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Monoids, Segal’s condition and bisimplicial spaces
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Original scientific paper

Abstract

A characterization of simplicial objects in categories with finite prod-
ucts obtained by the reduced bar construction is given. The condition that
characterizes such simplicial objects is a strictification of Segal’s condition
guaranteeing that the loop space of the geometric realization of a simplicial
space X and the space X; are of the same homotopy type. A general-
ization of Segal’s result appropriate for bisimplicial spaces is given. This
generalization gives conditions guaranteing that the double loop space of
the geometric realization of a bisimplicial space X and the space X;; are of
the same homotopy type.
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1 Introduction

This paper is based on the author talks delivered in 2014 at the Fourth Math-
ematical Conference of the Republic of Srpska and at the CGTA Colloquium of
the Faculty of Mathematics in Belgrade. Its first part gives a condition which is
necessary and sufficient for a simplicial object to be obtained by the reduced bar
construction. It turns out that this condition is a strictification of Segal’s condi-
tion guaranteeing that the loop space of the geometric realization of a simplicial
space X and the space X; are of the same homotopy type.

The second part of this paper is devoted to a generalization of Segal’s result.
This generalization gives conditions guaranteing that the double loop space of the
geometric realization of a bisimplicial space X and the space Xi; are of the same
homotopy type. We refer to [8] for a complete generalization of Segal’s result.



2 Monoids and the reduced bar construction

A strict monoidal category (M, ®,7) is a category M with an associative bifunc-
tor : M x M — M,

(A®B)©C=A®(B&C) and (f@g)@h=[f®(gOh),
and an object I, which is a left and right unit for ®,
ARI=A=I®A and fR1l;=f=1;®/f.

A strict monoidal functor between strict monoidal categories is a functor that
preserves strict monoidal structure “on the nose”, i.e., F(A® B) = F(A) ® F(B),
F(I) =1, etc.

Algebraist’s simplicial category A is an example of strict monoidal category.
The objects of A are all finite ordinals 0 = (), 1 = {0}, ...,n = {0,...,n — 1},
etc. The arrows of A from n to m are all order preserving functions from the set
n to the set m, i.e., f : n — m satisfying: if ¢ < j and 4,7 € n, then f(i) < f(j).
We use the standard graphical presentation for arrows of A. For example, the
unique arrows from 2 to 1 and from 0 to 1 are graphically presented as:

0 1

2—-1 \/ 0—1

0 0

A bifunctor ® : A x A — A is defined on objects as addition and on arrows
as placing “side by side”, i.e., for f :n — m and f':n’ — m’

f(9), when 0<i<n-—1,
m+ f'(i—n), when n<i<n+n —1,

(f ® f)i) = {

and 0 serves as the unit I.
A monoid in a strict monoidal category (M, ®,I) is a triple (M, u: M@ M —
M,n: 1 — M) such that

po(p®ly)=po(ly@pu) and po(ly®n) =1y =po(n® ly).

For example, (1,"\/, . )isamonoid in A, where \/ and _ are the above graphical
presentations of the arrows of A from 2 to 1, and from 0 to 1. The following result,
taken over from |3, VIL5, Proposition 1|, shows the “universal” property of this
monoid.

Proposition 2.1. Given a monoid (M, p,n) in a strict monoidal category M,
there is a unique strict monoidal functor F' : A — M such that F(1) = M,

FO\/)=pand F( ) =1,

Let Apqr be the category with the same objects as A, whose arrows are order
preserving partial functions. Then (1,)\/, _) is a monoid in the strict monoidal



category Ay, with the same tensor and unit as A. The empty partial function
from 1 to 0 is graphically presented as . By [7, Proposition 6.2] we have the
following universal property of this monoid.

Proposition 2.2. Given a monoid (M, u,n) in a strict monoidal category M
whose monoidal structure is given by finite products, there is a unique strict

monoidal functor F : Npgy — M such that F(1) = M, F\/) =pn, F(,) =17

and F( ") is the unique arrow from M to the unit (a terminal object of M).

Topologist’s simplicial category is the full subcategory of A on nonempty
ordinals as objects. We identify this category with the subcategory of Top. The
object n + 1 is identified with the standard ordered simplex

A" ={(to,. . tn) | to, .. tn >0, t; =1},
%

and an arrow f:n+1 — m+1 is identified with the affine map defined by

f(to,.-- tn) = (50,.-.,5m), where s; = Z ti.
f@)=j

We denote by A the opposite of topologist’s simplicial category and rename
its objects so that the ordinal n + 1 is denoted by [n], i.e., [n] = {0,...,n}. Let
A be the subcategory of A whose objects are finite ordinals greater or equal
to 2 and whose arrows are interval maps, i.e., order-preserving functions, which
preserve, moreover, the first and the last element.

The categories A’ and Apy,; are isomorphic by the functor J (see |7, Sec-
tion 6]). This functor maps the object [n] to n + 2 and it maps the generating
arrows of A° in the following way.

0 i—1 4 i+1 n 0 i 1+1 n+1
L eV
0 i—1 4 n—1 0 7 n

0 i—=1 4 n—1 0 i n

0 i1 i+l n 0 il ol

The functor J may be visualized as the following embedding of A into A. (I
am grateful to Matija Basi¢ for this remark.)

2]

op . <:) . .
A% <5 A : s : (1)

U



Throughout this paper, we represent the arrows of A°? by the graphical presen-
tations of their J images in Arpy,.
We have a functor H: Ap, — Apgyr defined on objects as H(n) = n—2, and
on arrows, for f:n — m, as
0 1 m—2 m—1 0 n—3

H(f)zo l[ o ofo , [1 .

m—3 0 1 n—2 n-—1
(Intuitively, H(f) is obtained by omitting the vertices 0, n—1 from the source,
and 0, m—1 from the target in the graphical presentation of f together with all
the edges incident to these vertices.) It is not difficult to see that H(1,) = 1,—2,
and that for a pair of arrows f: n — m and g: m — k of A, we have

g(f(i+1)) =1, f(i+1) €{0,m—1} Ag(f(i+1)) € {0,k—1}

undefined, otherwise,

H(g)oH(f)(i) = {

and

g(f(i+1) =1, g(f(i+1)) ¢{0,k—1}

undefined, otherwise.

H(go f)i) = {

Since g(f(i+1)) & {0,k—1} implies f(i+1) ¢ {0,m—1}, we have that H(g) o
H(f)() =H(go f)(i), and H so defined is indeed a functor.

A simplicial object X in a category M is a functor X : A? — M. The
following proposition is a corollary of Proposition 2.2.

Proposition 2.3. Given a monoid (M, u,n) in a strict monoidal category M
whose monoidal structure is given by finite products, there is a simplicial object

X in M such that X ([n]) = M", X(1\/ 1) =p X(1.]1)=n
PRrROOF. Take X to be the composition F'oH o J, for F as in Proposition 2.2.

Note that both \/ | and | \/ are mapped by X to the unique arrow from M
to the unit MY (a terminal object of M). We say that a simplicial object in M
obtained as the composition F'oH o J, for F' as in Proposition 2.2, is the reduced
bar construction based on M (see [10] and [7]).

For X a simplicial object, we abbreviate X ([n]) by X,,. Also, for f an arrow
of A°P we abbreviate X (f) by f whenever the simplicial object X is determined
by the context.

For n > 2, consider the arrows i1,...,i, : [n] — [1] of A° graphically pre-
sented as follows.

n n+l 01 n—1 n n+l

“IH/ i :Vi/:yl mM

012

(It would be more appropriate to denote these arrows by if,..., i,

the upper indices taking them for granted.)

but we omit

10



For arrows f: C'— A and g: C' — B of a strict monoidal category M whose
monoidal structure is given by finite products, we denote by (f,g) : C — A x B
the arrow obtained by the universal property of product in M. For X a simplicial
object in M, we denote by pg the unique arrow from Xy to the unit, i.e., a terminal
object (X1)° of M, and we denote by p; the identity arrow from X; to X;. For
n > 2 and the above mentioned arrows i1,...,u, : [n] = [1] of A% we denote by
pn the arrow

<’i1, e Zn> Xn — (Xl)n,

where by our convention, i; abbreviates X (i;).

Let X be the reduced bar construction based on a monoid M. Since X is the
unit M° and for n > 2, the arrow 1j: M™ — M is the jth projection, we have
that for every n > 0, the arrow p, is the identity. We show that this property
characterizes the reduced bar construction based on a monoid in M.

Proposition 2.4. Let M be a strict monoidal category whose monoidal struc-
ture is given by finite products. A simplicial object X in M 1is the reduced bar
construction based on a monoid in M if and only if for every n > 0, the arrow
Pr: Xn— (X1)™ is the identity.

PRrROOF. The “only if” part of the proof is given in the paragraph preceding this
proposition. For the “if” part of the proof, let us denote X; by M. By our
convention, the X images of arrows of A’ are denoted just by their names or
graphical presentations. We show that

(M TN 1T

is a monoid in M. LetkMQM M? xM—)MQandk]QWQM M? x M — M be

the first and the second projection respectively. Since p3 = (iy,ia,43): M3 — M3
is the identity, we have that kJ M = (i1,42) and k3 5 M T3 VIl

FOI‘&I'I‘OWSf C—)A qg: C—)B h: D—)C f1 A1—>Bl,f2 AQ-}BQ
and projections kAl,Ag : A x Ay — Ay and kA17A2. Ay x Ay — As, the following
equations hold in M

(foh,gohy=(f,g)oh,  fix fo={fiokk, a, fooki a,)-

We have
YUY =mel 11V

ko = (insie) = [TV,

Hence, k}/jng =]] I\/ Analogously, we prove that kM vz = V111 Also,

YV =YY sty

Hence, p x 1 = I\/I I Analogously, we prove that 1 x u = | [\/]. Now,

pwo (ux1)=po (1 x pu), since
=1V

11

ux1l= <uokM2 ok



That kM yo=1=1]1] and k:M ao =\ | follows from the fact that MY is
the strict unit and a terminal obJect of M. Hence,

U = (s nokipame) = 1LY D= I AU h=mel T 11101

Now, po (1 xn) =1, since
h=trr=1

Analogously, we prove that g o (n x 1) = 1, and conclude that M is a monoid
in M.
Let Y be the reduced bar construction based on M. We show that X =Y.
It is clear that the object parts of the functors X and Y coincide. We prove that
for every arrow f: [m] — [n] of AP, the arrows X (f) and Y (f) are equal in M.
If n = 0, then this is trivial since X, which is equal to MY, is a terminal
object of M. If n =1, then f has one of the following forms

VvV o VIV o VYV

In the first case, f = YY and the X and Y images of the upper part are
equal as in the case n = 0, while X( | | ] )=Y( ] .]) by the definition of Y.
In the second case, f is either identity and X (f) = Y'(f) holds, or f is i; for
some 1 < j < m. From (X(i1),...,X(im)) = 1, we conclude that X (i;) is the
jth projection from M™ to M. On the other hand, by the definition of Y, we
have that Y'(i;) is the jth projection from M™ to M. Hence X(f) =Y (f).
l

=
In the third case, when f is \/ /" \/, we proceed by induction on [ > 2.
In the proof we use the fact that two arrows g,h: C — M? are equal in M iff
k}mM 0g = k:]l\/[’M o h and kJQW,M 0og = k%/LM o h, where k:MM and k]2\/[,M are the
first and the second projection from M? to M. Also, we know from above that

k’MM XTIV =Y([V), kMM XN D=Y(\VID.
Ifl=2, thenflsequaltoYUY Since X([ \/ [)=Y(] \/ ]), in order

to prove that X(f) = Y (f), it suffices to prove that g=X\/1 1Y) is equal to
h=Y(\/] V). By relying on the second case for f, we have that

Farog=XCY T DO Sy (YT = kason

Analogously, we prove that k3, 5, 0 g = k3, 5, 0 h. Hence, g = h.

If | > 2, then f is equal to Y \O Y, and it suffices to prove that g =

XN/ N1V) isequal to h =Y (\/ \/]\/). By relying on the induction hy-
pothesis for 1, we have that

Koo =XCY Y DO 2y (Y YUY = #haron.

12



By relying on the second case for {, we have that

Brarog = XCO P v OO TY) = ko

Hence, g = h. This concludes the case when f maps [m] to [1].
Suppose now that f: [m] — [n] is an arrow of A°? and n > 2. As in the case
when n = 1, we conclude that for every 1 < j <mn,

X(ijo f) = Y(ij o0 f)-

Since,

(X (i), oy X (i) = (V(i1)s-, V(i) = Lagn,

X(f) = (X(ia), ..., X(in)) o X(f) = (X (ir) 0 X(f),..., X(in) 0 X (f))
= (Y(ir) o Y(f),..., Y (in) o Y(f)) = (Y(ir), ..., Y (in)) o Y(f)

3 Segal’s simplicial spaces

Let Top be the category of compactly generated Hausdorff spaces. For a simplicial
object in Top, i.e., a simplicial space X, a relaxed form of the condition

for every n, p,: X,, — (X1)" is the identity,

reads
for every n, p,: X, — (X1)" is a homotopy equivalence.

Segal, [9], used simplicial spaces satisfying this relaxed condition for his de-
looping constructions and we call them Segal’s simplicial spaces. (Note that, for
the sake of simplicity, this notion is weaker than the one defined in [8].) Essentially
as in the proof of Proposition 2.4, one can show the following.

Proposition 3.1. If X : A’ — Top is Segal’s simplicial space, then X is a
homotopy associative H-space whose multiplication is given by the composition

9 P2 di
(Xl) —)XQ —)Xl,

where p2_1 is an arbitrary homotopy inverse to pa, and whose unit is sy(xg), for
an arbitrary g € Xp.

(A complete proof of this proposition is given in [8, Appendix, Proof of Lemma 3.1].)

The realization of a simplicial space X, is the quotient space

1X| = (];[Xn X A") / ~,

13



where ~ is the smallest equivalence relation on [[,, X, x A™ such that for every
f:n] = [m]of A, x € X, and t € A™

(FP(2), 1) ~ (2, (1))

A simplicial map is a natural transformation between simplicial spaces. Note
that the realization is functorial, i.e., it is defined also for simplicial maps. For
simplicial spaces X and Y the product X xY is defined so that (X xY),, = X, xY,
and (X x Y)(f) = X(f) x Y(f). The nth component of the first projection
k': X xY — X is the first projection k. : X, x Y, — X, and analogously for the
second projection. The realization functor preserves products of simplicial spaces
(see |4, Theorem 14.3|, [2, III.3, Theorem| and [5, Corollary 11.6]) in the sense
that

(kL IR2): |X x Y] = | X x Y

is a homeomorphism.
The following two propositions stem from [9, Proposition 1.5 (b)] and from (6,
Appendix, Theorem A4 (ii)] (see also [8, Lemma 2.11]).

Proposition 3.2. Let X : A°? — Top be Segal’s simplicial space such that for
every m, X, ts a CW-complex. If Xy with respect to the H-space structure is
grouplike, then X7 ~ Q| X|.

Proposition 3.3. Let f: X — Y be a simplicial map of simplicial spaces such
that for every m, Xy, and Yy, are CW-complezes. If each fm,: X — Y s a
homotopy equivalence, then |f|: | X| — |Y| is a homotopy equivalence.

4 Segal’s bisimplicial spaces

A bisimplicial space is a functor X : A°? x A°? — Top and it may be visualized
as the following graph (see the red subgraph of (1)).

Xo2 g X12 § X02
AR . AR AR
Xo1 g X1 g Xo1
g . s g
Xo0 (é X10 S Xoo

Let Y,,, for n > 0, be the realization of the nth column, i.e., ¥;, = |X,, |. Since
the realization is functorial, we obtain the simplicial space Y.

i =2 Y

Ys 2

I

14



The realization | X| of the bisimplicial space X is the realization |Y| of the sim-
plicial space Y.

If the simplicial space X7 is Segal’s, then, by Proposition 3.1, X7 is a ho-
motopy associative H-space and this is the H-space structure we refer to in the
following proposition.

Proposition 4.1. If X : A x A — Top is a bisimplicial space such that Xq
is Segal’s, X11 with respect to the H-space structure is grouplike, for every m > 0,
X o is Segal’s, and for every n,m > 0, Xpnp and Yy, are CW-complexes, then

XH >~ 92‘X|

ProoF. Since X; 1is Segal’s simplicial space such that for every m, Xi,, is
a CW-complex and Xi; with respect to the H-space structure is grouplike, by
Proposition 3.2 we have that Xi; ~ Q|X; | = QY;.

For every m, X ,, is Segal’s. Hence, for every n, the map pum : Xpm —
(X1m)"™, is a homotopy equivalence. The map poy, is the unique map from Xo,,
to (X1m)Y, the map pi,, is the identity on Xi,,, and for n > 2, the map pnm, is

((11,m), ..., (in,m)): Xpm — (X1m)"™

Also, for every f: [m] — [m/] of A° and every n the following diagram commutes:

Xnm Prm > (le)n
(n, f) ] o @
Xnm’ 2 > (le’)n
Hence, for every n, p, is a simplicial map.
XnQ D2 - (X1'2)"
SR X A
Xn1 - - (X11)"
A oro AN
Xn() " > (X10)”

Every (X1p,)™ is a CW-complex since the product of CW-complexes in Top
is a CW-complex. By Proposition 3.3, for every n, |p, |: Y, — [(X1 )" is a
homotopy equivalence. Since |(X; )| is a singleton it is homeomorphic to (¥7)°
and we have that po: Yo — (¥1)°, as a composition of a homeomorphism with
Ipo_|, is a homotopy equivalence. The map p1: Y7 — Y] is the identity. For n > 2,

(k... 1k™) : [(X3 )" — |X1 |™ is a homeomorphism and for 1 < j < n,
|(ij,_)| = | X (i5,_)| = Y(i;). Hence, the map
o= (Y (i1),...,Y(in)) = (|EY, ..., [E"]) o [{(i1, ), ..., (in, )],

15



as a composition of a homeomorphism with |p, |, is a homotopy equivalence
between Y,, and (Y71)". We conclude that Y is Segal’s, and by Proposition 3.1, Y;
is a homotopy associative H-space.

