u = gs, (1)

u = −K∇h, (2)

h = gD na ΓD, (3)

u · n = gN na ΓN , (4)

gde je u brzina, g je term koji opisuje izvore/ponore, h je nepoznati hidrauli�cki
potencijal, a n je spoljna jedini�cna normala na ∂Ω. Anizotropni tenzor koe�cijenta
�ltracije K je simetri�can i pozitivno de�nitan sa mogu�cim prekidima samo u
stranama mre�ze. Jedna�cina (1) predstavlja odr�zanje mase, dok je (2) Darsijev
zakon.

Anizotropija i prekidnost tenzora koe�cijenta �ltracije predstavlja veliki prob-
lem za numeri�cko re�savanje jedna�cine podzemnog strujanja. Metode kona�cnih
elemenata mogu dovesti do pojave oscilacija u re�senju. Ovi problemi ne postoje
kod klasi�cne metode kona�cnih zapremina, gde je numeri�cki �uks aproksimiran
kona�cnom razlikom. Medjutim, klasi�cna metoda kona�cnih zapremina nije ni pr-
vog reda ta�cnosti na proizvoljnim mre�zama [10].

Nova familija nelinearnih metoda kona�cnih zapremina predstavljena u [3, 8,
9, 10, 16, 17, 18] je drugog reda ta�cnosti �cak i u diskontinualnom neizotropnom
slu�caju na proizvoljnim mre�zama. Ove metode generi�su M-matrice uz pomo�c
nelinearne aproksimacije �uksa pomo�cu dve ta�cke. Zahvaljuju�ci �cinjenici da je
dobijena matrica M-matrica garantuje se pozitivnost re�senja. Drugi red ta�cnosti
i pozitivnost re�senja su dobijeni po ceni re�savanja nelinearnog sistema jedna�cina.

U ovom radu razmatramo podzemno strujanje koje je najve�cim delom posled-
ica prisustva bunara. U svakom bunaru je zadat hidrauli�cki potencijal ili proticaj
(izda�snost).

Usled raznih mehani�ckih, hemijskih i biolo�skih procesa dolazi do stvaranja
kolmiranog (zapu�senog) sloja du�z zida bunara [4]. Kolmirani sloj stvara dodatnu
hidrauli�cku otpornost, pa je proticaj kroz bunar odredjen jedna�cinom:

Q = AΨ(hr − hw), (5)

gde je hr hidrauli�cki potencijal na spolja�snjem zidu bunara, hw je hidrauli�cki
potencijal u bunaru, Q je proticaj, A je povr�sina �ltera bunara, Ψ = Kc/dc je
transfer koe�cijent, Kc je koe�cijent �ltracije kolmiranog sloja, a dc je debljina
kolmiranog sloja.

U okolini bunara re�senje jedna�cine (1) se pona�sa logaritamski sa singularitetom
u centru bunara, �sto rezultuje velikom gre�skom u odnosu proticaja i nivoa u
bunaru. Pored toga u okolini bunara se gubi drugi red ta�cnosti.

Problem modeliranja bunara je �cesto razmatran u literaturi [2, 5, 6, 11, 12, 14].
Naj�ce�s�ce kori�s�ceni metod za diskretizaciju bunara je Pismanov model [11, 12].
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Ovaj metod originalno formulisan za metodu kona�cnih razlika je preformulisan
za razli�cite metode [2]. U ovom radu je predlo�zena jedna druga�cija diskretizacija
�uksa izmedju bunara i porozne sredine koja kao i Peaceman-ov model prevazi-
lazi probleme sa ta�cno�s�cu proticaja. Iako zna�cajno smanjuje gre�sku u proticaju
predlo�zena diskretizacija nije drugog reda.

U poglavlju 2 predstavljena je diskretizacija koja garantuje pozitivnost re�senja
zasnovana na radovima [3, 16]. Predlo�zena korekcija za diskretizaciju �uksa na
bunarskim stranama je opisana u poglavlju 3. Re�savanje nelinearnog sistema
je opisano u poglavlju 4. Egzistencija i jedinstvenost re�senja u svakoj iteraciji
dokazani su u poglavlju 5, dok je pozitivnost re�senja dokazana u poglavlju 6.

2 Diskretizacija

Domen je izdeljen na mre�zu koja se sastoji od poliedarskih �celija. Za svaku �celiju
T de�ni�semo ta�cku kolokacije xT u njenom te�zi�stu i pridru�zujemo joj diskretnu
vrednost hidrauli�ckog potencijala hT . Za ta�cke kolokacije u grani�cnim stranama
uzimamo te�zi�sta i pridru�zujemo im diskretnu vrednost hidrauli�ckog potencijala
hf . Pomo�cnim ta�ckama kolokacije nazivamo te�zi�sta strana na kojima postoji
diskontinuitet u koe�cijentu �ltracije.

Integracijom (1) po svakoj od �celija mre�ze T∫
T
∇ · udΩ =

∫
T
gdΩ (6)

i primenom teoreme o divergenciji na levu stranu jednakosti dobija se:∫
∂T

u · nds =

∫
T
gdΩ, (7)

gde je ∂T granica �celije T i n spolja�snja normala na ∂T . Poslednju jednakost
mo�zemo zapisati u obliku ∑

f∈∂T
uf =

∫
T
gdΩ, (8)

gde je uf �uks kroz stranu f dat sa:

uf =

∫
f
u · nfds = −

∫
f
(K∇h) · nfds. (9)

Pretpostavimo za po�cetak da je tenzor K neprekidan u strani f . Kako je K
simetri�can tenzor va�zi da je (K∇h)·nf = (Knf )·∇h. Obele�zimo sa ℓf = Knf . Za
takav vektor ℓf , skoro uvek je mogu�ce je na�ci tri vektora ti, tako da su ti = xi−xT ,
gde su xi tacke kolokacije, odnosno ti = −ℓfNi

u slu�caju da je fNi grani�cna strana
na kojoj je zadat Nojmanov grani�cni uslov. Prema tome:

ℓf
|ℓf |

=

3∑
i=1

αi
ti
|ti|

, (10)
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pri �cemu zahtevamo da su koe�cijenti αi ≥ 0. Koe�cijente αi dobijamo re�savanjem
sistema (10). U retkim slu�cajevima nije mogu�ce takve vektore da su koe�cijenti
αi ≥ 0, tada je potrebno dodati ta�cke kolokacije u sredi�stima ivica [3] ili �cvorovima
[16, 17].