If a simplicial space is Segal’s, then its realization is path-connected. This
is because its value at [0] is contractible and therefore path-connected (see [5,
Lemma 11.11]). Since X; is Segal’s, we conclude that Y7 is path-connected.
Moreover, it is grouplike since every path-connected homotopy associative H-
space, which is a CW-complex, is grouplike (see |1, Proposition 8.4.4]).

Applying Proposition 3.2 to Y, we obtain that Y7 ~ Q|Y|. Hence,

X1 ~ QY ~ QQY]) = Q2| X]. .
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Abstract

In this paper we present some recent results on the best and coupled best
approximations theorems in normed spaces.

1 Introduction

In this paper, we prove the existence of a solution for best approximations prob-
lem: "for set-valued maps F,G and H and set K, find xg € K such that

d(G(zg), F(xo)) < d(G(z), F(xg)) for all z € K,”
and coupled best approximations problem: "find (z¢,y0) € K x K such that

d(G(z0), F(wo,y0))+d(H (y0), F(yo, o)) < d(G(x), F(z0,y0))+d(H (y), F(yo, T0))

for all (z,y) € K x K", see [1]- [4], [12], [16], [17], [19], [20], [22], [26].
Let K be a given nonempty set, f : K x K — R a given map. The scalar
equilibrium problem is: "find z¢g € K such that

f(zo,y) >0, for all y € K.V (1)

Is well known that Problem (1) is a unified model of several problems, such as,
variational inequality problems, saddle point problems, optimization problems
and fixed point problems [11]. In 1972, Ky Fan [14] established his famous theo-
rem, which interesting extensions have been given by several authors and a variety
of applications, mostly in fixed point theory and approximation theory, have also
given by many authors , see [5], [7], [13], [15], [18], [21] and references therein.
Using the methods of the KKM-theory, we prove some results on scalar equilib-
rium problem in complete linear space. As corollaries, some results on the best
approximations and coupled best approximations are obtained.
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2 Preliminaries

We need the following definitions and results.

Let X and Y be non-empty sets and F' : X — Y be a multimap (map) from
a set X into the power set of a set Y. For A C X, let F(A) = U{F(x):z € A}.
For any B C Y, the lower inverse and upper inverse of B under F' are defined by

F (B)y={zeX:F(x)NB#0}and F*(B)={x € X : F(z) C B},

respectively.

A map F : X — Y is upper (lower) semicontinuous on X if and only if
for every open V C Y, the set (V) ( F~(V)) is open. Amap F: X — Y is
continuous if and only if it is upper and lower semicontinuous. A map F': X — Y
with compact values is continuous if and only if F' is a continuous map in the
Hausdorff distance, see for example [9].

Let X be a normed space. If A and B are nonempty subsets of X and «, 8 € R,
we define

aA+ BB ={aa+pb:a€ Abe B} and ||A|| = inf{]|a|]| : a € A}.

For a nonempty subset A of vector space X, let conv(A) denote the convex hull
of A.

Definition 2.1. (Borwein, [10]) Let X and Y be real vector spaces, K a nonempty
convex subset of X and C'isaconein Y. A map F': K —o Y is said to be C-convex
if,

AF(21) + (1= XN)F(z2) € F(Az1 + (1 = Nag) + C (2)
for all 1,29 € K and all A € [0,1]. A map F'is convex if it satisfies condition (2)
with C' = {0}.

If F'is a single-valued map, Y = R and C = [0, +00), we obtain the standard
definition of convex maps. The convex map play an important role in convex

analysis, economic theory and convex optimization problems see for example [6],
[8], [10].
From Definition 2.1 we easy obtain the following Lemma.

Lemma 2.1. Let K,U; and Uy be a conver subsets of normed space X and the
map F : K — X is convez, then the map (z,y) — ||F(z) + Ui||+ || F(y) + Uz]| is
a convez.

Definition 2.2. (K. Nikodem, [24]). A map F': X — X is called quasi-convex if
Flx,)NS#0,i=1,2= Fr1+ (1 —-XN)xz2) NS # 0, (3)
for all convex sets S C X, z1, 2 € C and X € [0,1].

Lemma 2.2. Let K and U be a convexr subsets of normed space X if the map
G : K — X is quasi-convez, then the map x — ||G(x) + U|| is a quasi-conver.
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Definition 2.3. (J. Dugundji, A. Granas, [13|) Let K be a nonempty subset of
a topological vector space X. A map H : K — X is called KKM map if for every
finite set {z1,...,z,} C K, we have

n
conv{xy,...,zn} C U H(xy).
k=1

We using definition of measure of non-compactness of L. Pasicki [25].

Definition 2.4. (L. Pasicki, [25]) Let X be a metric space. Measure of non-
compactness on X is an arbitrary map ¢ : P(X) — [0, oo] which satisfies following
conditions:

1) (A) = 0 if and only if A is totally bounded set;

2) from A C B follows ¢(A) < ¢(B).

5) for each A C X and x € X ¢(AU{z}) = ¢(A).

In next section the following theorem will be needed.

Theorem 2.1. (Z. D. Mitrovié, 1. D. Arandelovié, [23]) Let X be a metric linear
space, K a nonempty conver complete subset of X, ¢ measure of non-compacitness
on X and f,g,h : K x K — R are continuous maps such that

1. f(z,x) < g(x,z) for all x € K,

2. g(z, Ay + (1 = Nya) < max{h(z,y1), h(z,y2)} for all x,y1,y2 € K and
A €10,1],

3. for each t > 0 there exists y € K such that

o({z € K : f(z,2) < h(z,y)}) <t,
then there exists a point xo € K such that

h(zo,y) > f(xo,x0) for each y € K.

3 Results

First, we present the following best approximations theorem.

Theorem 3.1. Let (X, ||-||) be a normed space, K a nonempty convex complete
subset of X, ¢ measure of non-compactness on X and F: K — X and G : K —o
K continuous maps with compact conver values. If there exists a quasi-convex
onto map H : K — K such that

IG(z) = F(x)|| < [[H(x) — F(z)|| for all z € K (4)
and for all t > 0 exists z € K such that

¢o({z € K :||G(x) = F(a)|| < [[H(z) = F(2)[[}) <. (5)
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Then there exists xg € K such that
- F = inf ||H(z) — F .
1G(z0) = F(xo)ll = inf ||H(x) — F(zo)ll (6)
Proof. Define
f(z,y) = |G(y) = F(z)|| and g(z,y) = [|H(y) — F(z)]| for z,y € K.
Now, the result follows by Theorem 2.1 and Lemma 2.2. O

Remark 3.1. If F,G and H are the single-valued maps from Theorem 3.1 we
obtain the result of [22], (Theorem 3. 2).

Further we give rhe following coupled best approximations theorem.

Theorem 3.2. Let (X, ||||) be a normed space, K a nonempty convezr complete
subset of X, ¢ measure of non-compactness on X x X and F; : K x K — X,
G, : K — K continuous maps with compact convex values i = 1,2. If there exists
a convezr onto map H : K — X such that

||Gi(z) — Fi(z,y)|| <||H(z) — Fi(z,y)||, for all z,y € K and i =1,2, (7)
and for all t > 0 exists z € K such that
o({(z,y) € K x K :||Gi(z) = Fy(z,y)|| < |[[H(2) = Fi(z, 9)|[}) <t,i=1,2. (8)
Then there exists (zo,y0) € K x K such that

1G1(z0) — F1(xo,y0)ll + [|G2(y0) — F2(yo, zo)l| =
o mE (H (@) = Fi(ao. )| +11H(y) ~ Fa(uo, )]} )

Proof. Let f,g: (K x K) x (K x K) — R defined by
f((w1,11), (2, 92)) = ||G1(22) — Fi(w1, y1)|| + [|Ga(y2) — Faly1, =1)]|

9((z1,91), (w2, 92)) = |[H (22) — Fi(z1,y1)|| + [[H(y2) — Fa(yr, 21)]]-
Now, the result follows by Theorem 2.1 and Lemma 2.1. O

Remark 3.2. From Theorem 3.2 we obtain Theorem 2.3. of A. Amini-Harandi [4]
and the result of [20], (Theorem 2. 1).

Example 3.1. Let C = [0, 1] and define the maps F,G,H : C'— C' by
F(z) = {0}, G(z) = [0,2(2x - 1)°], H(z) = [0,2].

Then map G is not quasi-convex, note that the maps F,G and H satisfy all
hypotheses of Theorem 3.1.
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1 Uvod

Jedan od osnovnih zadataka Teorije modela je klasifikacija struktura prvog reda:
za datu teoriju prvog reda odrediti uslove pod kojima postoji sistem invarijanta
kojima bi se, do na izomorfizam, opisao svaki model teorije. Najpoznatije klasa
struktura koje mozemo opisati su vektorski prostori nad fiksiranim poljem: do na
izomorfizam su odredjeni jednim kardinalnim brojem, svojom dimenzijom. Alge-
barski zatvorena polja opisujemo sa dva broja: karakteristikom i stepenom tran-
scendentnosti. Svaka Abelova grupa je opisiva nizom trojki kardinala (Ulmove
invarijante). Selah je u svojoj ¢uvenoj monografiji Classification Theory resio
problem moguénosti klasifikacije klase neprebrojivih modela date potpune teorije
prvog reda u prebrojivom jeziku. Pokazao je da je u klasama u kojima je klasi-
fikacija moguca, invarijanta svakog modela drvo visine w ¢iji su ¢vorovi oznaceni
kardinalnim brojevima; u ostalim klasama moguce je kodirati stacionarne pod-
skupove neprebrojivih kardinala, ¢ija je struktura komplikovana. Primeri ne-
klasifikabilnih klasa su klasa linearnih uredjenja i uopste bilo koja aksiomatiz-
abilna klasa struktura prvog reda u kojima je moguce definisati parcijalno ured-
jenje sa beskona¢nim lancima.

Prema Selahovoj teoriji jednostavne invarijante u strukturama su kardinali
koji spajanjem sa strukturom w-drveta ¢ine slozene invarijante. Kardinali se
pojavljuju u strukturama kao dimenzije tzv. pravilnih tipova. Pravilni tipovi
indukuju na prirodan na¢in kombinatornu strukturu predgeometrije (ekvivalent
matroida u konac¢nom sluc¢aju) u svakom modelu teorije. U svakoj predgeometriji
se, sli¢no vektorskim prostorima, na prirodan na¢in definiSe pojam nezavisnosti i
baze, tako da svake dve baze imaju isti kardinalni broj elemenata. Na taj nacin
dobijamo dobro definisanu dimenziju pravilnog tipa u datoj strukturi. Na primer,
dimenzija vektorskog prostora i stepen transcendentnosti algebarski zatvorenog
polja su dimenzije odredjenih tipova.

Selahova teorija ne resava problem klasifikacije prebrojivih modela date teorije.
Na primer klasa neprebrojivih gustih linearnih uredjenja nije klasifikabilna, dok
klasa prebrojivih gustih linearnih uredjenja sadrzi samo ¢etiri dobro poznata tipa

*Supported by Ministry of Education, Science and Technological development of Serbia, grant
ON 174026
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izomorfizma, u zavisnosti od toga da li i koje krajnje tacke postoje. To je mo-
tivacija zbog koje su u [1] uvedene i asimetriéne invarijante: linearni uredjajni
tipovi. Pod linearnim uredjajnim tipom podrazumeva se klasa ekvivalencije u
odnosu na relaciju izomorfizma linearnih uredjenja. I simetri¢ne i asimetri¢ne in-
varijante proisticu iz izvesnih operatora algebarskog zatvaranja odredjenih pravil-
nim tipovima, $to ¢emo i prikazati u ovom radu. Uvodni deo rada sadrzi prili¢cno
detaljne dokaze, dok u ostalom delu prikazujemo neke od rezultata iz [1] i [2].

2 Operatori algebarskog zatvaranja

U ovom poglavlju bavimo se operatorima algebarskog zatvaranja i predgeometri-
jama. Naizgled, predgeometrije su ¢isto kombinatorne strukture u kojima je po-
jam zavisnosti (kao i nezavisnosti i baze) prirodno definisan; on uopstava pojmove
linearne zavisnosti u vektorskim prostorima i algebarske zavisnosti u poljima. U
narednom poglavlju dokaza¢emo da svake dve baze (jedne te iste) predgeometrije
imaju isti kardinalni broj elemenata, taj broj je dimenzija predgeometrije. Pred-
geometrija moze biti i beskona¢no-dimenziona, kao $to je vektorski prostor realnih
brojeva nad poljem racionalnih brojeva. Glavni rezultat ovog poglavlja opisuje
kako se linearni uredjajni tipovi javljaju kao invarijante u jednoj klasi pravih
operatora algebarskog zatvaranja.

Definicija 2.1. Neka je V skup i cl : P(V) — P(V) preslikavanje (odnosno
operator na skupu V). cl je operator algebarskog zatvaranja ako su zadovoljene
sledece tri aksiome:

P1  Monotonost X CY povlaéi X Ccl(X) Ccl(Y);

P2  Idempotentnost cl(X) = cl(cl(X)) ;

P3  Konacan karakter cl(X) = U{cl(X0)|Xo € X je konacan} ;

(V,cl) je predgeometrija ukoliko je zadovoljena i aksioma
P4 Aksioma zamene x € cl(X,y) —cl(X) povlaci y € cl(X, z).

Pravi operator algebarskog zatvorenja je onaj koji ne koji ne zadovoljava aksiomu
zamena.

cl je operator zatvaranja ukoliko zadovoljava P1-P2. Primer takvog oeratora
je operator zatvaranja u topoloskom prostoru. Ispunjenost aksiome P3 iskljucuje
beskona¢ne Hausdorfove topoloske prostore, pa se takvi operatori prirodno javl-
jaju u algebarskim, i 8ire, u strukturama prvog reda. cl(A) je zatvaraé skupa
A C V, a skupovi oblika cl(A) su zatvoreni skupovi. a € cl(A4) ¢itamo i kao a
zavisi od A dok a ¢ cl(A) ¢itamo i kao a ne zavisi od A. Ova terminologija
potice iz vektorskih prostora i polja.

Primer 2.1. (1) Linearna zavisnost. Neka je (V, 4, —,¢,0) rer bektorki prostor
nad poljem F. Za X C V definiSemo cl(X) kao potprostor generisan sa X. Nije
tesko proveriti da je (V) cl) predgeometrija.
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(2) Algebarska zavisnost. Neka je (K, +,—,-,0,1) polje i Fjj njegovo osnovno
polje (Qili Z,). Za X C K definisimo acl(X) kao skup svih elemenata polja K
koji su algebarski nad poljem Fy(X). Tada je (K, acl) predgeometrija.

Primer 2.2. Neka je (A, <) drvo: < je netrivijalno striktno uredjenje i za svaki
a € A interval (—,a] = {x € A|z < a} je linearno uredjen. U specijalnom
slucéaju (A, <) moze biti i linearno uredjenje. Posmatrajmo operator cl definisan
sa cl(X) = U,yex(—,z]. Nije tesko proveriti da je cl pravi operator algebarskog
zatvorenja na A.

Definisimo pojam lokalizacije operatora algebarskog zatvarenja cl na skupu V:
ako je A C V tada i cI*(X) = cl(X U A) definise operator algebarskog zatvaranja
na skupu V.

Lema 2.1. 1. cl(4) =cl(B) akoisamo ako A Ccl(B)i B C cl(A4).

2. Presek zatvorenih skupova je zatvoren. O

Definicija 2.2. Neka je cl operator zatvaranja na skupu V i I = (I, <) linearno
uredjenje. Za niz (a; |i € I) elemenata skupa V' kazemo da je cl-slobodan ako za
sve i € I vazi a; ¢ cl(aj|j < 1).

Nije tesko uvideti da cl-slobodni nizovi postoje u svakoj strukturi u kojoj je
cl(@) # V. Ordinalne cl-slobodne nizove konstruisemo induktivno slede¢om pro-
cedurom. U prvom koraku uzmimo ag ¢ cl(f)). Pretpostavimo da je niz (a; |i < &)
konstruisan; ukoliko je njegov zatvarac¢ ceo skup V konstrukcija se zavrsava, a u
suprotnom biramo a¢ € V —cl(a; | i < §). Ovaj proces se mora zavrsiti na nekom
ordinalnom koraku «, t.j kada uslov cl(a; |7 < a) =V bude ispunjen. Takve ni-
zove zovemo maksimalnim ordinalnim nizovima. U opStem slucaju ordinal « nije
jedinstveno odredjen i za razne izbore elemenata niza mozemo dobiti razlicite,
¢ak i po kardinalnosti, ordinale. To pokazuje sledeéi primer.

Primer 2.3. Posmatrajmo operator cl iz dela (1) definisan na (w+ 1, <). Nizovi
(ag =&l €w+1)1i (ap = w+ 1) su maksimalni ordinalni nizovi ¢ije su duzine
razli¢itih kardinalnosti.

Definicija 2.3. Operator algebarskog zatvaranja cl na skupu A je totalno de-
generisan ako za svaki konacan X C A postoji z € X takav da je cl(z) = cl(X).

Nije tesko utvrditi da je totalna degenerisanost ekvivalentna uslovu: za sve
x,y vazi cl(z,y) = cl(z) ili cl(z,y) = cl(y). Ova ¢injenica je kljuéna u dokazu
naredne leme.

Lema 2.2. Neka je cl totalno degenerisan operator algebarskog zatvaranja na
skupu A. Za x € A neka je eq(x) = {y € A|cl(z) = cl(y).

1. Skup {cl(x) |z € A} je linearno uredjen inkluzijom.
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2. Skup Ay = {eq(x) |z € A} je linearno uredjen relacijom
eq(x) <e €q(y) ako i samo ako cl(z) C cl(y).

3. Niz (a;|i € I} je cl-slobodan ako i samo ako je (eq(a;) |7 € I) strogo <g-
rastudi.

Naredna teorema opisuje poreklo uredjajnih tipova kao invarijanata.

Teorema 2.1. Ako je cl totalno degenerisani operator na skupu A, tada za svaki
B C A vazi: svaka dva maksimalna cl-slobodna niza elemenata skupa B imaju
isti uredjajni tip.