Na osnovu jednakosti za izvod u pravcu

∂h

∂v
= ∇h · v

|v|
(11)

i jedna�cine (10), �uks (9) kroz stranu f mo�zemo predstaviti kao:

uf = −
∫
f
(ℓf · ∇h)ds = −|ℓf |

3∑
i=1

αi

∫
f

ti
|ti|

· ∇hds = −|ℓf |
3∑

i=1

αi

∫
f

∂h

∂ti
ds. (12)

Parcijalne izvode u pravcu mo�zemo aproksimirati kona�cnim razlikama:

∂h

∂ti
≈ hi − hT

|ti|
, (13)

odnosno u slu�caju ti = −ℓfNi

∂h

∂ti
= −∇h ·

ℓfNi

|ℓfNi
|

= − ḡN (xi)

|lfNi
|
, (14)

gde je ḡN (xi) srednja vrednost funkcije gN na strani sa te�zis�stem xi. Zamenom
aproksimacija (13) i (14) u jedna�cinu (12) dobijena je aproksimacija �uksa:

uf ≈ −|ℓf ||f |
∑
i

αi

|ti|
(hi − hT ) + rf , (15)

gde je rf doprinos grani�cnih strana sa zadatim Nojmanovim uslovom:

rf = −|ℓf ||f |
∑
k

αk
ḡN (xk)

|ℓfNk
|
. (16)

Svaka unutra�snja strana f pripada dvema �celijama T+ i T−, pa prema tome
postoje dve aproksimacije �uksa gde u svakoj u�cestvuje po �cetiri diskretne vred-
nosti hidrauli�ckog potencijala. Cilj je da se dobije aproksimacija koja koristi
diskretne vrednosti hidrauli�ckog potencijala samo u �celijama T+ i T−, a to se
posti�ze linearnom kombinacijom aproksimacija �uksa kroz stranu f koje odgo-
varaju �celijama T+ i T−:

uf ≈ −µ+|ℓf ||f |
∑

i
α+
i

|t+i |

(
h+i − hT+

)
+

+µ−|ℓf ||f |
∑

j

α−
j

|t−j |

(
h−j − hT−

)
+ µ+r

+
f − µ−r

−
f ,

(17)

pri �cemu va�zi da je:
µ+ + µ− = 1. (18)
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Koe�cijente µ± biramo na takav na�cin da se skrate sve diskretne vrednosti hid-
rauli�ckog potencijala osim onih u �celijama T+ i T−. Drugim re�cima zahtevamo
da je:

−µ+d+ + µ−d− = 0, d± =
∑
i̸=T∓

α±
i

|t±i |
h±i . (19)

Primetimo da su d± ≥ 0, ukoliko su hi ≥ 0.
Re�savanjem sistema jedna�cina (18) i (19) dobijamo da su

µ+ =
d−

d− + d+
, µ− =

d+
d− + d+

, (20)

ako je d− + d+ > 0. Ukoliko je d− + d+ = 0 postavljamo µ± = 0.5.
Sa ovako izabranim koe�cijentima µ± aproksimacija �uksa (17) koristi samo

dve diskretne vrednosti hidrauli�ckog potencijala:

uf ≈M+
f hT+ −M−

f hT− + rf (21)

M±
f = µ±|ℓf ||f |

∑
i

αi

|ti|
, rf = µ+r

+
f − µ−r

−
f . (22)

Obratimo pa�znju da koe�cijenti M±
f zavise od diskretnih vrednosti hidrauli-�ckog

potencijala, te je stoga dobijena aproksimacija nelinearna.
Ukoliko koe�cijent �ltracije K ima prekid u strani f ili ako je to grani�cna

strana, ovu stranu mo�zemo posmatrati kao �celiju zapremine nula. Ekvivalentim
izvodjenjem kao za jedna�cinu (15) dobijamo:

uf ≈ −|ℓf ||f |
∑
i

αi

|ti|
(hi − hf ) + rf (23)

pri �cemu su u ovom slu�caju vektori ti = xi − xf . Istim izvodjenjem kao i za
jedna�cinu (21) dolazimo do:

uf ≈ NhT −Nfhf + rf . (24)

Ukoliko je f ∈ ΓD jedna�cina (24) se koristi za aproksimaciju �uksa, a diskretna
vrednost hidrauli�ckog potencijala u takvoj strani se izra�cunava direktno iz gra-
ni�cnog uslova:

hf = gD(xf ). (25)

U slu�caju da je f strana u kojoj je tenzor K ima prekid, postoje dve ovakve
aproksimacije:

uf ≈ N+hT+ −N+
f hf + r+f , uf ≈ −N−hT− +N−

f hf − r−f . (26)

Njihovim kombinovanjem mo�zemo dobiti vrednost koncentracije u strani f :

hf =
N+hT+ +N−hT− + r+f + r−f

N+
f +N−

f

. (27)
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Slika 1: Diskretizacija bunara

Eliminisanjem hf iz jedna�cina (26) i njihovom linearnom kombinacijom opet do-
bijamo jedna�cinu (21), pri �cemu su:

M±
f =

N±N∓

N+
f +N−

f

, rf =
N−

f r
+
f −N+

f r
−
f

N+
f +N−

f

. (28)

Fluks kroz stranu f ∈ ΓN dobijamo iz:

uf = ḡN (xf )|f |, (29)

Diskretne vrednosti hidrauli�ckog potencijala hf , kada je f ∈ ΓN , dobijamo iz
jedna�cina (24) i (29).

3 Diskretizacija bunara

Bunar je predstavljen cilindri�cnim �celijama (Slika 1) �ciji je polupre�cnik jednak
polupre�cniku bunara. Grani�cni uslov u bunaru je zadat na donjoj kru�znoj strani
najni�ze �celije. Tok kroz cev bunara je modeliran Hagen-Puivilovim zakonom [15],
odnosno �uks kroz strane izmedju bunarskih �celija je dat sa:

uf = |f |r
2ρg

8µ

hT+ − hT−

∥xT+ − xT−∥
, (30)

pri �cemu je r polupre�cnik bunara, ρ je gustina vode, g je gravitaciona konstanta,
a µ je dinami�cka viskoznost vode. Jedna�cinu (30) mo�zemo predstaviti kao (21)
pri �cemu su:

M+
f = M−

f =
r2ρg

8µ

|f |
∥xT+ − xT−∥

, rf = 0. (31)

Kada je na grani�cnoj strani bunara zadat hidrauli�cki potencijal, �uks je aproksimi-
ran sa (24), pri �cemu je:

N = Nf =
r2ρg

8µ

|f |
∥xT − xf∥

, rf = 0. (32)
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Kada je na grani�cnoj strani bunara zadat ukupni proticaj kroz bunar, diskretnu
vrednost hidrauli�ckog potencijala u toj strani nalazimo iz prethodne jedna�cine.

Fluks na stranama izmedju bunara i porozne sredine mo�zemo aproksimirati
na na�cin opisan za strane gde postoji prekid u koe�cijentu �ltracije (26). Pri
�cemu je �uks izmedju strane i bunarske �celije aproksimiran kona�cnom razlikom.
Ovakvom aproksimacijom �uksa dolazi do velike gre�ske hidrauli�ckog potencijala
odnosno proticaja u bunaru, ako je u bunaru zadat proticaj odnosno hidrauli�cki
potencijal.

Poznato je da je u analiti�ckom slu�caju homogenog izotropnog cilindra [7] pro-
ticaj kroz bunar zadat sa:

Q = AK
hR − hr

r ln R
r

, (33)

gde je hr hidruli�cki potencijal u poroznoj sredini tik do kolmiranog sloja bunara,
hR hidruli�cki potencijal na udaljenosti R od bunara i K je izotropni koe�cijent
�ltracije porozne sredine.

Ideja je da se iskoristi proticaj (33) za ra�cunanje �uksa kroz strane izmedju
bunara i porozne sredine. Neka se strana f nalazi izmedju bunarske �celije W i
�celije porozne sredine T . Tada je na osnovu (33) �uks kroz stranu f :

uf ≈ |f |K hT − hr

r ln ρ(xT )
r

, (34)

gde je r polupre�cnik bunara, a ρ(xT ) udaljenost ta�cke xT od centralne ose bunara.
Sa druge strane na osnovu (5) �uks je:

uf = |f |Ψ(hr − hW ). (35)

Kombinacijom jedna�cina (34) i (35) dobijamo jedna�cinu oblika (21), odnosno:

uf ≈M+
f hT −M−

f hW , (36)

gde su:

M+
f = M−

f =
|f |ΨK

r ln ρ(xT )
r Ψ +K

. (37)

U slu�caju homogene anizotropne sredine potrebno je koordinatnim transfor-
macijama tenzor koe�cijenta �ltracije svesti na jedini�cnu matricu

4 Pikarove iteracije

Vrednosti M±
f i rf u jedna�cini (21) zavise od diskretnih vrednosti koncentracije,

jer zavise od koe�cijenata µ± preko jedna�cine (22). Prema tome diskretizacija
opisana u odeljcima 2 i 3 daje sistem nelinearnih jedna�cina:

A(h)h = b(h), (38)

185



gde je h vektor nepoznatih diskretnih vrednosti hT .
Ovakav sistem je mogu�ce re�siti na razli�cite na�cine, recimo Pikarovim metodom:

A(hn)hn+1 = b(hn). (39)

Re�savanjem linearnog sistema (39) po�cev�si od nekog po�cetnog re�senja h0 dolazimo
do slede�ce Pikarove iteracije. Ovaj postupak nastavljamo sve dok ne bude ispunjen
kriterijum konvergencije:

r(hn) =
∥A(hn)hn − b(hn)∥

∥hn∥
< ϵ, (40)

za zadato ϵ, ili dok se ne dostigne maksimalni broj iteracija.

5 Linearni sistem jedna�cina

Matrica sistema A(h) u jedna�cini (38) je dobijena sastavljanjem (asembliranjem)
matrica 2 × 2:

Mf =

(
M+

f −M−
f

−M+
f M−

f

)
, (41)

za unutra�snje strane i 1 × 1 matrica Mf = N za grani�cne strane sa zadatim
Dirihleovim uslovom. Pri tome su M±

f koe�cijenti iz jedna�cine (21), a N je
koe�cijent iz jedna�cine (24). Iz jedna�cine (22) sledi da su ti koe�cijenti pozitivni
ukoliko va�zi hi ≥ 0, za svako i. Prema tome dijagonalni elementi matrice A(h) su
pozitivni, dok van glavne dijagonale nema pozitivnih elemenata. Kako je matrica
A nastala sastavljanjem matrica Mf , zbir svake vrste je nenegativan. Osim toga
matricaMf je nesvodljiva za povezane mre�ze, pa je i matrica A nesvodljiva. Ovim
su ispunjeni uslovi za poznatu teoremu linearne algebre [1]:

Teorema 5.1. Neka je A nesvodljiva kvadratna matrica koja van glavne dijago-
nale nema pozitivnih elemenata. Tada je A M-matrica ako je

Ax > 0, (42)

za neki strogo pozitivni vektor x.

Egzistencija i jedinstvenost re�senja linearnog sistema (39) sledi iz �cinjenice da
postoji inverz M-matrice [13].

6 Pozitivnost re�senja

Elementi desne strane sistema (38) su:

bT (h) =

∫
T
gdΩ +

∑
f∈ΓD

Nf ḡD,f −
∑
f∈ΓN

|f |ḡN,f , (43)

186



za svaku �celiju mre�ze. Ukoliko su g ≥ 0, gD ≥ 0 i gN ≤ 0, svi elementi vektora b(h)
su nenegativni. Za M-matrice va�zi da su svi elementi njenog inverza nenegativni
[13]. Prema tome va�zi da je hk ≥ 0, k ≥ 1, ako za zadato po�cetno re�senje va�zi
h0 ≥ 0. Time je dokazana pozitivnost re�senja.

7 Numeri�cki primeri

Primer 7.1. Prikazan je problem iz [16] gde je koe�cijent �ltracije anizotropan i
prekidan. U jedini�cnoj kocki u delu Ω1 = {(x, y, z) ∈ Ω|x < 0.5} dat je koe�cijent
�ltracije K1, dok je u delu Ω2 = {(x, y, z) ∈ Ω|x > 0.5} dat koe�cijent �ltracije
K2:

K1 =

 3 1 0
1 3 0
0 0 1

 , K2 =

 10 3 0
3 1 0
0 0 1

 . (44)

Term gs je izabran tako da je analiti�cko re�senje dato sa:

h(x, y, z) =

{
1 − 2y2 + 4xy + 2y + 6x, x < 0.5,
3.5 − 2y2 + 2xy + x+ 3y, x ≥ 0.5.

(45)

Na granici x = 0 zadat je analiti�cki hidraulicki potencijal, dok se na svim os-
talim granicama zadaje analiti�cki �uks. Za ocenu gre�ske hidrauli�ckog potencijala

Slika 2: Mre�za h=1/10 u primeru 7.1.

i �uksa kori�s�cene su L2 i maksimalna norma:

εh2 =

(∑
T (h(xT ) − hT )2|T |∑

T (h(xT ))2|T |

)1/2

, (46)

εu2 =

(∑
f (u(xf ) · nf − uf )2|f |∑

f (u(xf ) · nf )2|f |

)
, (47)

εhmax =
maxT |h(xT ) − hT |

(
∑

T (h(xT ))2|T |/
∑

T |T |)1/2
, (48)
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εumax =
maxf |u(xf ) · nf − uf |(∑

f (u(xf ) · nf )2|f |/
∑

f |f |
)1/2 . (49)

Tabela 1: Gre�ske u hidrauli�ckom potencijalu i �uksu u primeru 7.1.

h εh2 εhmax εu2 εumax

1/10 0.00205541 0.0292998 0.00519191 0.0349371
1/20 0.000463163 0.00683567 0.00235716 0.0144156
1/40 8.86811e-05 0.0019212 0.0011501 0.00822886
1/80 2.16327e-05 0.00061031 0.000560393 0.00564582

Rezultati u tabeli 1 pokazuju da je nelinearna metoda drugog reda ta�cnosti,
bez obzira na anizotropiju i diskontinuitet u koe�cijentu �tracije.