3 Predgeometrije

Naizgled, predgeometrije su ¢isto kombinatorne strukture u kojima je pojam za-
visnosti (kao i nezavisnosti i baze) prirodno definisan; on uopstava pojmove lin-
earne i algebarske zavisnosti. Glavni rezultat ovog poglavlja tvrdi da svake dve
baze (jedne te iste) predgeometrije imaju isti kardinalni broj elemenata, taj broj
je dimenzija predgeometrije. Predgeometrija moze biti i beskona¢no-dimenziona,
kao $to je vektorski prostor realnih brojeva nad poljem racionalnih brojeva.

Do kraja poglavlja, fiksirajmo predgeometriju (V,cl). Za neprazan skup
A C V kazemo da je nezavisan ukoliko za sve a € A vazi a ¢ cl(A — a);
drugim re¢ima a ne zavisi od ostalih elemenata skupa A. Maksimalan u odnosu
na inkluziju nezavisan skup se naziva baza. Aksioma izbora nam garantuje da
se svaki nezavisan skup moze prosiriti do baze. Cilj ovog dela je Teorema o
jednakobrojnosti baza.

Lema 3.1. 1. A je baza ako isamo ako je A nezavisanicl(A)=1V.

2. Ako a € cl(C,b) —cl(C) tada cl(C,b) = cl(C,a).

U predgeometrijama pojmovi cl-slobodnog niza i nezavisnog skupa su identic¢ni.
Primetimo da, kako god poredjali elemente nezavisnog skupa u niz, uvek dobijemo
cl-slobodan niz. Obrnuti smer je sadrzan u sledec¢oj lemi

Lema 3.2. Elementi cl-slobodnog niza ¢ine nezavisan skup.

Dokaz. Zbog konacnog karaktera dovoljno je dokazati tvrdjenje za konacne
nizove. Dokazujemo ga indukcijom po duzini niza. Pretpostavimo da tvrdjenje
vazi za nizove duzine n. Neka je A = (aq,...,ap+1) cl-slobodan niz. Ukoliko nije
nezavisan kao skup, postoji njegov element a; koji pripada zatvorenju preostalih
elemenata. Kako je niz A cl-slobodan vazi an4+1 ¢ cl((a1,...,a,), pa vazi j <
n+ 1. Neka je A" = (a1,...,aj-1,aj41,...,a,). Dakle a; € cl(A',an11). Zbog
nezavisnosti skupa (a1, ...,a,) vazi a; ¢ cl(A’) pa mozemo primeniti aksiomu
zamene: ap41 € cl(A’,a;) = cl(ai, ..., a,). Kontradikcija. O
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Stav 3.1. Ako su A i B nezavisni skupovi i B C cl(A4), tada vazi |B| < |A].

Dokaz. Razmotrimo prvo slucaj kada je A konac¢an skup. Neka su by, ..., by
razli¢iti elementi skupa B. Tvrdimo da postoje medjusobno razli¢iti elementi
ai, ..., an skupa A takvi da za svako k < m vaZze sledeéi uslovi:

o Ay ={bi,...,bp}U(A—{a1,...,ar}) je nezavisan skup; Ay = A.
o cl(A;) = cl(4).

Primetimo da ovo tvrdjenje povlaci |B| < |A|.

Konstrukciju skupova A vrsimo indukcijom po & < m. Pretpostavimo
da je Ay konstruisan za neko k < m. Poredjajmo njegove elemente u niz
(b1,...,bg,ay,...,al). Kako bpi; € cl(A) i prema induktivnoj hipotezi vazi
cl(Ag) = cl(A), zakljucujemo da by € cl(bi,..., by, al, ..., a;,). Zbog nezavis-

nosti skupa B vazi b1 ¢ cl(by, ..., br) pa postoji i < n takav da

bii1 € cl(by, ... b,dl, ... al) —cl(by, ... by, d, ... ai_y). (1)
Dokaza¢emo da ay+1 = a) zadovoljava Zeljene uslove. Prvo dokazujemo:

(bi,... b, al, ... 451,05, ... a5, by1) je nezavisan niz. (2)

Nezavisnost ovog niza sa izostavljenim poslednjim ¢lanom je posledica nezavis-
nosti skupa Ay, pa preostaje da dokazemo da byy1 ¢ cl(by,... by, al,...,a;_1,a;,4,...,a}).
Pretpostavimo suprotno:

/ !/ / /
bpy1 € cl(by, ... by, al, ... a;_1,ai ... ay). (3)
Primenom aksiome zamene na (1) dobijamo:

aj € cl(by,... by, ay, ... a4y, a; 1, by1) (4)

pa, koristeéi (3) i idempotentnost, zaklju¢ujemo

a; € cl(bry ... b,y a1, @5, an). (5)
To je u kontradikciji sa induktivnom hipotezom da je skup A nezavisan. Time
smo dokazali (2). Prema Lemi 3.2 skup Aj41 je nezavisan, ¢ime smo dokazali
ispunjenost prvog uslova. Preostaje da proverimo drugi uslov: cl(Ag11) = cl(A).
Imamo:

cl(Agt1) = cl(cl(Ap11)) 2 cl(Agt, a7) 2 cl(A),

gde jednakost vazi zbog idempotentnosti, prva inkluzija zbog (4) i monotonosti, a
druga inkluzija zbog monotonosti. Time smo dokazali cl(Ax11) 2 cl(Ax) = cl(A4)
pa, zbog Ari1 € A i monotonosti imamo cl(Axy1) = cl(4). Time je dokaz u
slucaju kada je A konacan skup zavrsen.

Pretpostavimo sada da je |A| = k beskonacan. Postoji  razli¢itih konaénih
podskupova skupa A, pa postoji najvise k razlicitih skupova oblika cl(A4g) gde je
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Agp konacan podskup od A. Fiksirajmo za momenat konacan skup Ag C A. Neka
je By = BNcl(Ap). Tada su Ag i By nezavisni skupovi i vazi cl(Bg) C cl(Ayp).
Kako je Ap konacan skup mozemo primeniti dokazani deo teoreme i zakljuciti
|By| < |Ap|. Posebno, By = BN cl(Ap) je konacan. Time smo dokazali da svaki
cl(Ap) sadrzi konaéno mnogo elemenata skupa B. S druge strane, svaki element
skupa B se nalazi u nekom od skupova oblika cl(Ap) prema konac¢nom karakteru
predgeometrije. Prema tome, imamo k skupova cl(Ag) i svaki od njih sadrzi
kona¢no mnogo elemenata skupa B. Prema tome |B| < k. O

Posledica 3.1. Ako su A i B nezavisni skupoviicl(4) = cl(B) tada je |A| = |B].
Teorema 3.1. Svake dve baze predgeometrije imaju jednake kardinalne brojeve.

Broj elemenata baze se naziva dimenzija predgeometrije. DefiniSemo dimen-
ziju svakog podskupa: ako je A C V tada svaka dva njegova nezavisna podskupa
imaju istu kardinalnost, koja se zove dimenzija skupa A u predgeometriji.

4 Pravilni tipovi

Neka je (M,...) struktura jezika £ 1 A C M. Tip po promenljivoj x nad A C M
je bilo koji skup £ 4-formula (sa parametrima iz A) koji nema drugih slobodnih
promenljivih osim z, takav da je svaki njegov konacan podskup zadovoljiv (a
samim tim i realizovan u M). Tip je potpun ako za svaku takvu formulu vazi
da ili ona ili njena negacija pripadaju tipu. Podsetimo da je model k-zasié¢en ako
realizuje sve tipove sa < k parametara iz njegovog domena. U k-zasi¢en model
elementarno se moze utopiti svaka elementarno ekvivalentna struktura modci < x.
Model M je k-homogen (u jakom smislu) ako se svako parcijalno elementarno
preslikavanje skupa A € M (|A|] < k) u M moze produziti do automorfizma
modela M; f: A — M je parcijalno elementarno preslikavanje ako za sve a € A
i svaku formula ¢(z) vazi: M = ¢(a) ako i samo ako M = ¢(f(a)).

Neka je T fiksirana, kompletna teorija prebrojivog jezika £ koja ima beskonaé¢ne
modele. Zanimaju nas prebrojivi modeli teorije T. Fiksirajmo Ni-zasiéen, N;-
homogen model U teorije T (takozvani monstrum-model ili univerzum). Zbog
zasi¢enosti svaki prebrojiv model teorije T je izomorfan nekom elementarnom
podmodelu univerzuma. Zato ¢emo raditi isklju¢ivo unutar univerzuma. Sa
a, b, ... oznacavamo elemente, sa A, B, ... njegove najvise prebrojive podskupove,
a sa M, My, ... oznacavamo domene elementarnih podmodela univerzuma.

Globalni tip je potpun 1-tip nad U, takve tipove oznatavamo sa p,(q,... Za
svaki A definiSemo defingemo restrikciju p [ A = {¢(z) € p|¢(z) je La-formula}.
p je A-invarijantan ako za svaku A-formulu ¢(z;9) i za sve n-torke by, by vazi:

tp(b1/A) = tp(b2/A) povlaci (¢(z,b1) & ¢(x,b2)) € p.

Neka je p A-invarijantan tip. Niz (a; |7 < a) je Morlijev niz tipa p nad A ako ag
realizuje p [ AU {a¢ | < B} za svaki < a. Za regularne tipove Morlijevi nizovi
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su isto $to i cl-slobodni nizovi: ako je p regularan tada je niz (a; | i < ) Morlijev
niz tipa p nad A ako i samo ako je clf—slobodan.
Slede¢i primer ukazuje na vezu izmedju globalnih tipova i pojma dimenzije

Primer 4.1. Neka je K beskonacno (prebrojivo) polje. Posmatrajmo N;-dimenzioni
vektorski prostor V.= (V, 4+, k-,0)rer. Poznato je da ova teorija dopusta elim-
inaciju kvantifikatora, pa je svaki definabilan (sa parametrima) skup D C V ili
konacan ili ko-konac¢an (komplement mu je konacan). Oznac¢imo sa p skup svih
formula sa parametrima koje definisu ko-konacan podskup. Tada je p potpun
(-invarijantan tip. Formule koje su sadrzane u p definisu ‘velike’ podskupove,
dok njihove negacije definisu ‘male’ podskupove. Za svaki A C V oznacimo sa
cl(A) uniju svih malih skupova koji su definabilni formulom sa parametrima iz
A. Koristeéi eliminaciju kvantifikatora nije tesko zakljuciti da je cl(A) potpros-
tor generisan sa A. Prema tome, linearna zavisnost u vektorskim prostorima je
indukovana operatorom koji je odredjen tipom p: cl(A4) = {¢(V) | ~p(x) € p[ A}.

Definicija 4.1. Neka je p globalan tip. DefiniSemo operator cl, na U na sledeci
nacin: cly(X) = {o(V)|=¢(z) e pl A} (za X CU).

U opstem slucaju cly nije operator algebarskog zatvaranja. U narednoj defini-
ciji, radi jednostavnosti, koristimo pojam ‘pravilan tip’ u smislu ‘(p,z = z) is
strongly regular over A’ definisanom u [2] i [1].

Definicija 4.2. Globalni tip p je pravilan ako je (-invarijantan, a cl, operator
algebarskog zatvaranja na univerzumu.

Stav 4.1. Neka je p pravilan globalni tip. Tada je (U, cl,) predgeometrija ako i
samo ako je svaki (ekvivalentno bar jedan beskonacan) Morlijev niz simetrican.

Prethodno tvrdjenje nam daje dihotomiju: postoje simetriéni i asimetriéni
pravilni tipovi. Asimetri¢ni su oni za koje postoji nesimetrican konac¢an Morlijev
niz, dok su simetri¢ni oni kojima su svi Morlijevi nizovi simetri¢ni. Simetri¢ni
odredjuju kardinalne invarijante: dimy(M) je dimenzija skupa M u predge-
ometriji indukovanoj operatorom cly.

Teorema 4.1. ( [2]) Neka je p globalni tip. Ako je (U,cl,) predgeometrija, tada
je p P-invarijantan, definabilan i pravilan.

Dajemo primer asimetri¢nog pravilnog tipa i linearnog uredjajnog tipe kao
invarijante koju on odredjuje.

Primer 4.2. Neka je univerzum (w+L x Z, <); to je linearno uredjenje dobijeno
dodavanjem prirodnim brojevima na desni kraj kopije leksikografskog proizvoda
nekog Nj-zasi¢enog, gustog linearnog uredjenja i celih brojeva. Poznato je da ako
u jezik dodamo i simbol za funkciju neposrednog sledbenika, imamo eliminaciju
kvantora. Odatle sledi da je svaki prebrojiv elementarni podmodel M opisan do
na izomorfizam uredjajnim tipom svoje projekcije na IL; pri tome, svaki podskup
od L je projekcija nekog modela.
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Tip izomorfizma projekcije mozemo opisati modelsko teoretski: postoji jedistven
globalni tip beskona¢no velikog elementa; odredjen je skupom formula {a <
xz|a € U}. Ispostavi se da je p regularan, kao i da skup cl,(A) sacinjen od
svih elemenata b € U za koje postoje a € A in € N takvi da vazi b < s"(a).
Morlijev niz tipa p nad () je bilo koji niz elemenata skupa L x Z ¢ije prve koordi-
nate ¢ine strogo rastuéi niz u L. Morlijev niz je maksimalan ukoliko se projektuje
bijektivno na projekciju modela M. Prema tome, za svaki M uredjajni tip bilo
kog maksimalnog Morlijevog niza je ujedno i uredjajni tip projekcije, pa uredjajni
tip maksimalnog Morlijevog niza ne zavisi od izbora samog niza. Svaki prebrojiv
elementarni podmodel M je opisan do na izomorfizam uredjajnim tipom svojih
maksimalnih Morlijevih nizova.

Naredna teorema utvrdjuje da je u slu¢aju ma kog asimetri¢nog tipa situacija
slicna kao u prethodnom primeru, i da asimetri¢ni tipovi odredjuju uredjajne
tipove kao invarijante modela.

Teorema 4.2. [1] Pretpostavimo da je p asimetrican pravilan tip, da je A
konacan skup i da za svaki (ekvivalentno neki) Morlijev niz a, b tipa p nad A vazi
tp(a,b/A) # tp(b, a).

(1) Postoji A-definabilno parcijalno uredjenje takvo da je svaki Morlijev niz
nad A strogo rastudi.

(2) Operator (:1;34 je totalno degenerisan na U.

(3) Ako M D A tada svaka dva maksimalna Morlijeva niza sadrzana u M
imaju isti tip uredjenja. koji se oznacava sa Invy 4(M).
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Abstract

Throughout this paper R denotes an associative ring with identity. Recall
that a ring is reduced if it has no nonzero nilpotent elements. We used the
term reversible to denote zero commutative ring. A generalization of a re-
versible ring is a semicomutative ring. A ring R is semicommutative ifab = 0
implies aRb = 0 for a,b € R. We investigate relation between Armendariz
and semicommutative rings. We also aproach posibility of transferring semi-
commutativity property from the ring to some of his extensions.

1 Preliminaries

Throughout this paper R denotes an associative ring with identity. We say that
a ring R is semicommutative if For any a,b € R, ab = 0 implies aRb = 0. A
ring R is called weakly semicommutative if for any a,b € R, ab = 0 implies
arb € nil(R) for any r € R. Clearly any semicommutative ring is weakly semi-
commutative. From [3] we know that the convese is not true. We also know that
a class of weakly semicommutative rings is closed for some matrix ring extensions
such as n-by-n upper matrix ring 7,,(R). In the next o denotes an endomorphism
of R and R[x;0] denotes skew polynomial ring with the ordinary addition and
the multiplication subject to the relation zr = o(r)x. When o is an automor-
phism, R[z,2~!; 0] denotes skew Laurent polynomial ring with the multiplication
subject to the relation 7 'r = o~ !(r)z. The class of weakly semicommutative
rings is closed for Laurent formal sum constructions,ie. A ring R[z] is weakly
semicommutative if and only if R[z,z~!] is weakly semicommutative. A class
of semicommutative rings is not closed under polynomial extensions.C. Huh, Y.
Lee and A. Smoktunowicz gave an example of a semicommutative ring R such
that R[z] is not semicommutative. ring. Racall that notion of Armendariz ring is
introduced by Rege and Chhawchharia [1]. They defined a ring R to be Armen-
n

dariz if f(z)g(z) = 0 implies a;b; = 0, for all polynomials f(z) = 3 a;2" and
i=0
m -
g(x) = > bjx’ from R[xz]. The motivation for those rings comes from the fact
5=0

that Armendariz had shown that reduced rings (a? = 0 implies a = 0) satisfy this
condition. The notion of Armendariz ring is natural and useful in understanding
of the relation between annihilators of rings R and R[z| (see [6]). Those rings
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were also studied by Armendariz himself, Hong and Kim |7], Chen and Tong [5],
Krempa [8] and others.

2 DMatrix and polynomial ring extensions

Let R be reduced ring. We define a ring

_CL() ay ag ... anfl-
0 apg ai ... Qp—2

R, = 0 0 a ... @3 ||g;€R,i=0,1,...,n—1
0 0 0 ... ap |

R,, is not semicommutative for n > 2. Also ring R, is weakly semicommuative.
( [2])This statement does not hold for full matrix ring M, (R).
For a ring R consider a following set of triangular matrices

[ann a2 a3 ... aip |
0 a922 A9y ... aon
T,(R) = 0 0 as3 ... as, laij € R
L0 0 0 ... ap |

It is well known that T),(R) is subring of the triangular matrix rings with matrix
addition and multiplication. Each endomorphism « of a ring R can be naturally
extended to a endomorphism

@ : To(R) = To(R)

with: -~ _
air a2 a3 ... Qin
0 a2 Q23 ... Q9p
o 0 0 azs ... Q3pn —
L 0 0 0 ... apn |
I Ot(an) Od(alg) Ot(alg) Ce. a(aln) i
0 alaz) ola) ... «ala,)
0 0 Oé(agg) NN a(agn)
| 0 0 0 oo of@nn) |
Let E;; = (est : 1 < s,t < n) denotes n X n unit matrices over ring R, in

Whiche”—landest—0whens#zort#y,0<z]<n forall n > 2. If
V=>" LB, i+1, then V,,(R) = RI, + RV + ... + RV" ! is the subring of upper

trlangular skew matrices.
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Corollary 2.1. Suppose that « is an endomorphism of ring R. If the factor ring
R[z]/(z™) is weak a-skew Armendariz, then T, (R) is weak a-skew Armendariz.

Proof. Suppose that R [z] /(z") is weak a—skew Armendariz and define the ring
isomorphism 6 : V,,(R) — R[x] / (z"™) by
O(rolp +mV + ..+ rn,ﬂ/”_l) =ro4+ 1Mz + . +rpz" + (z™).

Now we have that V;,(R) is weak 6~ !af-skew Armendariz and
0 1a0(roln + 1V + ..+ 1 V') =07 a(rg + rix + .+ 1™+ (27))
O

We end this part by transfering property of semicommutativity from ring R
to extension V,(R).

Theorem 2.1. A ring R is weakly semicommutative if and only if ring V,,(R) is
weakly semicommutative.

Proof. We define the ring isomorphism 0 : V,,(R) — R[z] / (z") by
O(roly + 71V + .. +rp A V) =rg 4z + .+ rp 2™+ (2™).
Now we obtan result from [3] O

In this section we introduce Laurent o-Armendariz rings and Laurent o-skew
power series rings and we give their useful characterization in terms of o-skew
Armendariz rings. Throughout this section ¢ is a ring automorphism.

A ring R is o-skew Armendariz ring of Laurent type if for every two polyno-

fx)= ) ai', glax)=) bjal

i=—p Jj=—t

mials

from R [:c, z 1 O'],
f(x)g(x) =0 implies a;o'(bj) =0,—p <i < q,—~t <j<s.

We say that R is o-skew power series Armendariz ring of Laurent type if for
every

fa)= ) aia’, glx)= ) bjal

i=—p Jj=—t

from the power series ring R[[x,z™"; 0]],
f(x)g(x) =0 implies ami(bj) =0,-p<i<oo,—t<j< oo
In the following two theorems we give a useful characterization of Laurent

o-skew Armendariz rings and Laurent o-skew power series rings.
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Theorem 2.2. The following conditions are equivalent:
1. R is o-skew Armendariz ring,

2. R is o-skew Armendariz ring of Laurent type.
q . S .
Proof. Suppose that f(z) = Y a2 and g(z) = > bjx’ are polynomials from
i=—p j=—t
the ring R[r,z71;0] such that f(z)g(x) = 0. Since zPf(x) and z'g(x) are
polynomials from the ring R[z;0] we have that 2 f(z)g(x)x! = 0 which gives
oP(a;)o™P(b;) = 0,—p < i < ¢,—t < j < s. Since o is an automorphism,

o (a0 (b)) = 0,

so that we have aiai(bj) = 0. The converse is evident since R[z;0] C R [x, z 1 a] .
O
Theorem 2.3. The following conditions are equivalent:
1. R is o-skew power series Armendariz ring,
2. R is o-skew power series Armendariz ring of Laurent type.
Proof. The same as the proof of the previous theorem. O

We close this section with an interesting remark which gives a sufficient con-
dition for the power series ring R[[x;c]] to be reduced.

Theorem 2.4. If an endomorphism ¢ of a reduced ring R satisfies so called
compatibility condition: ac(b) = 0 < ab = 0, then the power series ring R[[z; o]]
is reduced.

0 .
Proof. Let f(z) = Y a;z* and (f(z))? = 0. We have to prove that f(z) = 0. It
i=0
is clear that a? = 0, so that ag = 0. Now, since the coefficient of 22 has to be
zero, we have

apaz + ajo(ar) + a202(a0) =0,

so that we obtain ajo(a1) = 0. From the compatibility condition we obtain a? = 0
and since R is reduced, we have a; = 0. Continuing this way, since the coefficient
of x®" is zero, we have a,0"(a,) = 0 and, using compatibility condition once
again, we have a,0" !(a,) = 0 and in the same way a,0(a,) = 0, so that a,, = 0.
By induction, we have a; = 0, for all i. This means that f(x) = 0 and so the ring
R[[z; 0]] is reduced. O

Without compatibility condition the previous theorem is not true. Since if
the ring R = Zs @ Z» and o is defined by o(a,b) = (b, a), it is easy to check that
R[[z; 0]] is not reduced. Observe that (1,0)(0,1) = (0,0) but (1,0)c(0,1) # (0,0).
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Recall that a ring R is weak o-rigid if ao(a) € nil(R) < a € nil(R). It is easy
to see that the notion of weak o-rigid ring generalizes the notion of a o-rigid ring.
Every homomorphism o of rings R and S can be extended to the homomorphism

of rings R[z] and S[z] by Y a;x' — > o(a;)z?, which we also denote by o. Chen
i=0 i=0

and Tong in [5] prove that if o is rir_lg isomorphism of rings R and S and R is
a-skew Armendariz, then S is cao ! skew Armendariz ring. We prove the weak
skew Armendariz variant of this theorem.

Theorem 2.5. Let R and S be rings with a ring isomorphism ¢ : R — S. If R
is weak a-skew Armendariz then S is weak oo l-skew Armendariz.

m . m )
Proof. Let f(x) = > a;x* and g(x) = ) bja’ are polynomials from the ring
i=0 j=0
S[z;oac™t. We have to prove that f(x)g(xz) = 0 implies a;(cac™1)!(b;) €
nil(S), for all 7 and j.
As we noted, o extends to the isomorphism of corresponding polynomial rings,
m

m ) .
so that there exists polynomials fi(x) = 3° aj2* and g1(x) = >_ b2 from R[z]
i=0 j=0

such that f(z) =o( fi(x)) = in: o(a))z’ and g(z) = o(g1(z)) = i o (b)al.

=0 7=0
First, we shall show that f(z)g(x) = 0 implies fi(z)g1(z) = 0. If f(z)g(x) =
0, we have

aoby + a1 (caoc ) (bp_1) + ... + ar(cac 1)*(by) = 0,
for any 0 < k < m. From the definition of fi(x) and ¢;(z), we have,
o(ap)a(b,) +o(at)(oao o (bf_y) + ... + o(ay)(eac™ ') o (bh) =0,

I we obtain

so that (cac™ 1)t = oalo™
apbl, + aya(by, 1) + ... + aja®(bh) = 0,
which means that fi1(z)g1(z) = 0 in the ring Rz; a].

It remains to prove that fi(z)gi(z) = 0 implies a;(cac™1)'(b;) € nil(S).
From the fact that R is weak a-skew Armendariz we have ajo’ () € nil(R).

and since aj = 0~ '(a;),0; = o7 (b;), we have o~ (a;)a’c " (b;) € nil(R).
This implies

o N a))o toalaT (b)) = o Hai(oao 1) (b)) € nil(R)
and finally we obtain
ai(cac 1) (b;) € nil(S), 0 <4, < m.

Hence S is weak cao l-skew Armendariz. O
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Abstract

This paper deals with second-order differential operators with one con-
stant delay and two potentials. We consider the boundary value problem
L= L(ql(x)a QQ($)7 T2, ha H) .

=" (x) + @1 (x)y(z) + @2(2)y(x — 72) = Ny(2), = € [0, 7]
ylx — 1) =0, x € [0, 7],

y(m) = 0.

By the method of succesive approximation we construct the solution of the
differential equation under the initial condition y(0) = 0. Then we determine
the characteristic function of the operator L and we study asymptotic of
eigenvalues.

1 Introduction

Some of the main results for classical Sturm-Liouville operators are presented in
[1]-[3], while some of the results for differential operators with delay can be found
in papers |4]-|7]. Inverse spectral problems for differential operators with delay
have not been studied enough, because some of the main methods in the inverse
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problem theory for classical Sturm-Liouville operators, such as transformation
operator method and method of spectral mappings, are not suitable for differential
operators with delay. The class of operators with more than one delay and/or
potentials is least studied, but some of the results for this class of operators can
be found in [8] and [9]. In this paper we deal with the boundary value problem
with one delay and two potentials. In section 2. we construct the solution of
the differential equation under the initial condition by the method of successive
approximation and determine the characteristic function of the operator L. In
Section 3. we study the asymptotic of zeros of the characteristic function in detail.
That will be the base for further consideration of the inverse problems for this
class of operators by new method based on direct relations between eigenvalues
and Fourier’s coefficients.

2 Construction of the solution and determining of the
characteristic function

We consider the boundary value problem L = L(qi(z), g2(x), 72, h, H) :

—"(2) + @1 (2)y() + @2(x)y(x — 72) = Ay(), A = 2° (1)
ylr — 1) =0, x € [0, 1), (2)
y(m) = 0. (3)
where
k‘oTQ <7< (k‘() + 1)7’2 (4)

Firstly, we will determine the integral equation equivalent to the boundary value
problem.

Lemma 2.1. The boundary value problem (1)-(2) for x € (12,7 is equivalent to
the integral equation

xT

1
y(z,z) = sinzz+ — /ql(tl) sin z(z — t1)y(t1, z)dt1 +
z
0
1 r .
+ 2 /qg(tl) sin z(z — t1)y(t1 — 72, 2)dty (5)

T2
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while for x € (0,72], it is equivalent to the integral equation

T

1
y(x,z) =sinza + — /q1 (t1)sin z(x — t1)y(t1, 2)dt; (6)
z
0

Proof 2.1. Using the method of variation of constants, we get the integral equa-
tion (5), and then from (5) and (2), we get (6). Let us introduce the following:
x

bz(z,2) = [ qi(t1)sinz(x — t1) sin zt1dtq,

0
T

bsz+1 ((13, Z) = f ql(tl) sin z(m — tl)bsl (tl, Z)dtl, [l = 2, 3,
0

be2 1, (2, 2) = [ qo(t1) sinz(z — t1) sin 2(t1 — 12)dt1,
72

bsz+17h.2 (33, Z) = f q2(t1) sinz(x - tl)bsl,(lfl)m(tl — 72, Z)dtl, = 2, 3,

I
bg’j; (z,2) = [qu(t1) sinz(z — t1)bg2 ., (t1, 2)dt1,
T2
bg”z (z,2) = [ qa(t1) sinz(z — t1)bg2 (t1 — 72, 2)dt1, (7)
T

Let Sj(l — k, k) denote a set of all permutations with repetition with { —k 1’s and
k 2's, and Sl(z)(l — k, k) denote a subset of Sj(l — k, k) of permutations beginning
with ¢z, 2 =1,2. Let us denote

T

P - P
%H%U@ﬂﬂ%ﬁwhmﬂ:/ﬁﬂhﬁmdw—hwihﬁhﬂMh, (8)
k1o
k=1,2, ko, l=k+1,..
where the permutation P in b5+1,kT2(x7Z)‘PESZ(l)(l—k,k)
adding 1 at the beginning of the permutation P in bg ks (z,z), and

from (8) is formed by
657(1—1)7—2 (:Eﬂ Z) = bsl,(l—l)Tg (l’, Z)v l=2,.. ko

Let us also denote

T

@ﬂm@@b@%%ﬁ:/%wmmu—m@Mme—m@%,@)

kTo
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=1,2,..kg, | =k+1,... where the permutation P in
from (9) is formed by adding 2 at the beginning of the

x,z), and for k =1

P
bsHl,kTQ (x’ Z)‘PESl&) (I—k,k)

permutation P in bf,ﬁ(kfl)m(

b§+l,(k—1)Tz($7 Z) - b5+1 (CC,Z) - bsl+1 (:I:,Z), l - ].,2,

Theorem 2.1. If q1,q2 € Lo[0, 7] and kora < m < (ko + 1)1, then the solution
of the boundary value problem (1)-(3) within the interval (koTe, 7] has the form:

: 1 1 — 1
y(x, z) = sinzx + ;bsz (x,2) + ;bszﬁ2 (z,2) + ; z—kbskﬂ (x,2)+

ko ko 00
1 1
=+ E ;bslﬁ—l,sz(m,Z) + E E E ;b§€+1,i72 (1’,2) (10)
k=2

i=1 k=i+1 PESy,(k—ii)

Proof 2.2. We solve integral equations (5) and (6) by the method of successive
aproximations, using the following reccurent formula:

i 1/ . i
i (.2) =7 [ at)sinalo - ol (1, e+

T2
1 ’ i .
+; /qg(tl)sinz(w - tl)y,i 1)(151 — 7o, z)dt1, T > iTy (11)
T2
y(2,2) =0 for & <ir, i=0,1,..k, k=0,1,2..

where

v, 2) = yo(x, 2) = sin za; 4" (2, 2) = il 2), k=1,2,...

y V@) =0 for i =0,k = 1,25y (2,2) = Ofor k= 0,i= 1,2 k.

In order to simplify, hereinafter we will write the values of the functions from the
recurrent formula (11) only for & > i79, assuming that they are equal to zero for
x < i79. From the reccurent formula (11) it is obvious that for i = 0 we get the
solution of the integral equation within the interval (0, 7], for ¢ = 0,1 we get the
solution within the interval (72, 27], and for i = 0, 1,...n we get the solution of
the integral equation within the interval (n7a, (n 4+ 1)72], n = 2,3, ...ko.
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1. Firstly, we will determine the solution within the interval (0,72]. For i = 0
from (11) we get
xT

1
yp(x, 2) = — /ql(tl)sinz(:v —t1)yk—1(t1, 2)dt1; © >0, k=1,2,...; yo(x, 2) = sin zz.
z

0

Then we have N

1 .
niwz) = [ at)sinae - tp(t,2)dh
0

1 1

/q1 t1)sinz(x — t1) sinzt 1 dt; = fb s2(z, 2),
z

0

and easliy show that
1
yg(z, 2) = ?bsk-ﬁ—l(m, z), k=2,3,.. (12)

From (11) and (12) we get the solution of the boundary value problem within the
interval (0, 72] in the form:

Zykxz = sinzx + bszxz +Z —bgri1(z, 2) (13)

2. Let us now determine functions y,gl)(a:, z), k=0,1,2..

Since from (11) yl(C )1(1' z) =0 for k =0, we get

1 :
%W%@=Z/@whmd%%MMh—m@Mh

T2

T

1
= - /qg(tl) sinz(x — t1)sinz(t; — 7o)dt; = b 2, (2, 2).
2

T2

Further,
(1) 1 . (1) 1 .
Yy (x,2) = 2 q1(t1) sin z(z—t1)y, (tl,z))dtl—i—; q2(t1) sin z(z—t1)y1 (t1—72, 2)dty
T2 T2
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T x

1 1 1 1
— Z/ql(tl)sinz(a:—tl)zbszm(tl,z)dtl—i—z/qg(tl)sinz(w—tl)zbsz(tl—Tg,z)dt1

T2 T2
1 a2 1,21 1
= Z—nggﬁi(az,z) + Z—nggﬁi(az,z) = Z ;bgm(m,z),
PeSa(1,1)
and
o 1 : (1) 1 :
(x,2) = p q1(t1) sin z(z—t1)y, (tl,z)dtl—i—; qo(t1) sin z(z—t1)y2 (t1—72, 2)dty
T2 T2
1 ’ 1
— Z/ql(tl)sinz(a:—tl) Z 22b$3 Tz(t17 z) | dt1+
T PESQ(l,l)
1] , 1
—i—; g2(t1) sin z(z — tl);bsav (t1 — 72,2)dt; =
T2
1. p 1. p
Z Sb (:B? Z) + ;b54’7—2 (:B? Z)|PES(2>( ) Z Z bs 7'2( )
pPes{M(2,1) PeS;3(2,1)

(1)

By the method of mathematical induction it is easily shown that functions y, ’(z, 2),
k=1,2,.. have the form:

1
y (@, 2) = > Wb§c+2772(a:,z),k:1,2,.... (14)
PESk+1(k,1)

Then, from (11), (12) and (14) we get the solution within (72, 27] in the form:

1 1
Zykxz —|—Zy x,z) =sinzx + bz(a; z)—|— —bg2 (2, 2)+

Z —bt1(x, 2) —I—Z Z klﬂb,ﬁg (z,2).

k=1 PESy 11 (k1)

3. From (11) for ¢ = 2 we get

xT

1 .
yo2 (z,2) = . / qo2(t1) sin z(z — tl)yél)(tl — T9,2)dt; =

212
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xz

1 1 1
=~ /q2(t1) sin z(x — tl) bs2 5, (t1 — T2, 2)dty = ;bss’gm(x,z)

279

and
1 i ) 1 i .

(2)(3:,2) = /ql(tl)smz(x—tl)yéz)(tl,z)dtl—i—z/qg(tl)smz(a:—tl)ygl)(tl—rg,z)dt1
279 279

T

1 1
:Z/ql(tl)smz(:z:—tl) 5033 97, (t1, 2)dt1+

272

T

1 .
+; /qz(tl) sin z(z — t1) Z bs3 (L —T,2) | dty =

279 PESQ(].,].)

L.p
bs4 272(x7z) |p€5§1)(1’2) + Z 23 bs4 272(x7z) = Z 23 bs4 ,2T2 (33 Z)'
P€S§2)(1,2) PeS3(1,2)

By the method of mathematical induction, we prove that

2 1
y,E/, )(x, z) = Z beszm (x,2), k=1,2,..
PGS}H_Q(]C,Q)

so, the solution within the interval (272, 372 has the form:
oo o o0
1 2
k=0 k=0 k=0
1 1 1
=sinzz + —be(x, 2) + b 27 (T, 2) + —5bgs o7, (T, 2)+
z z2 70

+Z —b k+1 x, 2 +Z Z %b5€+277_2($72)+

k=1 PESk+1(]€ 1)

o0
+ Z Z k+2 bs’“+3 ,272 (z,2) =

k=1 PESk+2 (k‘72)
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2
sinzx—i—zzik st oy (T, 2 +Z kbsk+1 x,z —I—Z Z Z b L iy (T3 2).
k=1

1=1 k=i+1 PeSy(k— zz)

4. Now, by the method of mathematical induction, we will prove that functions

y](:) (z,z) for every i = 1,2, ...ko have the form:

y](CZ)( ) = Z k-i-z bs’“"’”‘l T2 (x Z) k=1,2... (15)
PGS}CJﬂ;(k,l)

From (14) we get that (15) is correct for i = 1. Let us assume that (15) is valid
for i <ig, 1 <ip < ko, and then we show that (15) is correct for ¢ = ip. From
(11), for k =1 and i = ig, we have

xr

ygzo)( ) — / C]l(tl) sin z(l‘ — t1)y(()i0)(t1, Z)dt1+
1072

1 ’ . i0—
—I—z/qQ(tl)smz(x—tl)yio 1)<t1—7'2,2’)dt1.