Primer 7.2. Neka se bunar polupre�cnika r nalazi u centru izotropnog cilindra
polupre�cnika R. Neka su zadati hidrauli�cki potencijal na omota�cu cilindra hR
i hidrauli�cki potencijal u bunaru hw. Fluks je nula na bazama cilindra. Ta�cno
re�senje je dato sa:

h(ρ) =
hr ln R

ρ + hR ln ρ
r

ln R
r

, (50)

pri �cemu je ρ udaljenost od centralne ose bunara, a hr je hidrauli�cki potencijal u
poroznoj sredini tik do bunara koji se nalazi izjedna�cavnjem jedna�cina (5) i (33).

Zadate su vrednosti R = 200m, hR = 100m, hw = 50, a transfer koe�cijent
bunara je izabran tako da je hr = 60m. Izotropni koe�cijent �ltracije je K =
1e−4. Visina �ltra jeH = 10m. U tabeli 2 su prikazani rezultati dobijeni na istoj

Slika 3: Mre�za kori�s�ena za dobijanje rezultata u tabeli 2.
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Tabela 2: Proticaji u bunaru

r Analiti�cki proticaj Numeri�cki proticaj

bez korekcije sa korekcijom

0.5 0.04195 0.00768 0.04253
0.1 0.03307 0.00161 0.03343
0.05 0.03030 0.00081 0.03060

mre�zi sa razli�citim polupre�cnikom bunara. Rezultati pokazuju da kori�s�cenjem
korekcije �uksa (poglavlje 3) proticaji u bunaru imaju gre�sku manju od jednog
procenta. Bez kori�s�cenja korekcije gre�ske u proticajima su ogromne.

8 Zaklju�cak

U radu je prikazana jedna varijanta nelinearne metode kona�cnih zapremina. Doka-
zana je nenegativnost re�senja, kao i egzistencija i jedinstvenost re�senja linearnog
sistema. U primeru 7.1 numeri�cki je pokazana ta�cnost drugog reda.

Zbog logaritamske prirode re�senja, standardne numeri�cke metode daju neta-
�can odnos proticaja i hidrauli�ckog nivoa u bunaru. Takodje, u okolini bunara se
gubi drugi red ta�cnosti. U primeru 7.2 prikazano je zna�cajno smanjenje gre�ske u
proticaju u bunaru. Iako predlo�zena metoda zna�cajno smanjuje gre�sku, gubi se
drugi red ta�cnosti.
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Apstrakt

Furijeova transformacija (FT) ima �siroku primjenu u mnogim oblastima
nauke i tehnike gdje se prou�cava frekvencijski spektar signala, prostiranje os-
cilacija ili zra�cenja koje su funkcija promjene amplitude neke veli�cine (veoma
�cesto elektri�cnog signala) u zavisnosti od vremena. Zbog svoje velike prim-
jene u obradi signala razvijeni su brzi algoritmi za njeno ra�cunanje (brza
Furijeova transformacija). Brzo ra�cunanje FT je i danas predmet nau�cnog
interesovanja kao i osnovna motivacija ovoga rada. Po�sto su Ermitovi poli-
nomi, odnosno Ermitove funkcije, jedne od sopstvenih funkcija FT, to zna�ci
da se odredivanje FT signala mo�ze svesti na linearnu interpolaciju signala
Ermitovim funkcijama (�cine bazu ortogonalnih funkcija), na osnovu kojih
direktno slijedi FT signala. Na ovaj na�cin se otvara pitanje brzine i ta�cnosti
linearne interpolacije signala Ermitovim funkcijama. U ovom radu bi�ce
prikazana simulaciona analiza dobijenih rezultata FT signala primjenom Er-
mitovih polinoma sa analiti�ckim vrijednostima FT signala.

1 Osnovni pojmovi

1.1 Furijeova transformacija

De�nicija 1.1. [Furijeova transformacija.] Furijeova transformacija F{f(t)} =
F (iω) funkcije t 7→ f(t) de�nisana je integralom

F (iω) =

∫ ∞

−∞
f(t)e−iωtdt, pri �cemu je i imaginarna jedinica. (1)
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Dakle ako postoji nesvojstveni integral sa desne strane relacije (1), funkcija
F predstavlja Furijeovu transformaciju funkcije f . Ozna�cimo sa G(R) familiju
apsolutno itegrabilnih, dio-po-dio neprekidnih funkcija†. Pretpostavimo, takode,
da funkcija f ima ograni�cen broj ekstrema (maksimuma i minimuma), odnosno
da zadovoljava Dirihleove uslove. Funkcija mo�ze imati beskona�can broj ta�caka
prekida, ali samo kona�can broj na svakom kona�cnom intervalu.

Mo�ze se de�nisati i inverzna Furijeova transformacija koja, pod odredenim
uslovima, vra�ca originalnu funkciju

f(t) =
1

2π

∫ ∞

−∞
F (iω)eiωtdω. (2)

Napomenimo da prethodne de�nicije Furijeove transformacije i inverzne Fu-
rijeove transformacije (Furijeov par) nisu jedinstvene. U literaturi mogu na�ci
druga�cije de�nicije u odnosu na de�nicija (1) i (2). Tako Furijeova transformacija
mo�ze biti de�nisana sa ([1])

F (iω) =
1√
2π

∫ ∞

−∞
f(t)e−iωtdt, (3)

a njena inverzna FT sa

f(t) =
1√
2π

∫ ∞

−∞
F (iω)eiωtdω. (4)

Napomena 1.1. Mo�ze se de�nisati i uop�stena Furijeova i inverzna Furijeova
transformacija koriste�ci proizvoljne konstante α i β

F (iω) =

√
|β|

(2π)1−α

∫ ∞

−∞
f(t)e−iβωtdt , (5)

f(t) =

√
|β|

(2π)1+α

∫ ∞

−∞
F (iω)eiβωtdω . (6)

Prethodno udevedene de�nicije ne mijenjaju smisao FT, ve�c su u osnovi samo
oblici pogodni za odredenu klasu primjena.