1072

Taking into account that y,@l = 0 for k£ = 0, it is obvious from (11) that functions
y((f) (z,2),1=1,2,...ko, have the form:

i 1
y(())(a:, Z) = ;bs“rl,im(x?z)' (16)
Using (16) a;

nd (15) for k =1, i =iy — 1 we have
(i0) 1 : 1
Y1 ( ) = ; ql(tl) Sin Z(l’ — tl)ZTobSi0+17i07—2 (tl, Z)dtl

i0T2
1 f 1
—I—; / QQ(tl)SiHZ(LI} - tl) Z zTob§O+1,(io—1)T2 (tl - 7’2,2’) dty
ioT2 PGSiO(l,iofl)
_ 1 bP 1 bP
= it si0+2 iy (L5 Z) ’Pesz(ézrl(l,io) + Z Siot1 w02 igry (T3 2)

Pes<0+1(1 io)
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1
- ¥ P
N ~io+1 b8i0+2,ioT2 (z, Z)’
P€S7;0+1 (1,i0)

o (15) is correct for k = 1. For y(io) (z,z) we have

k+1
X
1
y,(;i)l(x z) = p / qi(t1) sinz(z — t1)y (@ 0)(t1, 2)dty
1072
X
1 : (io—1)
—i—; ga2(t1) sin z(z — t)Ypyq (t1— T2, 2)dt
1072
1 X
= ; / ql (tl) Sin Z(x - tl) Z 2k+7/0 bsk"’ZO"'l doTa (tl, Z) dt1+
10T2 Pesk+i0 (k‘,io)
1 |
: P
—i—; / q2(t1) sin z(x — t1) Z Wbskﬂoﬂv(io_lm (t1 — 12, 2) | dty
i0T2 PeSk i (k+1,i0—1)

1 1,

- Z k+10+1 b5k+10+2 i0T2 (x’ z)+ Z yk+io+1 bs’“+i0+2,io7'2 (l‘, Z)
PES’(6210+1(k+1’i0) PES;(<+10+1(’€+1 io)

1 P

= 2 it en@2)

PESk+i0+1(k+1,’io)

o (15) is correct for k + 1.
5. Now we can determine the solution of the boundary value problem within the
interval (nre, (n + 1)m], n=1,2,...ky. From (11) we have

Zykx 2) +ZZyk (z,2)

i=1 k=0

and using (15), we get the solution within the interval (n12, (n+1)7] in the form:

n
1
y(a:,z):sinzx—l—zz—k skl fory (T 2) —i—Z bort1(x, z)+
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n o 1
+ Z Z Z ;bfml,m (z,2).

1=1 k=i+1 PeSy(k—i,)

From here for n = ko, we get that the solution within the interval (kg72, 7] has
the form of (10), thus proving the theorem.

Now from (10) and (3) we will determine the characteristic function of operator
L. In order to simplify, hereinafter we will write b(z) instead of b(, z).

Theorem 2.2. The characteristic function of the boundary value problem (1)-(3)
has the form:

. 1 1
F(z) = sin 7TZ+; (bs2(2) + byz (z))—i—z—2 bss(2) + bgs 95, (2) + Z b;ﬁ(z)
PeSa2(1,1)

M > q > 1
+ Z ZTbSk+1,kT2 (Z) + Z ;bsk"‘l (Z) + Z Z Wbﬁ:JrQ,TQ (Z)+
k=3 k=3

k:2 PESk+1(k,1)

ko o]
15 DD DD DRI E (1)

i=2 k=i+1 PeSy (k—i,i)

3 Asymptotic of eigenvalues

It is known that eigenvalues A, of the operator L are squares of zeros of the
characteristic function and that zeros of the characteristic function have the form:

Zn =n—+N,, N, €ls.

In this paper we will study the asymptotic of eigenvalues in detail because it
will be the base for further consideration of the inverse problems for this class
of operators by new method based on direct relations between eigenvalues and
Fourier’s coefficients. Because of that, we will determine the asymptotic of zeros
of the characteristic function in the form:

=n+ 0175") + Ci(gn) + C;@ o (1)  (n — o) (18)
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In order to simplify, hereinafter we will write Cq, Co, C35 instead of C1(n), C2(n), Cs(n),
respectively. From (14), we get asymptotic of the characteristic function in the
form:

1
F(z) = sm77z+ (bs2(2) + bz 1, (2))+=5 | bs3(2) + bgs 2, (2) + Z b?m(z) +
o PeS2(1,1)

1 bea(z
+2’73 bs4(z) + bs4,37'2 (z> + Z bf‘l,m(z) Z bs4 27'2( ) +o < ( )> y & — 00

23
PesS3(2,1) PeS3(1,2)
(19)
Let us define so called transitional function ¢
- ql(tl), t1€[0 T)U(ﬂ'—g,ﬂ']
t1) = T - 20
i) {Q1(t1)+(J2(t1+ 3), ti€[3,m— 7] (20)
and introduce the following:
s s s t1
Ji :/ql(tl)dtl; Jt :/QQ(tl)dtl; Jy :/Q1(t1)/QI(t2)dt2dt1§
0 T 0 0
t1—72 i t1
Ji = /(12 t1) / go(to)dtadty; J3* = /Q1(t1)/Q2(t2)dt2dt1;
T2 T2
t1—To ™ t1 to
/CD t1) / q(t2)dtodty; Jy = /Ch(tl)/ql(tQ)/Q1(t3)dt3dt2dt1;
T2 0 0 0
™ t1—To to—To
J32:/q2(t1) / QQ(tz) / QQ(tg)dtgdtgdtl;
372 272 T2

g t1 t2

J3t? = /(h(tl)/Q1(t2)/Q2(t3)dt3dt2dtl3

T2 T T2

to—T2

2
iy
121
J3 /Q1 t1) /Q2 t2) / q1(t3)dtadtadty;
T2 T2
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s t1—T2 to

J Z/Q2(t1) / ql(t2)/Q1(t3)dt3dt2dt1;

T2 0 0
T t1 to—To
J3* = /QQ(tl) q2(t2) / q1(t3)dtsdtadty;
279 279 to
s t1—T7o to
J3? = /Q2(t1) / Q1(t2)/Q2(t3)dt3dt2dt1;
272 T2 to
T t1—T2 to—To
JP = /Q2(751) / q2(t2) / q1(t3)dtsdtadty;
279 T2 0
i v

Golz) = / G(t) cos 2(x — 2t1)dtr; s(2) = / Gt) sin =(m — 2ty )dts.

0 0
Then we have

J -
be(z) = —710057rz + B /q1 (t1) cos z(m — 2t1)dty
0
K
J? 1
be2 ry (2) = —7cosz(w —T9) + B q2(t1) cos z(m — 2t1 + T2)dty
™
e.d. . )
1 J J
bs2(2) + bs2 1, (2) = iéc(z) - écoswz - 716082(71' — 7).

(21)

(22)

Using trigonometric identities for transformation a product of trigonometric func-

tions into a sum, we get

™ t1

bes(z) = /ql(tl) sin z(m — t1) /ql(tg)sin z(t1 — to) sin ztodtedt; =

0 0
1

Jy . 1 a 1 a 1 .a
= —“psinme = 2817 () + 387 () + 187 (2)
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s t1

ﬁi(l)(z) - /ql(tl)/ql(tg) sin z(m — 2t;)dtedty, i = 1,2

0 0
s t1
él)(z) = /ql(tl) /ql(tQ) sin Z(’/T —2t1 + 27‘2)dt2dt1.
0 0

Now, changing the order of integration in Bgl)(z), and using the method of sub-

stitution of variables in ﬁ?()l)(z), we get

™ s

B (2) = / a1 (t1) / g1 (t2)dts | sin z(m — 2t1)dt,
0 t1
él)(z) = —/ /ql(tg)ql(tQ — tl)dtQ sinz(ﬂ — 2t1)dt1,
0 t1

o0, we can present by (z) in the form:

™

) 1
bes(z) = —% sinmz — 1 / K (t1,qu(t1))sin z(m — 2ty)dty,
0
where for t; € [0, 7]
t1 s s
Kt () = a(t) [ an(t)dts — an(tr) [an(e)dea + [ antdan(es — e
0 t1 t1
Analogously, for bgs 5,,(2) we have
2 1[0, _
bss o, (2) = 4 sin z(m — 273) — 1 K=(t1,q2(t1)) sin z(w — 271)dty,
0
t1 s
K2(t1,q2(t1)) = qa(t1 + 72) /Q2(t2)dt2 —q2(t1) / q2(t2)dt2+
2 t1+12
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™

t1+T72
K2(t1,q2(t1)) =0 for t; € [0,7) U (7 — 72, 7]

and for integrals bgz(z) and bgg (z) we have

s

Jy? 1 .
bgii(z) = _% sinz(m — m2) — 1 /Ku(th q1(t1), q2(t1)) sin z(7 — 2t1)dt;
0
iy
(2,1) T3 1 21 .
bss’,ﬁ(z) = sin z(m — o) — 4/K (t1,q1(t1), q2(t1)) sin z(m — 2t)dt;
0
t1+%2 -
12 . T2 T
K=t a1t e2(h)) = a1 (tl + 5) q2(t2)dta—qo (t1 + 5) q1(t2)dta+
72 t1+%2
iy
[ w0 - Ry for e |2 7]
2 2 2
t1+7—72
12 T2 T2
K**(t1,q1(t1)g2(t1)) = 0 for t; €0, 5) U (r— 5771-]’
tl—% -
21 . ) To
K= (t,q1(t), ¢2(t1)) = @2 (tl + 5) q1(t2)dta—q1 (t1 - 5) qa(t2)dto+
0 t1+%2
+ / q2(t2)qi(ta —t1 — B)dtz for t; € [B,W _ B]’
2 2 2
tl-‘r%z
21 _ T2 D)
K= (t1,q1(t1)g2(t1)) = 0 for t1 € [0, 5) U(m— 5’77]_

From relations above, we get

bes(2) + bs37272 (z) + b(1’2) (2) + b(2,1) (2) =

83 ;T2 53 ,T2

o0



Jl J2 J12 J21 1
= _Zz sin zm — ZQ sin z(m — 27y) — % sin z(m — 79) — Zaﬁs (z), (23)

where

a§3(z) = /K$3(t1,(J1(t1),%(h))st(W — 2t1)dt;,
0

K83(t1, q1(t1),qa(t1)) = K (t1, qu(t1)) + K%(t1, ga(t1))+
FK2(t1, q1(t1), g2(t1)) + K2 (81, g1 (t), g2(t1)), 11 € [0, 7).

For the integral b, (z) we have

s t1 to
bea(z) = /ql(tl)sinz(ﬂ—tl)/ql(tg) Sinz(tl—tg)/ql(tg)SinZ(tQ—tg)SinZtgdtgdthtl
0 0 0
T t1 to
COS T2
=3 /Q1(t1)/Q1(t2)/Q1(t3)dt3dt2dt1—
0 0 0
1 T t1 to
—8/%(tl)/Q1(t2)/Q1(t3)COSZ(7T—2t1)dt3dt2dt1+
0 0 0
1 s t1 to
+8/Q1(t1)/Q1(t2)/q1(t3)cosz(7r—2t2)dt3dt2dt1—
0 0 0

[en]
[en]

T to
1
—g / q1 (tl) /Q1 (tg) /Q1 (tg) cos Z(7T —2t1 + 2t2)dt3dt2dt1+
0 0 0
1 s t1 to
‘l‘g / q1 (tl) /ql (tg) /q1 (tg) COS Z(T(' - 2t1 + 2t3)dt3dt2dt1—
0 0 0
T tq to
1
—g / q1 (tl) /q1 (tg) /q1 (tg) Ccos Z(T(' — 2ty + 2t3)dt3dt2dt1—|—
0 0 0

o1



g t1 t2

/(h (tl) /ql(tg) /ql(tg) CcOs Z(?T — 2t + 2ty — 2t3)dt3dt2dt1 (24)

0 0 0

ol

+

Changing the order of integration and/or using the method of substitution of
variables in last seven integrals in (24), we get

1 1 =
boa(z) = % cosmz + 3 /T1 (t1,q1(t1)) cos z(m — 2t1)dt;
0
t1 to ™ t1
Tt 1) = —an(t1) [an(t) [antedtadts + ) [ates) [ alts)drad
0 0 i 0
s t3 s to—t1
—q1(t1) /fh t3) / (t2)dtsdts +/Q1(t2)CI1(t2 —t1) / q1(t3)dtsdts
t1 0
iy m T i3
—/Q1(t3)Q1(t3 —t1) / q1(t2)dtadts +//Q1(t3)Q1(t2)Q1(t2 — t3)dtzdta—
t1 t3—t1 t1 t1

—q1 (tl) / / QI(tQ)QI(tl — 13+ tg)dt?,dtg.

t1 ta—11

Now, in the similar way, we can detrmine functions T2(t1, g2(t1)) and TP (1, ¢1 (t1), g2(t1)),
P € S53(2,1) U S5(1,2) with characteristics:

™

3 1
bsa 3, (2) = %:’ cos z(m — 313) + 3 /T2(t1, ga2(t1)) cos z(m — 2ty1)dt;
0
5 L[
bst 1, (2) = 5 oS z(7r—7'2)+§ T (t1,q1(t1), q2(t1)) cos z(w—2t1)dty, P € S3(2,1)
0

P

I3

bsi o, (2) = J8 cos z(m—219)+ / (t1,q1(t1), g2(t1)) cos z(m—2t1)dt1, P € S3(1,2).
0
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From relations above, we get

bea(2) + bs4,372 (2) + Z bf‘l,rz (2) + Z bs4 272( z) =

PeSs(2,1) PeSs(1,2)
Jl J211 J121 J112
- §30057r2+ 3 ?é T cos z(m — T9)+
J§21 +J§22—|—J§12 J2

CACICD

S cos z(m — 271o) + § cos z(m — 3m3) +

where

a§4(z) = /Ts4(751,Q1(751),Q2(751))COS z(m — 2t1)dty,
0

and the function %" (t1,q1(t1), g2(t1)) is the sum of functions T (¢, q1(t1)), T2 (t1, g2 (t1))
and Tp(tl, q1 (tl), q2(t1)), P e 53(2, 1) U 53(1, 2).
Now, substituting realations (22), (23) and (25)into (19), we get

1[J] J? 1
F(z) =sinmz — " [21 COS zT + 71 cos z(m — 19) — 2@(2)] -

1 Jl 12 21 JQ 1
> [2 sinmz + % sin z(m — o) + Z sin z(m — 2719) + 4(1:(2)} +

J2U 4 gl gl
8

L[Js
—3 [8 cosmz + cos z(m — 7'2)] +

8
Further, from (18) we get

1 221 122 4 7212 2 1
L [Jg + J377 + J3 COSZ(?T—QTQ)—FJ;COSZ<7T_37'2)] +o < 3> (26)
> z

n n? 6n3

sinmz, = (—1)" ( =
m2C? 1 1 1 ¢ 1

7['01 +7T02 +67T03—7T3Ci)’> +0< 1)7

202
oS zp(m — 19) = (—=1)" <1 - (7r27-221) cosnTa+
n
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(1) <(7T _7:2)01 L _7;2)02) sinnty + 0 <7112> :

—1)C 1
sin z, (1 — 1) = (=1)" T sinnm + ({[)"M cosnty + 0 <> )
n n

~ n~ n Ciy nCl 7 1
ac(zn) = (=1)"ag, + (1) 71'71)2” —-2(-1) - bon +o <n2> ,

1
€)= (1" 4o (1), (27)
where

™ ™

oy = /q~(t1)0082nt1dt1; boy, = /(j(tl)SiHQntldtl; B;n
0 0

s

/ tcj(tl) sin Qntldtl .
0

™
53

o = /ng(tl,ql(tl),qg(tl))sinZntldtl.
0

Inserting asymptotic relations (27) into (26), we get

n (701 7Oy  6mCs — m3C3 ZJi (1 Ch w2 C?
o = o (70 7 S (1Y ()

n n3
_1\n 72 _ 272 _ _
S (L) [(1- T commry o (o2 (o2

n n?

(—1)" 1 01 - Cl~ Cl T (—1)”7[‘01 1
5 \n s ) [t b 2| - i
-1\ _ C -1 n+1
_ (4n; <— sinnty + (T=m)C ;—2) ! cos nm) (J32 + g2ty — ED™
(="

An2 2n
. (m —279)C
2 (— sin 2nTy + I

-" 1
(8n3)’ [J3 + (J52 + J3%2 + J3'2) cos 2n7s + J; cos 3nTa] + 0 <3> (28)

Now, since F'(z,) = 0, from (28) we get the system of equations:

_1)n
cos2nTz> J22+(8n§ ( 511+J§21+J§12)cosn72+

+

J o J? 1
wCl — ?1 — ?1 cosnty + 5&2" =0,

54



Ji C’ Jiz g2 J2 1

7T02—7(7T 72) Oy Sin T+~ bay —C1 b5, + % sin n72+Z2 sin 2n72—|—1b§i =0,
3¢ wC% CiJi — 12)2C% J3 C1J} Cia

7TC3—7T 6 1,7 1 L+ 12 1 —|—<7T 12) L2 COSTLTQ—ZTrcl—I— 12 L cosnm+ 1;2”_

JE2 4 g J3

2
—?1(7r—7'2)02 sinnm — 1 (m — 12)Ch cosnTg — Z(W— 279)CY cos 2nTo+

1
g[J§+(J2H + I3 L T3 cos nrg (T3P T3 24 T312) cos 2nme+-J3 cos 3nme) = 0 (29)

From the first equation of the system (29), we get
Cy=—+ —cosnmy — — (30)
T s

Fom the second equation of the system (29), we get

o b 5* J12 J21 J2 1
Cy = T Jl sinnty — 20 4 o C’l—g sinnr— =2 sin 2n7'2——b§i,
2 47 4 47

s 2 s T
or 3
Cy = lgba, + 11 sinnm + s sin 2nmy + I3 (31)
where
J g3 T — J3Z2 4+ g2 T

loz—ﬁ—ﬁcosnm, lh = N JlJl— 2 i 2 12 Jlagn,

T — J? - (JL 7 Gon\ | bondon 1 3
lz = 87-( (Jl) _E’ l3 = an (2 2 + ﬁ COSNT — ﬁ + . —Ebgn (32)

From the third equation of the system (29), we get

72 T T —T)? ™ =T .
Gy =" 00 - (4J11 P T Tl g s n) G+ 2 1 sin Oy

J J _ J12 J21 2J2 _
<42 —1—24-1- (m —72)( 24‘*‘ 3)+2Ji cosnTy + 77 T2J226052n72> Cy—
T 7

1
87“31 (T I T3 cos nrg+(J2P T2 4 T312) cos 2nma4-J% cos 3nTe]+o(1).  (33)

Using trigonometric identities

1 1 1
cos® x = Z(cos?)x +3cosz), cos’z = 5(1 + cos2x), sin’z = 5(1 — cos 21)
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1 1
sinxsin 2z = §(cosx — cos3x), cosxCcos2x = Q(COS x + cos 3x)

from (30) we get

40 7
NN
U
Substituting (30), (31), (32) and (34) into (33), we get

2 =

cos 2nty + o(1)

> CcosSNTy+

+

cos 3nty + o(1) (34)

C3 = dy + dy cosnte + da cos 2nm + ds cos 3nte + o(1) (35)

where

€S o/ U L

241 8T 472 82 8’

7’ — (m — 7'2)2 w2+ (m— 72)2 J2Ji
dy = — " "2 (g3 0 T AT T2) g2 71y2 192
' 643 (/1) 1673 Ji(J1) t,
+(7T_7'2)(J212+J221)J11_ 72 J12J22— J11J12 . (J§11+J3121+J?}12)
82 1672 272 87 ’
(m=m)% 1, o0, (M=7)(R2+J3") » 7—2m 4
d2:_WJ1(J1) + 32 Ji + = JiJ5—
O N S it )
872 8T
d _W2_9(W_T2)2(J2)3+MJ2J2_£ (36)
5 19273 ! 1672 172 8x

Now, we can prove the theorem about the asymptotic of eigenvalues of the oper-
ator L.

Theorem 3.1. If ¢; € L]0, 7|, i = 1,2, then the asymptotic of eigenvalues A, of
the operator L have the representation in the form

2 2 Gon bon sin ny sin2nty 15
A =2, =n"+rg+ricosnm — —+r r3 + 7y + 24
T n n n
+7“6 n COS Ny n Cos 2Ny + cos 3nto +of 1 ) (37)
— T 8 T9 10)
n? n? n2 n2 n2

o6



with the following coefficients of representation

Ji J? J I
o= —; 1 = —; r9g = ——+ — ~L cosnmy;
T — S+ I3 w7
ERrw J1J1 T 9r on2 Tiaan,
_T=mpe B Vo —a boniizn 1 o
T4 = A2 (Jl) o’ s = 2 (Jl + Jl cosnT a2n> + 2 27 n
SO 0 Y/ S O N O O R
T 12 U 4r T 4n? 8 An
= (r—1)* a5 A (T—1)° 2, Ji s
T7:T( 1) = 8—3(J1)J1+ P
T— oy T2 o JIJE P I3+ I
P <w—f2>2 201 T=T2 —2n
= g U T RO B R
IR Ry
4 ’
72— 9(m — 72)? 21 — 37y J3
_ g3 2t 02242 Y3
"0 g6 I g R )

Proof 3.1. From

¢, Cy C 1
we get
2Cy 205+ C% 1
2 =n? 4201+ =2 + 32 1+0<2>
n n n
or
JiJE 7 2 -
z,% =n?+ L 4+ Lcosnm — 42n + —(lobap, + L1 sinnte + I sin 2n7y + I3)+
7r T T n
(J7) (J7) 1 JLJ? COS NTy
— 2d + 2d;
+<47r2+82+ w2 T\ 2 2
(J3?)? cos 2n7y cos 3nTy 1
+ < 2 + 2ds — + 2d3T + O(ﬁ)' (39)

Inserting (32) and (36) in (39), we get coefficients of representation from (38),
thus proving the theorem.
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Abstract

I. D. Arandelovi¢ and V. Misi¢ [2] introduced the notion of a contractive
linear operator on metric linear spaces. In [1] authors consider contractive
linear operators on locally convex topological vector spaces. General theory
of contractive bounded linear operators on partial ordered (non-necessarily
locally convex) Haussdorfl topological vector spaces and theirs basic prop-
erties was presented in [3].

In this talk (paper) we present one common fixed point theorem with
operator contractive condition which generalize some earlier result obtained
by Sh. Rezapour and R. Hamlbarani [6] - Theorem 2.8.

1 Introduction

There have been a number of generalizations of metric space. One such gener-
alization is the notion of a TVS-cone metric space initiated by I. Beg, A. Azam
and M. Arshad [5]. I. D. Arandelovi¢ and V. Migi¢ |2| introduced the F - cone
metric spaces and the notion of a contractive linear operator and present some
fixed point results with operator contractive condition. In [1] authors consider
contractive linear operators on locally convex topological vector spaces. General
theory of contractive bounded linear operators on partial ordered (non-necessarily
locally convex) Haussdorff topological vector spaces and theirs basic properties
was presented in [3].

In this talk (paper) we present one common fixed point theorem with operator
contractive condition which generalize some earlier results obtained by Sh. Reza-
pour and R. Hamlbarani [6] - Theorem 2.8.
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2 Preliminary Notes

Let F be a linear topological space. Let F be a linear topological space. A subset
P of E is called a cone if:

1) P is closed, nonempty and P # {0};
2)a,be R, a,b>0, and z,y € P imply ax + by € P,

3) PN (—P)={0}.

Given a cone, P C E we define partial ordering < on E with respect to P by
x <y if and only if y — a2 € P. We shall write z < y to indicate that z < y and
x # y, while x < y will stand for y — z € intP (interior of P).

Let E be a linear topological space and let P C E be a cone. We say that P
is a solid cone if and only if intP # (). Then c is an interior point of P if and only
if [—¢, ] is a neighborhood of © in E.

Let E be a topological vector space and P C FE be a cone. P is a solid cone
if and only if intP # (.

In paper [3] we introduced the notion of a contractive operator by the following
way.

Definition 2.1. ( [3]) If A: E — E is a one to one function such that A(P) = P,
(I-A) is one to one and (I — A)(P) = P then A is contractive operator.

Basic properties of contractive bounded linear operator we present in [3]

Recently I. Beg, A. Azam and M. Arshad [5] introduced the notion of TVS-
cone metric spaces, such that distance function take values Hausdorff (not neces-
sarily locally convex) topological vector space.

In the following, we always suppose that E is a real (not necessarily locally
convex) Hausdorff topological vector space, P is a solid cone in E such that < is
a partial ordering on E with respect to P. By I we denote the identity operator
on Eie. I(x) =x for each x € E.

Definition 2.2. Let X be a nonempty set. Suppose that a mappingd : X x X —
E satisfies:

1) © <d(z,y) for all z,y € X and d(z,y) = © if and only if z = y;

2) d(z,y) = d(y,x) for all z,y € X;

3) d(z,y) < d(x,z)+d(z,y) for all z,y,z € X.

Then d is called a TVS-cone metric on X and (X,d) is called a TVS-cone
metric space.

Definition 2.3. Let (X, d) be a solid TVS-cone metric space, z € X and (x,) a
sequence in X. Then

1) (zyn) TVS-cone converges to x if for every ¢ € intP there exists a positive
integer N such that for all n > N d(zp,z) < c¢. We denote this by limz,, = x or
Tp — T;

2) (xy) is a TVS-cone Cauchy sequences if for every ¢ € intP there exists a
positive integer N such that for all m,n > N d(zp,z,) < ¢
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3) (X, d) is a TVS-cone complete cone metric space if every Cauchy sequence
is convergent.

Lemma 2.1. ( [4}]) Let (X,d) be a TVS-cone metric space, (x,) C X and A :
E — E a contractive bounded linear operator. If

d(Tnt1; Tnt2) < A(d(2n, Tni1)) (1)

for any n, then (x,) is a Cauchy sequence.

Let X be a nonempty set and f : X — X an arbitrary mapping. The element
x € X is a fixed point for f if z = f(z).

Let X be a nonempty set and f : X — X an arbitrary mapping. z € X is a
fixed point for f if x = f(x). If zy € X, we say that the sequence (z,,) defined by
xn = f™(z0) is a sequence of Picard iterates of f at point zg or that (z,) is the
orbit of f at point xg.

3 Results

Next Theorem generalizes Theorem 2.8 of [6].

Theorem 3.1. Let (X,d) be a complete cone metric space, f : X — X and
A, B : E — E contractive bounded linear operators. If for any x,y € X there
exists

w e {d(x,y),d(z, f(x)),d(y, f(y))} (2)

such that
d(f(z), f(y)) < A(w) + B(d(y, f(2))), (3)

then f has a fized point in X. Also, the fixed point of f is unique whenever
I — A — B is contractive operator, and for each © € X sequence of Picard iterates
defined by [ at x converge to the fized point.

Proof: Let zp € X be arbitrary and (z,) the sequence of Picard iterates of f at
point zg. By (2) and (3) we get that there exists

u € {d(wo, 1), d(x0,21)),d(w1,72))}

such that
d(z1,m2) < A(u) + d(x1,21) = A(u).

So (2) and (3) implies that
d(z1,22)) < A(d(xp,x71)). (4)
From (4) by induction we obtained

d(Tny1, Tnt2)) < A(d(Tn, Tni1)-
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By Lemma 2.1 it follows that (x,) is a Cauchy sequence. (z) is convergent
because (X, d) is complete.
Let limx,, = y. Suppose that y # f(y). Then 0 << d(y, f(y)). Then there

A(d(y, f(y)))

1 . Let

exists positive integer ng such that n > ng implies d(x,,, y) <<

n > ng. Then there exists

u e {d(fﬂn, y), d(l‘nv mn+1)a d(yv f(y))}
such that
d(y, f(y)) < d(f(y) 2nt1) + d(@nt1,y) < A(uw) + B(d(Y, Tnt1)) + (@41, Y)-
It follows that

d(y, f(y)) < A(d(y, f(y)) + B(d(y, Tnt1)) + d(zn, y) << A(d(y, f(y)),

or

dy, f(y)) < A(d(@n, Tnt1)) + B(d(y, 2ni1)) + d(zn, y) << Ad(y, f(y))),
which implies y = T'y.
Let z € X, z # y and z = f(z). From (16) it follows
d(z,y) = d(f(2), f(y)) < A(d(z,y)) + B(d(z, f(y)) < (A+ B)(d(z,y)).

So 0 < ((A+ B)—I)(d(z,y)). It follows d(z,y) = 0 which is a contradiction.{
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Abstract

The aim of this note is to define the total value of the Riemann integral
that can be used to generalize the well-known Newton-Leibniz formula.

1 Introduction

As well known, by means of integral calculus it became possible to solve by a uni-
fied method many theoretical and applied problems, both new ones which earlier
had not been amenable to solution, and old ones that had previously required
special artificial techniques. The basic notions of integral calculus are two closely
related notions of the integral, the indefinite and the definite integral. Let [a, b] be
some compact interval in R. It is an old result that for any Riemann integrable
function f : [a,b] — R with a primitive F : [a,b] — R that is differentiable on
[a, b], the Newton-Leibniz formula holds (see [1]).

b
FO)~Fa)= [ fa)de 1)

This result, sometimes called the second fundamental theorem of calculus, is
that the definite integral of a function can be computed by using any one of its
infinitely many antiderivatives. As the cornerstone of calculus, it has key practical
applications because it markedly simplifies the computation of definite integrals.

The aim of this note is to define the total value of the Riemann integral that
can be used to extend the above mentioned result to any real valued function f
that has a primitive F' defined and differentiable on [a, b]\ E, where E is a certain
subset of [a,b] at whose points F' can take values +0o0 or not be defined at all.
Unless otherwise stated in what follows, we assume that the endpoints of [a, b] do
not belong to E.

Define point functions Fey : [a,b] — R and DeiF : [a,b] — R by extending F
and its derivative f from [a,b]\E to E by Fey(z) = 0 and D¢, F(z) =0 for x € E
(see [6]), so that
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[ F(z),ifz € [a,b\E
Fe‘”(m)_{ 0,ifz € E ’

flx),if x €la,b|\F
Dep(o) = { T EEC LN @

2 Preliminaries

A partition Pla,b] of a compact interval [a,b] € R is a finite set (collection)
of interval-point pairs ([a;, bi], z;)i<y, such that the subintervals [a;, b;] are non-
overlapping, Ui<y[a;, b;] = [a,b] and x; € [ai, b]. The points {z;}i<, are the
tags of Pla,b], [4]. It is evident that a given partition of [a,b] can be tagged in
infinitely many ways by choosing different points as tags. If E is a subset of [a, b],
then the restriction of Pla,b] to E is a finite collection of ([a;, b;],x;) € Pla,b],
such that each pair of sets [a;, b;] and E intersects in at least one point and all x;
are tagged in E. In symbols, Pla,b]|g = {([ai, bi], ;) € Pla,b] | [a;, b)) N E # 0
and xz; € E}. Let Pla,b] be the family of all partitions Pla,b] of [a,b]. Given
d: [a,b] — R4, named a gauge, a point-interval pair ([a;, b;], z;) is called d-fine if
[ai, bi] C (zi—08(x;), zi+3(x;)). The collection Z([a, b]) is the family of all compact
subintervals I of [a,b] € R. The Lebesque measure of the interval I is denoted
by |I]. Any real valued function ¢ defined on Z([a, b]) is an interval function, [2].
For a function F': [a,b] — R the associated interval function of F' is an interval
function AF : Z([a,b]) — R, such that F(I) = F(v) — F(u), where u and v are
the endpoints of I. In what follows we will use the following notations

E¢(Pla,b)) = > f (xi) |[ai, bi)| and

i<v

Sear(Pla,b]) = ¢([ai, bi)) AF([a;, bi)). (3)

i<v

Definition 2.1. For E C [a,b] let D, F(x) : [a,b] — R be defined by (2). Then,
the point function f is said to be Riemann integrable to a real number A on [a, b]
if for every € > 0 there exists a gauge 0.(z) = 0, = inf {0:(z) | z € [a,b]} > 0
such that |Ep_ r(P[a,b])— A| < &, whenever Pla,b] € Pla,b] is a d.-fine partition.
In symbols, A = vp f; f(z)dx.

Definition 2.2. Let ¢ : I([a,b]) — R and E C [a,b]. A function f : [a,b] — R is
the limit of ¢ on [a,b]\ E if for every € > 0 there exists a gauge d. = J, such that

¢ ([ai, bi]) — f(z:)| <&,

whenever ([a;, b;], z;) € Pla,b]\Pla,b]|p and Pla,b] € Pla,b] is a J.-fine par-
tition.
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Definition 2.3. Let F': [a,b] — R and let f : [a,b] — R. Then, F is said to be
differentiable to f on [a,b], if f is the limit of ¢ on [a, b], defined by

p(I) = AF(I)/Ax(I), (4)
where Ax(I) = |I| and I € Z([a,b)).

3 Main results

For a compact set [a,b] € R let E be a certain subset of [a,b], such that a
point function F is defined and differentiable on [a,b]\ E. If f is the limit of @,
= AF;/Ax on [a,b]\E, then for every € > 0 we can define a set

. ={(z,I) |z € a,b] is a point of I € Z([a,b]) and |f(z)] — AF.(I)| < ¢|I|},

From the collection of all d.-fine point-interval pairs (x,I) € T'c, a subset of
[a,b] € R may be obtained, as follows.

Definition 3.1. The set {z € [a, b] | for every € > 0 there exists a d.-fine (z,I) €
I'.}, denoted by (vp)Fa,b], is said to be the null set of F on [a, b].

Definition 3.2. The set (vs)F[a,b] = [a,b]\(vp)F[a,b] is said to be the residual
set of F' on [a,b|.

Clearly, (vs)F[a,b] = E. Accordingly, we are in a position to define the notion
of a residue of an interval function AF : I([a,b]) — R at = € [a, 1], [3, 5].

Definition 3.3. An interval function AF : I(]a,b]) — R is said to have a residue
at x € [a,b], with residual value R(x), if for every ¢ > 0 there exists a gauge
de(x) = 6, such that |AF(I) —R(z)| < €, whenever (z,I) is d.-fine point-interval
pair and z is a point of I € Z([a, b]).

A real-valued point function R : [a, b] — R, which is the limit of AF on [a, b],
is called a residual function of F' on [a,b].