1.2 Ermitovi polinomi i Ermitove funkcije

De�nicija 1.2. [Ermitovi polinomi] Posmatrajmo funkciju Y (s) = e2st−s2 , gdje
je s kompleksna promjenljiva a t realan parametar. Funkcija Y nema singulariteta
u kona�cnoj s-ravni, pa se mo�ze razviti u Tejlorov red, u okolini ta�ske s = 0, koji
je konvergentan za svako kona�sno s. Prema tome, imamo razvoj ([2,3])

†Funkcija f je apsolutno integrabilna ukoliko je
∫∞
−∞ |f(t)| dt < ∞. Funkcija je dio po dio

neprekidna na cijelom R ako je dio po dio neprekidna na svakom kona�cnom intervalu (a, b).
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e2st−s2 =
∞∑
n=0

Hn(t)
sn

n!
, (7)

gdje su

Hn(t) = (−1)net
2 dn

dtn
(e−t2) =

[n/2]∑
k=0

(−1)kn!

k!(n− 2k)!
(2t)n−2k, (8)

Ermitovi polinomi, dok je funkcija s 7→ Y (s) generatrisa Ermitovih polinoma.

Napomena 1.2. Ermit je 1864. godine de�nisao polinome Hn. Medutim, jo�s
1859. godine je �Cebi�sev de�nisao ove polinome, pa se zato u literaturi nazivaju
i �Cebi�sev-Ermitovi polinomi. Interesantno je napomenuti da se u literaturi i
polinomi de�nisani izrazom

Hen(t) = (−1)net
2/2 d

n

dtn
(e−t2/2) = n!

[n/2]∑
k=0

(−1)k

k!(n− 2k)!

xn−2k

2k
(9)

takode zovu Ermitovi polinomi.

Napomena 1.3. Ermitovi polinomi Hn(t) predstavljaju takode jedno partiku-
larno rje�senje diferencijalne jedna�cine

d2y

dt2
− 2t

dy

dt
+ 2ny = 0, (10)

koja se naziva Ermitovom diferencijalnom jedna�cinom.

Navedimo sada prvih nekoliko Ermitovih polinoma (8), i njihovu rekurentnu
relaciju:

H0(t) = 1, (11)

H1(t) = 2t, (12)

H2(t) = −2 + 4t2, (13)

H3(t) = −12t+ 8t3, (14)

H4(t) = 12 − 48t2 + 16t4, (15)

H5(t) = 120t− 160t3 + 32t5, (16)

i Ermitovi polinomi zadovoljavaju rekurentnu relaciju

Hn(t) = 2tHn−1(t) − 2(n− 1)Hn−2(t) , n > 1 . (17)

De�nicija 1.3. [Ermitove funkcije] Funkcija t 7→ ψn(t) de�nisana sa

ψn(t) = Hn(t)e−t2/2 , (18)

gde je Hn n-ti Ermitov polinom, naziva se Ermitovom funkcijom.
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Napomena 1.4. Ermitove funkcije ψ0, ψ1, · · · , ψn, · · · �cine ortogonalan skup na
intervalu (−∞,∞), jer va�zi∫ ∞

−∞
ψn(t)ψm(t)dt =

∫ ∞

−∞
Hn(t)Hm(t)e−t2dt =

√
π2nn!δnm (19)

gdje je δnm = 0, n ̸= m i δnn = 1. Relacija (19) takode pokazuje i ortogonal-
nost Ermitovih polinoma sa te�zinskom funkcijom w(t) = e−t2 . Zapravo, mo�ze
se pokazati da Ermitove funkcije �cine bazu na familiji kvadratno integrabilnih
funkcija ([2]).

Napomena 1.5. Ermitove funkcije ψn(t) predstavljaju takode jedno partikularno
rje�senje diferencijalne jedna�cine

d2z

dt2
+ (2n+ 1 − t2)z = 0. (20)

1.3 Furijeova transformacija Ermitove funkcije

Lema 1.1. Ermitova funkcija t 7→ ψn(t) predstavlja jednu od sopstvenih funkciju
Furijeove transformacije

F {ψn} =

∫ ∞

−∞
ψn(t)e−iωtdt = λψn(ω), λ=

√
2π(−i)n. (21)

Ova osobina je interesantna jer omogu�cava direktno odredivanje F (f(t)) bez
ra�cunanja integrala ako je funkcija f predstavljena u vidu linearne superpozicije
Ermitovih funkcija ψ0, ψ1, . . . , ψn−1.

Dokaz 1.1. Da bi dokazali relaciju (21) primijenimo FT na diferencijalnu jedna�cinu
(20). Na osnovu elementarnih svojstava FT kojih dobijamo da je

(iω)2Z(iω) + (2n+ 1) − (−i)2d
2Z(iω)

dω2
= 0 ,

odakle neposredno slijedi

d2Z(iω)

dω2
+ (2n+ 1 − ω2)Z(iω) = 0 .

�cime je jedna�cina (21) dokazana: F (ψn(t)) = λψn(ω). Nije te�sko pokazati da je
λ=

√
2π(−i)n.

1.4 Linearna interpolacija funkcije

Svaka funkcija t 7→ f(t) se mo�ze predstaviti kao linearna superpozicija pogodno
izabranih elementarnih funkcija h0(t), h1(t), · · ·hn−1(t) na slede�ci na�cin

f = c0h0 + c1h1 + · · · + cn−1hn−1 + ε . (22)

194



Pri tome su ck, k = 0, n− 1, konstante koje se mogu dobiti iz minimuma kvadratnog
kriterijuma J =

∫ b
a ε

2(t)dt. Dobijeni izraz (22) predstavlja jednu od linearnih in-
terpolacija funkcije f funkcijama hk na intervalu (a, b). Iz n uslova ∂J/∂ck = 0,
se dobija n jedna�cina sa n nepoznatih konstanti ck, k = 0, n− 1,

n−1∑
m=0

cm

∫ b

a
hk(t)hm(t)dt =

∫ b

a
f(t)hm(t)dt . (23)

Ako se u prethodnoj relaciji (23) pretpostavi da funkcije h0(t), h1(t), · · · , hn−1(t)
�cine bazu ortogonalnih funkcija na intervalu (a, b), tj. pretpostavimo li da va�zi∫ b

a
hk(t)hm(t)dt = δkm

∫ b

a
h2k(t)dt , (24)

tada rje�senje jedna�cina (23) dobija jednostavnu formu

ck =

∫ b
a f(t)hk(t)dt∫ b

a h
2
k(t)dt

, k = 0, n− 1 . (25)

Napomenimo da u grani�cnom procesu za n→ ∞, (ε→ 0) relacija (22) postaje
h =

∑∞
k=0 ckhk pod odredenim uslovima. Kao �sto se da primijetiti, ortogonalne

funkcije odnosno ortogonalni polinomi ([2,3]) imaju veoma veliku primjenu, ne
samo u matematici, nego u mnogim oblastima nauke i tehnike.