Definition 3.4. For F' : [a,b] — R let E C [a,b] be its residual set. The
residual function R of AF is said to be basically summable (BSs.) on E with
the sum R € R, if for every € > 0 there exists a gauge d.(x) = J. such that
|Xar(Pla,bl|g) — R| < &, whenever Pla,b]|p C Pla,b] and Pla,b] € Pla,b] is
dc-fine partition. The residual function R of AF is BSGs, on E if E can be
written as a countable union of sets on each of which R is BSs.. In symbols,

R=2enR (@)

Remark 3.1. If ® = 0, then F has negligible variation on F, [1|. However, if
there is a set E C [a, b] of variation zero: Given ¢ > 0, there is a gauge d.(x) = .
such that |Xaz(Pla,b]|g)| < €, whenever Pla,b]|g C Pla,b] and Pla,b] € Pla,b]
is d.-fine partition; on which R of AF is BS;. with R # 0, then F' does not
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satisfy the variational Strong Lusin condition on [a,b]. On the other hand, since
for every € > 0 there exists a gauge 0. such that |AF(I)| < e, whenever (x, ) is
a dc-fine point-interval pair tagged in the null set (vp)F[a,b], and z is a point of
I € I([a,b]), it follows immediately that R(z) = 0 on (vp)F|a,b]. In addition, for
a given pair of functions F' and R, if AF is an additive function, and R vanishes
identically on the whole interval [a,b], then AF([a,b]) = >, ¢, R(z). So, if
Fey @ [a,b] — R is the primitive of f, defined by (2), then using the Newton-
Leibniz formula we may obtain that for any compact interval I C [a,b]\E

S R(z) = AF (1) = /1 f (@) dav (5)

zel

If £ C [a,b] is any non-empty set of Lebesgue measure zero, at whose points
any real valued function F' can take values +o0o or not be defined at all and,
in addition, its residual set, then we can divide the infinite sum of all values
of the null function R, as a residual function of AF on [a,b], into two sums

Zze(vp)p[a,b} R(x) =wvp f;f () dx and ) . R(x), so that

b
AF(at) = 3 R(:v):vp/ f(@)de+ 3 R(x). (6)

z€[a,b] z€E

In what follows, we will prove the theorem that gives us this result explicitly.
If vp f; f (z) dz does not exist, then vp ff f(z)dx+3" cpR(x)is reduced to the
so-called indeterminate expression oo — oo that actually have, in this situation,
the real numerical value of AF([a,b]).

Now, we are in a position to define the total value (vt) of the Riemann integral

of f.

Definition 3.5. For a compact interval [a,b] € R let E C [a,b] be non-empty
sets of Lebesgue measure zero and ¢ : Z([a,b]) — R be an interval function whose
limit on [a,b]\E is the point function f. The function f is totally Riemann
integrable to & € R on [a,b], if for every € > 0 there exists a gauge d-(z) = ¢,
such that | a.(Pla, b]) — S| < €, whenever Pla,b] € Pla, b is a d.-fine partition.
In symbols, § = vt f; f(z)dx.

Remark 3.2. By the previous definition, since ¥ az(P|a,b]) = AF([a,b]), where
¢ is defined by (4), whenever P[a,b] € Pla, b], it follows that for any point function
f, which has a primitive F' defined at the end points of a compact interval [a, ],
the generalized Newton—Leibniz formula holds AF([a,b]) = vt ff f(z)dz.v

Theorem 3.1. For [a,b] € R let E C [a,b] be non-empty sets of Lebesque measure
zero at whose points a primitive F that is defined and differentiable on [a,b]\E
and its deriwative f can take values £oo or not be defined at all. If the residual
function R of AF is BS5. on E to the sum it € R then f is Riemann integrable
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on [a,b] and

b b
AF([a,b]) :vt/ f(z) d:rzvp/ f(z) dx—I—ZR(a:). (7)

zeFE

Proof. Let Fe; and De, F be defined by (2). Since the residual function R of AF
is BS5. on E to R, it follows from Definitions 3.4. that for every € > 0 there
exist a gauge d.«(x) = d,, on [a,b] such that [Xar(Pla,b]|r) — R| < &, whenever
Pla,b]|g C Pla,b] and Pla,b] € Pla,b] is des-fine partition. In addition, E is
the residual set of F' on [a,b], and f is the limit of ¢e, = AF.;/Az on [a,b]\E.
Therefore, for every ¢ > 0 there exists a gauge d.4(z) = d.4 on [a,b] such that
|(EXar—Zf)(Pla,b]\Pla,b]|r)| < (b—a)e, whenever ([a;, b;], z;) € Pla,b]\Pla,b]|E
and Pla,b] € Pla,b] is d.4-fine partition. A gauge 6.(z) = 0, on [a,b] may be
chosen, so that 6. = min(de«, 0c%). Hence, for every ¢ > 0 there exists a gauge
de(x) =6, on [a,b] such that

=D, #(Pla,b]) — [AF([a,b]) — R]| =
= [(Ef — Xar)(Pla,b]\Pla,b]|g) — Xar(Pla,b]|g) — N| <
< [(Ef — Bar)(Pla,b]\Pla,b]|g)| + [Zar(Pla,b]|g) — R| < [(a —b) + 1] ¢,

whenever Pla,b] € Pla,b] is a d.-fine partition.
By Definition 2.1., f is Riemann integrable on [a,b] and

b b
AF([a,b]):Ut/ f(x)dx:vp/ f(x)dz+R.
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Apstrakt

U ovom radu razmatra se uopstenje pojma sistema inkluzija Hilbertovih
prostora. Poznato je da sistem inkluzija Hilbertovih prostora generise sis-
tem proizvoda Hilbertovih prostora i da postoji izomorfizam izmedu jedinica,
sistema inkluzija i jedinica generisanog sistema proizvoda.

Ovde se posmatra sistem inkluzija dvostranih Hilbertovih modula nad
C*-algebrom kompaktnih operatora na Hilbertovom prostoru. Dokazuje
se da, ukoliko je Hilbertov prostor kona¢ne dimenzije, postoji izomorfizam
izmedu jedinica sistema inkluzija i jedinica generisanog sistema proizvoda.

1 Uvod

Sistemi inkluzija Hilbertovih prostora su parametarske familije Hilbertovih pros-
tora, sli¢ne sistemima proizvoda, sa razlikom u tome §to su unitarna preslikavanja
koja povezuju odgovarajuée Hilbertove prostore zamenjena izometrijama. Za-
pravo, ovi objekti su dosta prisutni u samoj teoriji sistema proizvoda. Pridruziva-
nje sistema proizvoda CP-polugrupama se ostvaruje tako sto se prvo formira odre-
deni sistem inkluzija, a potom se, pomoc¢u tehnike induktivnih limesa, dobija sis-
tem proizvoda (detalji se mogu videti u [6]). U [5] su definisani sistemi inkluzija
Hilbertovih prostora i upotrebljena je sustina pomenutog postupka (iz [6]) da
se dokaze da svaki sistem inkluzija indukuje sistem proizvoda delovanjem induk-
tivnih limesa. Takode je istaknuto da se glavne osobine sistema proizvoda, kao Sto
su npr. postojanje jedinica i struktura morfizama, mogu videti na nivou sistema
inkluzija.

O sistemima inkluzija se, otprilike u isto vreme, govori u [12], ali pod nazivom
"sistemi potproizvoda". Razmatra se njihova opsta teorija i, takode, veza sa pot-
puno pozitivnim (CP) polugrupama. S obzirom na to da postoji opasnost od
zabune medu terminima ”sistemi potproizvoda” i ”podsistemi proizvoda”, koris-
timo termin ”sistemi inkluzija”.
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Glavna ideja u ovom radu je da se uopsti pojam sistema inkluzija Hilbertovih
prostora iz [5], kao i da se dobiju neki sliéni rezultati u ovom opstijem slucaju. U
tom cilju, posmatramo sisteme inkluzija dvostranih Hilbertovih modula nad C*-
algebrom B, gde je B C*-algebra kompaktnih operatora na nekom Hilbertovom
prostoru H, tj. B= K(H).

Poznato je da svaki ograni¢en B-linearan operator na Hilbertovom B-modulu
ima svoj adjungovani operator (sledi iz [9], [7]).
U opstem slucaju, B nije unitalna C*-algebra.

U [3], Damir Baki¢ i Boris Guljas su opisali Hilbertove C*-module nad C*-
algebrom (ne obavezno svih) kompaktnih operatora na nekom Hilbertovom pro-
storu. Ti rezultati su navedeni u Stavu 1 pomenutog rada i u komentarima koji
mu prethode. Ovde ih citiramo u Stavu 1.1 i neposredno pre njega.

Neka je E proizvoljan Hilbertov C*-modul nad C*-algebrom svih kompakt-
nih operatora na nekom Hilbertovom prostoru H. Posmatrajmo ideal Hilbert-
Smitovih operatora na H, Co C K(H), i neka je

Ep, = L(EC,)

linearni omota¢ od ECy. Ocigledno, E82 je podmodul u F i u isto vreme je (desni)
modul nad H*-algebrom C,. Skalarni proizvod u F, primenjen na elemente iz
E02, ima vrednost u klasi nuklearnih operatora C;. Na osnovu toga, E82 je
snabdeveno skalarnim proizvodom (-, -) = ¢r((-,-)). Ozna¢imo normu indukovanu
ovim skalarnim proizvodom:

lzlig, = tr((z,2)), = € Eg,.

Sada je jasno da vazi
Izl < llzllc,, = € Eg,.

gde je || - || norma u Hilbertovom C*-modulu E.

Stav 1.1. Neka je E Hilbertov C*-modul nad C*-algebrom B = K(H), za neki
Hilbertov prostor H. Tada postoji Hilbertov H*-modul

0 2
Ee,=EY  CE

nad H*-algebrom Cy C K(H), sa normom ||1‘H%2 = tr({z,x)). Za sve z € Eg,
vazi [|z|| < ||z|l¢,. Podmodul E¢, je gust u F u odnosu na normu || - || iz E.
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Primedba 1.1. Skalarni proizvod (-,-) = tr((-,-)) daje Hilbertovom H*-modulu
Ec, strukturu Hilbertovog prostora.

2  Sistemi inkluzija i generisani sistemi proizvoda

U ovom poglavlju dajemo definiciju sistema inkluzija dvostranih Hilbertovih B—B
modula i pokazujemo kako svaki sistem inkluzija generiSe odgovarajuéi sistem
proizvoda pomoc¢u induktivnih limesa. Ta tehnika se ne razlikuje bitno od one
prikazane u [5].

Definicija 2.1. Hilbertov C*-modul E nad C*-algebrom B je desni B-modul
snabdeven skalarnim proizvodom (-,-) : E' X E — B koji zadovoljava

z,yb) = (x,y)b, be B, x,y € E;

|| I\/

x,x) <:>.CU—0 x e FE;

(z,
(
o (r,x)
(
(z,

y) = (y,2)",
odakle sledi (zb,y) = b* (z,y), z,y € E, b€ B;

E je kompletan u odnosu na normu || - || = /|| {-,) ||

Hilbertov B — B modul F je Hilbertov B-modul zajedno sa nedegenerisanom
«-reprezentacijom C*-algebre B pomocu elemenata iz B*(FE), gde je B*(E) C*-
algebra preslikavanja £ — F koja imaju svoja adjungovana (prema tome su
ogranic¢ena i desno B-linearna). Homomorfizam j : B — B®(FE) koji ostvaruje
pomenutu reprezentaciju je kontrakcija, tj. ||| < 1, pa je Hilbertov B — B modul
E kontraktivan.

Definicija 2.2. Sistem inkluzija (F, () je familija Hilbertovih B — B modula
E = {E;,t > 0}, zajedno sa familijom dvostranih (B — B linearnih) izometrija

/Bs,t : E8+t — ES & Etu Svt > 07
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gde je ® unutrasnji tenzorski proizvod dobijen identifikacijama
ub@v ~ubv, uQ Vb~ (uRV)b, bu v ~blu®v), uec FEs,ve E,beB,
i potom kompletiranjem u odnosu na skalarni proizvod
(u®wv,ur @v1) = (v, (u,u1)v1), u,u; € Es, v,v1 € Ey.
Preslikavanja 3 zadovoljavaju
(Br.s ® IE,)Bresi = (IE, @ Bs,t)Br s+t

(E, B) je sistem proizvoda ako su sva preslikavanja (s unitarna.

Neka je (E, ) sistem inkluzija. Za t > 0, skup J; je definisan
Jo=A{(tn,tn—1,...,t1)| t; >0, t1 +--- +t, =t, n €N}

Za svako t = (tp,tn—1,...,t1) € Ji, duzina se definise kao |t| :==t1 + - + ¢, = t.
Zas = (Sm,Sm—1,-..,51) € Jsit = (tn,tn—1,...t1) € Ji, definise se zajednicki
par s — t € Jgyy kao

s—t= (Sma Sm—1y+++3 81, tnytn—1,. .. 7t1) € Jste-
Na skupu J; postoji parcijalno uredenje: t > s = (S, Sm—1,...,51) ako za
svako ¢ € {1,2,...,m} postoji (jedinstveno) s; € Js, takvo da je

tzsmv5m—1v"'v51.
Zat= (tn,tn-1,-..,t1) € Jy, definise se

Ei=F, QFE, & - QL.

Za s = (SmySm—1,---,51) < t = 8y — 8,1 — -+ — s51 € J;, definise se
Bis : B — Ey na sledeci na¢in:
Bis = Bsm,sm @ Bom_1,5m-1 @ "+ @ Bsy,15 (1)
gde je B : By = E, definisano induktivno kao
Bs,s = IE,,
azas= (Sm,Sm—1,---,51) € Js,

55,8 = (Bsmysmfl ® I)(/Bsm‘i‘smfl:sme ® I) e (5Sm+~~+83,82 X I)Bsm+~-+s2731' (2)
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Lema 2.1. Za t > 0 posmatrajmo parcijalno ureden skup J; koji je upravo
definisan. Familija (E})¢c,, zajedno sa familijom preslikavanja (Bgs)s<t, je jedan
induktivni sistem dvostranih Hilbertovih B — B modula u smislu da vazi

1. 55,5 = IEsv 5 € Jy;

2. Bt,sﬁs,t = Bt,‘ﬁ t<s<teJ;.

Dokaz 2.1. Jedino je 2 potrebno dokazati.
Neka su vt = (rp,-+ ,71), § =ty — -+ — v, gde v; = (rig;, -+ ,7ri1), 1 <i < n.
Dakle,

t = (tnkn NN tnl) — (t(n—l)k’n_l NN t(n—l)l) ~ e

e (P — = t).

Sada je
Bt,sﬁﬁ,t = Bt,s (Btn,Tn - ® 6& ,Tl) =

= [/Btnkn:Tnkn ® /Btnkn_lzrnkn_l Q- ® Btnlﬂ’nl Q- ® Btlklﬂ'lkl Q- & /Btu,ru]
(5tn17’n - ® ﬁtlyrl) =
- [B(tnknv“'vtnl)vtn ® B(t(nfl)kn_lv'“vt(nfl)l)vtn—l Q- Q® 5(t1kIV"'vf11)7t1]

(Btna""n @ ®5t177’1) =

= B(tnknv“'vtnl)vrn ® B(t(nfl)kn_l\_/"'vt(nfl)l)arn—l Q- ﬂ(tlklvmvtu),ﬁ =

= ﬁ’t,t'

Teorema 2.1. Neka je (F, 3) sistem inkluzija (Definicija 2.2), gde je B C*-algebra
ogranicenih linearnih operatora na Hilbertovom prostoru H, tj. B = B(H), i
Hilbertov prostor H je konacne dimenzije. Za svako t > 0, neka je

gt = indlim E5
sEJt

induktivni limes familije (Es)ses, nad J;. Familija € = {& : ¢t > 0} ima strukturu
sistema proizvoda Hilbertovih modula.

Dokaz 2.2. Primetimo da, kako je H kona¢ne dimenzije, B = K(H) je unitalna
C*-algebra.
Osobine konstrukcije induktivnog limesa su:
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1. Postoje kanonske izometrije is : E; — & koje zadovoljavaju is3s: = i za
t,5 € Jy, t <5,

2. Zat >0, & =span{is(a) :a € Es, s € J;}.

3. (Univerzalno svojstvo) Za dati dvostrani Hilbertov B—B modul J i izometrije
Js : By — J takve da js8s = jr za sve v < s, postoji tacno jedna izometrija
j & — J takva da js = jis za sve s € Jy.

4. Neka K C J; ima sledeée svojstvo: Za s € J; postoji t € K takvo da je
s < t. Tada skup K nasleduje uredenje iz J; i K — J; je kofinalna funkcija.

Vazi indlim F; = indlim F;.
seJt seK

Na osnovu |6, Stav A.10|, & je Hilbertov B — B modul. Takode, prema |6,
Primedba A.7|, svako is : E; — &, s € J; je dvostrana izometrija.

Za s,t > 0 definise se skup Js — J; = {s — t: s € J,, t € J;}. Za bilo
koji element v € Jsy¢, postoje s € J; it € J; takvi da s — t > v. Kako je
Js — Ji C Jsy+, prema svojstvu 4 konstrukcije induktivnog limesa, vazi

sy = indlim F, = indlim F;_{= indlim F;® Fi.
r€Jsyt s—teJs—Jt s—teJs—Jt

Za s € Jg, t € J; posmatrajmo preslikavanje is ® it : Fe_y — & ® &, gde su
i : B — &, i : By — & kanonske izometrije. Primetimo da iz

st <s—tecJ,—J sledi §<s, t' <t
Sada, kako je Bs_ig—v = Bs.¢ @ By, vidimo da vazi
(is ® iy) Bsts' ot = 1sPser @ 4By = iy @ iy.
Na osnovu univerzalnog svojstva, zaklju¢ujemo da postoji jedinstvena izometrija
Bst: Espt > Es R &, takva da Bgpis ¢ = is @ it (3)

Na osnovu osobine 2 konstrukcije induktivnog limesa, jasno je da je Bs; unitarno
preslikavanje.

Na kraju, da bismo dobili jo§ (B, s ® Ig,)Bryst = (Ig, ® Bst) By g4+, dovoljno
je da posmatramo vektore oblika i,_s (2 @ y ® 2), x € E;, y € Es, z € Fy.
Vidimo da vazi

(Br,s & Igt)BT-i-S,titvsvt(x 0y Yy & Z) - (Br,s & Igt)(itvs(x & y) & it(z)) -
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= B siv_s(z @ y) ®i(2) = ic(x) @ i5(y) @ ig(2),

i, sa druge strane,
(Ie, @ Bst)Brsttiv—st(z @y @ 2) = (lg, @ Bst)(ie(2) @ ist(y ® 2)) =

= i(7) ®is(y) ®ie(2).

Definicija 2.3. Sistem proizvoda (€, B) koji je konstruisan u Teoremi 2.1 se zove
sistem proizvoda generisan sistemom inkluzija (E, 3).

Napomena 2.1. Ako je (E, ) ve¢ sistem proizvoda, onda on generise sam sebe.