2 Primjena Ermitovih polinoma za odredivanje FT

Neka postoji Furijeov par F, f dobijen na osnovu de�nicija (1) i (2). Koriste�ci
linearnu interpolaciju funkcije f , odnosno F , pomo�cu Ermitovih funkcija koje
�cine bazu ψ0, ψ1, · · · , ψn ortogonalnih funkcija u intervalu (−∞,∞) dobijamo, na
osnovu relacija (21)� (25),

f(t) =
∞∑
n=0

Cnψn(t) =
∞∑
n=0

CnHn(t)e−t2/2 , (26)

�cija je F (f(t)), na osnovu relacije (21), jednaka

F (iω) =
√

2π
∞∑
n=0

(−i)nCnψn(ω) =
√

2π
∞∑
n=0

(−i)nCnHn(ω)e−ω2/2 (27)

gdje su

Cn =

∫∞
−∞ f(t)ψn(t)dt

√
π2nn!

=

∫∞
−∞ f(t)Hn(t)e−t2/2dt

√
π2nn!

. (28)

Primjenom Ermitovih polinoma za ra�cunanje inverzne FT funkcije F

F (iω) =

∞∑
n=0

Cnψn(ω) =

∞∑
n=0

CnHn(ω)e−ω2/2, (29)

195



na osnovu relacije (21) dobijamo da je F−1(F (iω)) jednako

f(t) =
1√
2π

∞∑
n=0

(i)nCnψn(t) =
1√
2π

∞∑
n=0

(i)nCnHn(t)e−t2/2, (30)

gdje su

Cn =

∫∞
−∞ F (iω)ψn(ω)dω

√
π2nn!

=

∫∞
−∞ F (iω)Hn(ω)e−ω2/2dω

√
π2nn!

. (31)

O�cigledno je, na osnovu relacija (26) i (30), da postoji veza izmedu konstanti

Cn =
1√
2π

(i)nCn. (32)

Ako je Furijeov par de�nisan sa (3) i (4), jednostavno dobijamo Furijeov par
iskazan preko Ermitovih polinoma

F (iω) =

∞∑
n=0

(−i)nCnHn(ω)e−ω2/2 (33)

f(t) =

∞∑
n=0

(i)nCnHn(t)e−t2/2 (34)

dok su konstante Cn i Cn vezane relaciom Cn = (i)nCn.
Kao �sto se da primijetiti, glavno ra�cunanje Furijeovog para primjenom Ermi-

tovih polinoma se svodi na ra�cunanje interpolacionih konstanti Cn ili Cn.

3 Simulaciona analiza

Neka je signal f(t) zbog prakti�cne primjene ograni�cen u vremenskom intervalu, na
primjer, pravougaonim prozorom f̂(t) = f(t)(u(t+t0)−u(t−t0)), gdje je funkcija
u Hevisajdova jedini�cna funkcija. Uporedimo numeri�cke rezultate F (f̂(t)) prim-
jenom Ermitovih polinoma kona�cnog reda n sa analiti�cki dobijenim vrijenostima
F (f̂(t)).

Napomenimo da se za ograni�cenje signala u vremenskom intervalu mogu ko-
ristiti i druge prozorske funkcije f̂(t) = f(t)Π(t) koje nemaju dodatne zahtjeve
u smislu odredivanja F (f̂(t)) primjenom Ermitovih polinoma. Ovo va�zi i kod
ra�cunanja inverzne Furijeove transformacije, stim da se radi sve u frekvencijskom
domenu. Uporedni prikaz Furijeove transformacije razli�citih karakteristi�cnih sig-
nala ra�cunatih analiti�ckim putem i pomo�cu Ermitovih polinoma prikazan je na
slikama 1, 2 i 3.
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Slika 1: (Lijevo) vremenski oblik trougaonog signala i odgovaraju�ca njegova in-
terpolacija Ermitovim funkcijama reda n = 20 i (Desno) frekvencijski spektar
trougaonog signala dobijen analiti�ckim putem i pomo�cu Ermitovih polinoma za
n = 20.

0.2

0.4

0.6

0.8

1

–10 –8 –6 –4 –2 2 4 6 8 10

t 0

1

2

3

4

5

6

–10 –8 –6 –4 –2 2 4 6 8 10

w

Slika 2: (Lijevo) vremenski oblik pravougaonog signala i odgovaraju�ca njegova
interpolacija Ermitovim funkcijama reda n = 30 i (Desno) frekvencijski spektar
pravougaonog signala dobijen analiti�ckim putem i pomo�cu Ermitovih polinoma
za n = 30.
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Slika 3: (Lijevo) vremenski oblik bipolarnog signala i odgovaraju�ca njegova in-
terpolacija Ermitovim funkcijama reda n = 30 i (Desno) frekvencijski spektar
pravougaonog signala dobijen analiti�ckim putem i pomo�cu Ermitovih polinoma
za n = 30.

4 Zaklju�cak

Ra�cunanje Furijeove transformacije i njene inverzne Furijeove transformacije (Fu-
rijeov par) kori�s�cenjem Ermitovih polinoma ima prakti�cni smisao jer omogu�cava
direktno odredivanje Furijeovog para bez ra�cunanja integrala pri direktnoj i in-
verznoj Furijeovoj transformaciji. Dalja istra�zivanja u ovoj problematici mogu
da se odnose na podjelu domena funkcije, kako u vremenskom tako i u frekvenci-
jskom domenu, u niz odgovaraju�cih prozora na kojima �ce se primijeniti linearna
interpolacija i na taj na�cin smanjiti visoki red Ermitovih polinoma u cilju ve�ce
e�kasnosti ra�cunanja Furijeovog para.
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Apstrakt

Laplasova transformacija ima �siroku primenu u razli�citim oblastima �zike,
tehnike i nauke uop�ste. Uistinu, svaka pojava koja se odvija u "kontinual-
nom vremenu", a koja pri tome zadovoljava princip superpozicije mo�ze se
analizirati pomo�cu Laplasove trasnformacije. Medu dobro poznate osobine
Laplasove transformacije svakako spada i ta da se diferenciranja preslikavaju
u mno�zenja stepenom funkcijom, ali i obrnuto, da se mno�zenje stepenom
funkcijom preslikava u diferenciranje. Sli�cno va�zi i za operaciju integral-
jenja: integracija se preslikava u deljenje stepenom funkcijom, i obrnuto. U
okviru ovog rada razmatramo op�stu vezu izmedu mno�zenja, odnosno del-
jenja, funkcijom proizvoljnog, pozitivnog realnog stepena i operacija frak-
cionog diferenciranja, odnosno integracije.

1 Uvod

Laplasovom transformacijom realne funkcije f : [0,∞) → R nazivamo kompleksnu
funkciju kompleksne promenljive s, u oznaci L{f(t)}(s), de�nisanu nesvojstvenim
integralom

L{f(t)}(s) =

∫ ∞

0
f(t)e−stdt . (1)

U prethodnom izrazu, integraciju treba razumeti u Lebegovom smislu. Laplasova
transformacija funkcije je de�nisana za sve one vrednosti kompleksne (Laplasove)
promenljive s za koje integral (1) konvergira (apsolutno i uniformno). Dobro je
poznato da, ukoliko je funkcija f eksponencijalno ograni�cena, tj. ukoliko postoje
realne konstanteM > 0 i γ takve da je |f(t)| < M eγt, tada integral (1) konvergira
nad obla�s�cu ℜ{s} > γ.

Napomena 1.1. Laplasovu transformaciju je obi�cno mogu�ce analiti�cki produ�ziti
na celu kompleksnu ravan, isklju�ciju�ci eventualno diskretan skup ta�caka. U ovom
radu, kada god govorimo o Laplasovoj transformaciji mislimo na ovo analiti�cko
produ�zenje.

199



Napomena 1.2. S obzirom da su nam od prevashodnog interesa primene Laplasove
transformacije u oblastima upravljanja i obrade signala, funkciju f �cemo naj�ce�s�ce
nazivati signalom, njenu nezavisnu promenljivu t �cemo interpretirati kao vreme, a
samu Laplasovu transformaciju signala naziva�cemo njegovim kompleksnim likom.

Napomena 1.3. Laplasova transformacija se mo�ze de�nisati i nad prostorom
temperiranih distribucija. U tom slu�caju, de�niciju Laplasove transformacije
mogu�ce je pro�siriti na znatno �siru klasu signala, koja izmedu ostalog uklju�cuje
Dirakov δ-signal i njegove izvode. Iako svi dobijeni rezultati va�ze i u ovom slu�caju,
u nastavku izlaganja �cemo se ograni�citi na "klasi�cnu" de�niciju (1).

U nastavku �cemo se baviti uop�stenjem slede�cih dobro poznatih tvrdenja

L{tf(t)}(s) = − d

ds
L{f(t)}(s) , (2)

L{1

t
f(t)}(s) =

∫ ∞

s
F (u)du . (3)

koja va�ze unutar oblasti apsolutne konvergencije razmatranih transformacija (za
detalje videti [2]).

Dakle, mno�zenje signala stepenim signalom u vremenskom domenu ekviva-
lentno je diferenciranju (sa negativnim predznakom) u kompleksnom domenu.
Sli�cno, mno�zenje signala recipro�cnim stepenim signalom preslikava se u inte-
graciju njegovog kompleksnog lika, pri �cemu se integracija vr�si nad intervalom
(s,∞). Poznato je da se pod relativno blagim uslovima (videti [2]) gornje osobine
neposredno uop�stavaju na slu�caj kada je diferenciranje vi�sestruko, a integracija
ponovljena.

Posmatra�cemo slu�caj koji nastaje kada se signal u vremenskom domenu mno�zi
ili deli stepenim signalom necelog reda. Posmatramo dakle Laplasove transforma-
cije signala t±αf(t), gde je α > 0. Razumno je pretpostaviti da se u ovom slu�caju
na kompleksne likove signala moraju primeniti operacija frakcionog diferenciranja
i integracije. Pri tome, predznak u izrazu (2), te granice integracije u izrazu (3)
sugeri�su da diferenciranje i integraciju treba shvatiti u desnom smislu.

2 Diferenciranje i integracija necelog stepena

Diferenciranje i integracija necelog (frakcionog) stepena se mo�ze de�nisati na ve�ci
broj na�cina. U okviru ovog rada osloni�cemo se na tzv. Riman-Ljuvilovu de�ni-
ciju prema kojoj se frakcioni integral de�ni�se neposrednim uop�stenjem Ko�sijeve
formule

aI
n
t f =

∫ t

a

∫ t1

0
. . .

∫ tn−1

0
f(tn)dtndtn−1 . . . dt1

=
1

(n− 1)!

∫ t

a
f(τ)(t− τ)n−1dτ , (4)
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gde je n pozitivan, ceo broj, dok je a proizvoljna realna donja granica. Formalnom
smenom n sa α, gde je α pozitivan, realan broj odmah nalazimo

aI
α
t f =

1

Γ(α)

∫ t

a
f(τ)(t− τ)α−1dτ , (5)

gde smo faktorijel uop�stili pomo�cu dobro poznate Ojlerove Gama funkcije. Izraz
(5) predstalja de�niciju Levog Riman-Ljuvilovog integrala reda α sa donjom
granicom a.

S obzirom da je funkcija (t − τ)α−1 neintegrabilna u okolini ta�cke t = τ za
α < 0, operaciju diferenciranja nije mogu�ce de�nisati izrazom (5) u kome bi
se dopustile i negativne vrednosti reda α. Umesto toga, izvod necelog stepena
se mo�ze de�nisati pomo�cu klasi�cnog, celobrojnog izvoda i operacije integracije
necelog stepena, i to na slede�ci na�cin

aD
α
t f =

(
d

dt

)n

aI
n−α
t f, (6)

gde je n najmanji pozitivan ceo broj koji je ve�ci ili jednak od α, n− 1 < α ≤ n.
Izrazom (6) de�ni�se se Levi Riman-Ljuvilov izvod reda α sa donjom granicom
a.

Desni operatori necelog diferenciranja i integracije de�ni�su se na sli�can na�cin.
Neka je b ≥ t proizvoljno izabrana gornja granica integracije. Tada je Desni

Riman-Ljuvilov integral reda α sa gornjom granicom b

tI
n
b f =

∫ b

t
f(τ)(τ − t)dτ . (7)

Desni Riman-Ljuvilov izvod reda α sa gornjom granicom b de�ni�se se izrazom

tD
n
b f =

(
− d

dt

)n

tI
n−α
b f , (8)

gde je, kao i ranije, n najmanji pozitivan ceo broj koji je ve�ci ili jednak od α.

Napomena 2.1. Iako su u op�stem slu�caju donja i gornja granica integracije, a i b,
proizvoljni realni brojevi, mi �cemo se ograni�citi na slu�caj kada je a = 0 i b = ∞.
Pri tome, svi signali koje posmatramo bi�ce kauzalni, de�nisani nad intervalom
[a, b) = [0,∞).

Napomena 2.2. Ukoliko se prethodno uvedeni de�nicioni izrazi (5), (6), (7) i
(8) shvate u distributivnom smislu, mo�ze se pokazati da je

lim
α→0+

aI
α
t f = f(t) ,

lim
α→0+

tI
α
b f = f(t) ,

gde date grani�cne vrednosti treba shvatiti u tzv slabom ili distributivnom smislu.
Drugim re�cima, kada je red integracije pribli�zava nuli Riman-Ljuvilovi integratori
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se pona�saju kao operator identiteta, te preslikavaju signal u sebe samog. Na
osnovu ove �cinjenice, te na osnovu Ko�sijeve formule (4), neposredno sledi da su svi
Riman-Ljuvilovi integrali celobrojnog stepena jednaki odgovaraju�cim klasi�cnim,
celobrojnim integralima, te da su svi Levi Riman-Ljuvilovi izvodi celobrojnog
stepena jednaki odgovaraju�cim klasi�cnim izvodima. Desni Riman-Ljuvilovi izvodi
celobrojnog stepena jednaki su odgovaraju�cim klasi�cnim izvodima pomno�zenim
sa (−1)n.

Prethodna razmatranja u potpunosti opravdavaju slede�cu de�niciju.

De�nicija 2.1 (Riman-Ljuvilovi integro-diferencijalni operatori necelog

stepena). Neka je f dati signal de�nisan nad intervalom [0,∞), tada je

• Levi RL integral reda α.

0I
α
t f =


1

Γ(α)

∫ t

0
f(τ)(t− τ)α−1dτ, α > 0 ,

f(t), α = 0 .

(9)

• Desni RL integral reda α.

tI
α
∞f =


1

Γ(α)

∫ ∞

t
f(τ)(τ − t)α−1dτ, α > 0 ,

f(t), α = 0 .
(10)

• Levi RL izvod reda α.

0D
α
t f =

(
d

dt

)n

0I
n−α
t f (11)

• Desni RL izvod reda α.

tD
α
∞f =

(
− d

dt

)n

tI
n−α
∞ f (12)

U svim prethodnim izrazima n je najmanji ceo broj ve�ci ili jednak od α.

Medu mnogobrojnim osobinama diferencijalnih operatora necelog reda izdva-
jamo slede�ca, za nas posebno interesantna svojstva

Lema 2.1 ([1]). Laplasova transformacija levog RL integrala signala f , ukoliko
postoji, jednaka je

L{0Iαt f} =
1

sα
F (s) . (13)

(Drugim re�cima, s−α se mo�ze interpretirti kao operator frakcione integracije reda
α u kompleksnom domenu.)

Lema 2.2 ([1]). Desni Riman-Ljuvilov izvod reda β stepenog signala tρ−1, ukoliko
postoji, jednak je

tD
β
∞t

ρ−1 =
Γ(1 + β − ρ)

Γ(1 − ρ)
tρ−1−β . (14)
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3 Osnovni rezultat

Teorema 3.1. Neka je f dati signal i neka njegov kompleksni lik L{f(t)}(s)
postoji za svako s ∈ C takvo da je ℜ(s) > γ, za neko γ ∈ R. Tada nad istim
domenom va�ze slede�ca tvrdenja:

1. Laplasova transformacija signala t−αf(t), ukoliko postoji, jednaka je desnom
Riman-Ljuvilovom frakcionom integralu reda α kompleksnog lika signala
f(t),

L{t−αf(t)} = sI
α
∞L{f(t)}(s) =

1

Γ(α)

∫ ∞

s
F (u)(u− s)α−1du . (15)

2. Laplasova transformacija signala tαf(t) jednaka je desnom Riman-Ljuvilovom
frakcionom izvodu reda α kompleksnog lika signala f(t),

L{tαf(t)} = sD
α
∞L{f(t)}(s) =

(
− d

ds

)n

sI
n−α
∞ L{f(t)}(s)

= (−1)n
1

Γ(n− α)

(
d

ds

)n ∫ ∞

s
F (u)(u− s)n−α−1du , (16)

gde je n najmanji prirodan broj ve�ci ili jednak redu diferenciranja, n− 1 <
α ≤ n.

Dokaz 3.1. Doka�zimo najpre tvrdenje po 1. Polazimo od krajnjeg izraza (15) u
koji �cemo uvrstiti de�nicioni izraz Laplasove transformacije (1) u kome je izvr�sena
formalna smena promenljive s promenljivom u,

1

Γ(α)

∫ ∞

s
F (u)(u− s)α−1du =

1

Γ(α)

∫ ∞

s

(∫ ∞

0
f(t)e−utdt

)
(u− s)α−1du.

Prema uvedenim pretpostavkama, svi nesvojstveni integrali konvergiraju apso-
lutno i uniformno, stoga je mogu�ce izvr�siti smenu redosleda integracije. Tako
dobijamo

1

Γ(α)

∫ ∞

s
F (u)(u− s)α−1du =

1

Γ(α)

∫ ∞

0
f(t)

(∫ ∞

s
(u− s)α−1e−utdu

)
dt .

Uvodenjem smene ξ = u− s u unutra�snji integral, nalazimo da va�zi∫ ∞

s
(u− s)α−1e−utdu =

∫ ∞

0
ξα−1e−(s+ξ)tdξ

= e−st

∫ ∞

0
ξα−1e−ξtdξ

= e−stΓ(α)

tα
.
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Poslednja jednakost je posledica dobro poznatog izraza za Laplasovu transforma-
ciju stepene funkcije, ∫ ∞

0
τα−1e−sτdτ =

Γ(α)

sα
,

u kome je, formalno, izvr�sena smena promenljive s promenljivom t, a promenljive
ξ promenljivom τ . Kona�cno je

1

Γ(α)

∫ ∞

s
F (u)(u− s)α−1du =

1

Γ(α)

∫ ∞

0
f(t)e−stΓ(α)

tα
dt =

∫ ∞

0

f(t)

tα
e−stdt .

Time je Tvrdenje pod 1. dokazano.
Dokaz Tvrdenja 2. �cemo izvesti oslanjaju�ci se na Tvrdenje pod 1. Naime, na

osnovu prethodno dokazanog izraza va�zi da je

1

Γ(n− α)

(
− d

ds

)n ∫ ∞

s
F (u)(u− s)n−α−1du =

(
− d

ds

)n ∫ ∞

0

f(t)

tn−α
e−stdt .

Kako prema uvedenim pretpostavkama operacija diferenciranja po Laplasovoj
promenljivoj mo�ze da zameni mesto sa operacijom integracije po vremenu, za-
klju�cujemo da je(

− d

ds

)n ∫ ∞

0

f(t)

tn−α
e−stdt =

∫ ∞

0

f(t)

tn−α

(
− d

ds

)n

e−stdt

=

∫ ∞

0

f(t)

tn−α
tne−stdt =

∫ ∞

0
tαf(t)e−stdt ,

�cime je Tvrdenje dokazano.

4 Zaklju�cak

U okviru rada izvr�seno je jedno uop�stenje dobro poznatih osobina diferenciranja
i integracije Laplasovih likova signala. U radu je razmatran slu�caj kada su op-
eracije diferenciranja i integracije necelobrojnog (frakcionog) stepena. Pokazano
je da su ove operacije ekvivalentne mno�zenju polaznog signala stepenom funkcijom
odgovaraju�ceg stepena.

U daljim istra�zivanjima bavi�cemo se primenom prikazanih rezultata u oblasti
projektovanja optimalnih regulatora sa frakcionim astatizmom.
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