2.1 Jedinice sistema inkluzija

U ovom potpoglavlju govorimo o morfizmima izmedu sistema inkluzija i o jedini-
cama sistema inkluzija.

Definicija 2.4. Neka su (F, ) i (F,~) sistemi inkluzija. Neka je C' = (C})¢>0
familija dvostranih preslikavanja Cy : By — Fy, takva da postoji p € R za koje
vazi ||Cy|| < e, za svako t > 0.

C je slab morfizam (ili samo morfizam) ako
Cs+t = 7;:15(05 X Ct)/BS,ta 87t > 05
C je jak morfizam ako

7s,tCs+t = (Cs ® Ct)ﬁs,ta s,t > 0.

Primedba 2.1. Jasno je da je svaki jak morfizam ujedno i slab morfizam, dok obr-
nuto ne mora da vazi. Takode, ova dva pojma su jednaka kod sistema proizvoda
jer su preslikavanja B i vs¢ unitarna.

75



Definicija 2.5. Neka je (E, () sistem inkluzija. Neka je & = (&)¢~0 familija
vektora za koju vazi:

1. Zasvako t > 0, & € Ey;
2. Postoji p € R takvo da je ||&]| < €', za sve t > 0;
3. Zaneko t >0, & # 0.
Kazemo da je £ slaba jedinica (ili samo jedinica) ako je
ot = Biy(&s® &), s,t>0;
Kazemo da je £ jaka jedinica ako je

Bs st = Es @&, 8,6 > 0.

Primedba 2.2. Svaka jaka jedinica je ujedno i slaba, dok obrnuto ne mora da
vazi. Jasno, kod sistema proizvoda, jake i slabe jedinice se poklapaju.

3 Izomorfizam izmedu jedinica sistema inkluzija i je-
dinica generisanog sistema proizvoda

Neka je C*-algebra B = B(H), gde je H Hilbertov prostor kona¢ne dimenzije.
(Prema tome, svi operatori u B su kompaktni.)

Neka je (£, B) sistem proizvoda generisan sistemom inkluzija (F, 3) i neka je
&€ = (&) jedinica u (F, 8) za koju postoji neko p € R takvo da je za svako t > 0
1€l < €.

Neka je t > 0. Definisemo

E5955:fsm ®£8m71®"'®5817 sz(smysmflw"asl)ejt-

Za sve s < t, na osnovu definicije preslikavanja S (1), vidimo da je

Prema tome vazi:
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Lema 3.1. Za b € B, (itb)ics, je konvergentna familija u &.

Dokaz 3.1. Za t > s € Jy, vazi

(€6 &) — (&ar &) = (€, &) — (Bisbe, Bisb) = (€& — (&b BusBisée) =

= (&, (Ip, — BisBis)&) > 0,

jer je BusfBis : By — Eg projektor ( [13, Definicija 1.5.4]).

Dakle, vidimo da je (&, §t)c s, rastuca familija samoadjungovanih operatora u
B koja je uniformno ograni¢ena (|| (&, &) || < €*P) i, prema tome je jako konver-
gentna u B.
Za t > s € Jg, koristeci (4) i jednakost is = 940 s, dobijamo

Hitftb - isfsb”gt = ” <itftb — ig&sb, 14§eb — i5§5b> HB =
= H <it§tba itftb> - <it‘£tb;i5§sb> - <i5§5b7 itftb> + <iﬁfsba isﬁsb> ” =
= [[b" (i€, ie&e) b — " (ie&i, 158s) b — 0™ (iss, 148e) b+ 0* (1585, 15Es) b]| =
= 16" (€6, €00 b — 0" (&5, &6) b — 1" (€5, &) b+ 0" (&5, &s) bl =
= ||b>|< <€t7 §t> b— b* <§Sa §S> b”

Kako je b € B kompaktan operator i (&, &) j, jako konvergira u B, familija
(0* (&, &) b)ieg, uniformno konvergira u B, pa (iib)ics, konvergira u &.

Teorema 3.1. Neka je C*-algebra B = B(H), gde je H Hilbertov prostor konatne
dimenzije. Neka je (E, ) sistem inkluzija i (£, B) sistem proizvoda njime gene-
risan.

1. Kanonsko preslikavanje ¢ = (i), i; : By — &, je izometricki jak morfizam
ovih sistema inkluzija.

2. Preslikavanje ¢* = (if) je izomorfizam izmedu jedinica u (£, B) i jedinica u

(E,B).
Dokaz 3.2. 1. Neka je s,t > 0. Tada je (s +t) < (s,t) € Js4¢, pa je
U(s4t) = Us,t)Bs,t),(s41)

na osnovu osobine 1 konstrukcije induktivnog limesa (dokaz Teoreme 2.1). Na
osnovu (2) je

is-}—t = i(s,t)ﬂs,ta
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pa je
Bs,tis—&-t = Bs,ti(s,t)ﬁs,t = (7:3 ® it)ﬁs,h \Vlsa t> 07

prema (3). Dakle, i je jak morfizam.

2. Neka je n = (1) jedinica u (€, B). Prema tome, postoji a € R takvo da
Ine]l < e'@, za sve t > 0. Takode, ||ifn:|| < €. Sada vazi

i:+t77$+t = i:—i-tB:,t(Us @ ne) = [Bstis+t] (ns @ i) = [(is @) Bst] " (ns @ mt) =

= (Bi(i5 ®@17))(ns @ M) = B3, (i5ms @ ifme),

pa je i*n = (ifn;) (slaba) jedinica u (E, ().
Kako je i jak morfizam, odmah sledi da je ¢* (slab) morfizam.

Za s = (Sm, Sm—1,...,51) € J; definige se
E=E&, @&, Q- ®E&,.

Neka je is : B — & kanonska izometrija. Sli¢no kao u (2), definisu se preslikavanja
Bt : & — &, 1 kori§¢enjem (3) dobijamo

B tis = i, @ s, ® - Qi (5)
Za svaku jedinicu n = () u (€, B) definisemo
s = Nsp Q-+ @My € &
Tada je

Bg s = n- (6)

Injektivnost od 7*:
Neka su 7, ¢ jedinice u (£, B) takve da ifn; = i} (s, za sve t > 0.

Neka je t > 0. Za svako § = (S, Sm—1,--.,51) € Ji, prema (6) i (5) vazi
i = ig By yns = (Bsyis) s = (i, @iy, @ @ig )(Ns,, @Nsppq @ @m1) =

— i:mnsm X ®i:17751 — i:mcsm R ®i:1<'31 —
= (Z* ®i:m_1 ®...®i:1>(<5m ®C5m71 ®"'®CS1) -

Sm
= (Bs,tis)*CS = Z: :,tCE = i:Ct,
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odakle sledi i5i;m: = 1595 € &t
Za s <t Ji, identitet 7¢f s = i5 daje
Uslyitly = igly.

Kako je B = B(H), gde je H kona¢no dimenzioni Hilbertov prostor, B za-
pravo predstavlja C*-algebru svih kompaktnih operatora na H, odnosno B = C»
(Hilbert-Smitovi operatori na H). Primena Stava 1.1 i Primedbe 1.1, u ovom
slucaju, obezbeduje da je & = (&t)c, ujedno i Hilbertov prostor sa skalarnim
proizvodom (-, ) = tr({-,-)).

Prema tome, kako je & = span{is(a) : a € E,, s € Ji}, rastuca familija pro-
jektora (isi) jako konvergira identi¢kom operatoru na &, pa dobijamo n: = (;.

Surjektivnost od ¢*:
Neka je £ = (&) (slaba) jedinica u (E, 3) za koju je ||&| < €' za neko a € R i
svako ¢t > 0.

Neka je t > 0. Za svako § = (Sp, - ,51) € Ji, definig§imo

fs :§Sn®"‘®§s1'
Za s <te J; vazi
& = Bisée (7)

Na osnovu Leme 3.1, uzimajuéi B > b = I (identicki operator), zaklju¢ujemo
da familija (#¢{¢)tes, konvergira u dvostranom Hilbertovom B — B modulu &;.
Oznalimo njenu grani¢nu vrednost

b — '
tg}ﬁu& ne € & (8)

Pokazujemo da je n = (n;) jedinica u (€, B).
Za L1,22,...,Tk egsiy17y27"'7yk Egt, k> 17

<Bs,ms+t, sz ® yl> = Z (Nsyt, Biy(ti @ yr)) =

l l

= Z lim sttgsvt7 B (.CL'[ ® yl)>

s—teJs—J¢
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= Z lim  ((is ® i) (& @ &), 11 @ 1) =

s—teJs—Jt

= Z lim  (is& @ i, 1 @ yp) = Z lim (i, (iss, 1) Y1) =
]

s—teJs—J¢ s—teJs—J¢

=, (s, ) i E:wamﬂn®w%=<%®mu§:w®y>-
l

l l

Odavde zaklju¢ujemo da je n jedinica u (€, B).

Neka je z € E;. Koristec¢i (8), osobinu 1 konstrukcije induktivnog limesa
(dokaz Teoreme 2.1), kao i (7), vidimo da vazi

<i>tk77tax> = <77t; Z‘1f37> = }1612 <it€t7itx> = tlg}i <i:it§tax> =

= tlg(% <ﬁ::ti:<it§tv :L‘> = tlg(% <ﬁzt§l‘7 'I> = thGI% <£t7 :L‘> = <§t7 l‘) )

pa dobijamo da je ifn; = &;.
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Abstract

This paper considers Lyapunov and T-Lyapunov matrix equations. Lya-
punov equation is a matrix equation of the form AX + XA”T = E which
plays a vital role in a number of applications, while T-Lyapunov equation is
a matrix equation of the form AX + X7 AT = E. In this paper the relation
between these equations will be exploit with purpose of applying obtained
results in problems regarding damping optimization in mechanical systems.

1 Introduction
Lyapunov equation is a equation of the form
AX + XAT = E, (1)

where A, F € R™" are given and X € R™*™ is unknown matrix. 7- Lyapunov
equation (sometimes called also Lyapunov equation for T-congruence [1]) is a
equation of the form

AX + XTAT = B, (2)

where A € R™*" and E € R™*"™ are given matrices and the unknown matrix is
X e Rv*m™,

Lyapunov equations play a vital role in a number of applications such as ma-
trix eigendecompositions [2], control theory [3], model reduction [4-6], numerical
solution of matrix differential Riccati equations [7], image processing [8], eigen-
value assignment problem (EVAP) [9,10], and many more.

On the other hand, T-Lyapunov equation is still not so known and widely
used, although it comes from the theory of Hamiltonian mechanical systems [11].
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It can be also used for the singular value decomposition of time varying matri-
ces [12], for H? optimal output feedback control for descriptor systems and gener-
alized algebraic Riccati equation for continuous-time descriptor systems [13,14].

It is well known that Lyapunov equation (1) has a unique solution if and only
if \j(A)+X;(A) # 0, for all eigenvalues of A. For small or medium dimensions of
matrices the Lyapunov equation can be solved by Bartels-Stewart or Hammarling
method (see [15-17] ). When E is a symmetric matrix, then the solution X is
also symmetric matrix.

T- Lyapunov equation (2) does not have solution if E' is not symmetric matrix.
This can easily be seen since the left hand side of equation is symmetric, that is
(AX + XTAT)T = AX + XT AT, Further, Lyapunov equation for T-congruence
never has a unique solution. If m = n, E = ET and A is regular, then equation
(2) has infinitely many solutions of the form X = A~Y(Z + 1E), where Z is
arbitrary antisymmetric matrix (i.e. there is n?/2 —n degrees of freedom, so the
dimension of the solution space is n(n — 1)/2). For the general solution for the
general matrix A, see [11].

2 Application of Lyapunov equation in mechanical
systems

In this section we will present one approach to a damping optimization of me-
chanical systems in which Lyapunov equation plays an important role.

For that purpose we first consider a mathematical model of a linear vibrational
System:

Mi + Di+ Kz = 0, (3)

where the matrices M, D and K (called mass, damping and stiffness, respectively)
are real, symmetric matrices of order n with M and K positive definite. D =
Cy + Ceyy is the damping matrix where C), represents the internal damping while
matrix Cpyy = vC) is a positive semidefinite matrix with Cy which describes the
geometry of external damping and v represents viscosity parameter. The internal
damping C,, is usually taken to be a small multiple of the critical damping that
is,

Cy= OéCcrit, Cerit = M1/2 \/M_1/2KM_1/2M1/2- (4)

For example, an n-mass oscillator (Figure 1) can be described by differential
equation (3) where M and K are given by

M = diag(mi,ma,...,my),
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ki +ky  —ko
—ko ko + k3 —k3

K = . Ny
_kn kn + kn—i—l
where m; > 0,7 = 1,...,n are masses and k; > 0,7 = 1,...,k + 1 are spring

constants or stiffnesses.

my

kn kn.

Figure 1: The n-mass oscillator

Damping matrix is of the form D = C), 4+ Ceyt, where external damping Co,y
depends on damper’s positions and viscosities. For example, oscillator in Figure
1 has two dampers at positions one and three with viscosities v1 and vo. This
means that D = Cy + Cepr = Cy + vlelelT + vgegeg, where e; is i-th canonical
basis vector.

Equation (3) can be transformed to the phase space which yields a system of
first order differential equations. Since matrices M and K are positive definite
there exists a matrix ® which simultaneously diagonalizes M and K, i.e.,

TK® = Q% = diag(w?,...,w?) and ®TMd =1, (5)

where w%, ...,w? are called undamped eigenfrequencies.

We can write the differential equation (3) in the phase space as
dt | ye -Q —9TD® | | y
or 1y = Ay,
where

o 0 Q o U1

A_|:_Q _q)TDq):|7 y_|:y2:|7 (7)

for more details see [18,19].
Now, we have the first order differential equation

y = Ay,
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with the solution
y = e?yy, where ygcontaines the initial data.

For (M, D, K) from our problem it can be shown that the eigenvalues of A
are in the left half of the complex plane, that is, A is stable (see e.g. [19,20]).

In a damping optimization a very important question arises: for given masses
and stiffnesses we want to determine the "best” damping matrix D which insures
optimal evanescence of each component of y.

There exists different criterions for that problem, e.g. one criterion is the
so-called spectral abscissa criterion, which requires that the maximal real part of
the eigenvalues of the corresponding quadratic eigenvalue problem is minimized.

In this paper we would like to use criterion which is based on the minimization
of the total energy (as a sum of kinetic and potential energies) averaged over all
initial states of the unit total energy and a given frequency range. Moreover, it
can be shown that with this averaging our criterion is equivalent to (see e.g. [18])

trX — min, (8)
where X is the solution of the Lyapunov equation
AX + XAT = -7 (9)

where Z = GGT and A is as in (7). The case when G' = I corresponds to the
case when all eigenfrequencies of the undamped system are damped. If we are
interested in damping of first s eigenfrequencies of the undamped system that
(e.g. if they correspond to the critical part), the matrix G will have the following
form

I, 0
0 0

G=1|y o (10)
0 0

More details regarding the structure of Z can be found in [18].

Damping optimization using criterion (8) requires solving the Lyapunov equa-
tion (9) numerous times since we need to optimize the viscosity parameter or
even geometry of external damping. Moreover, efficient damping optimization
was widely studied see e.g. [18,19,21-24], but due to complexity of presented
problem, this is also nowadays very investigated problem.

3 Relations between Lyapunov and 7T-Lyapunov equa-
tions

It is straightforward but very interesting to emphasize that the symmetric solution
of T-Lyapunov equation (if it exists) corresponds to the solution of Lyapunov
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equation, that is Lyapunov equation can be understood as constrained Lyapunov
equation for T-congruence:

AX + XTAT = E

T _
AX + XA" = F Yo xT

(11)

The result about existence and uniqueness of the solution of Lyapunov equa-
tion can be transferred to T-Lyapunov equation and it reads: Lyapunov equation
for T-congruence has unique symmetric solution if and only if X\;(A) + \;(A) # 0
for all eigenvalues of A.

Let A = SAST, where S is regular matrix. Then multiplying AX + X AT =
E from the left by S~! and from the right by S~7, from Lyapunov equation
we obtain T-Lyapunov equation AY + YTAT = E, where Y = STXS™T and
E =S71ES. Then
Ay +YTAT = E

T _
AX +XA" = F < Y = STXS T, X = X7 °

(12)

If A has some particular structure, then the right-hand side constrained struc-
tured problem may have better properties then the unstructured Lyapunov equa-
tion.

Example 3.1. Using perfect shuffle permutation matrix, Lyapunov equation (9)
related to damping optimization can be written in the following form

(Ag —vCCT)X + X (4y —vCCTT = —GGT. (13)

Matrix Ag € R™*™ is block-diagonal matrix (m = 2n), while C' is a full column
rank rectangular matrix with » columns, where usually r < n. Let Ag be written
as Ag = SJST, which can be done in several ways. Then, if we multiply (13) by
S~! from the left and by S~7 from the right, we obtain T-Lyapunov equation

(J —vCCY +YT(J —vCCT)T = -GG, (14)

where Y = STXS T, ¢ = $71C and G = S~'G. The symmetric solution of
(14) corresponds to the solution of (13).

One particular choice for S is e.g.
. /2 1/2  1/2  1/2
S = dzag(wl/ ,wl/ ,w2/ ,w2/ ,...,w,l/2,w,1/2) =s7.

Then matrix J is block-diagonal matrix with 2 x 2 blocks which are all equal to
0 1
-1 —a |
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For efficient computation of solutions of (14) which are given by

A A 1
Y = (J —vCCT)™! <§E + Z> , Z is antisymmetric, (15)

for different values of v, Sherman-Morrison-Woodbury formula can be used, which
gives

Y = (J v ol O —oCTJIOY I CT Y <%E + Z> : (16)

Since J has above structure, J ! is a block-diagonal matrix with blocks

—a -1
R
Now, the number of flops for calculation of Y as in (16) is 2m?3 + 2rm? + 2r2m +
%7“3 + O(m?), where 2m? corresponds to matrix product with (%E + Z), %r?’ +
2r2m comes from solving systems with I, — vCTJ~1C, that is for calculation of
matrix Yy := (I, — vCTJ1C)~'CTJ~" and finally term 2rm? corresponds to
matrix product CTJ1y;.

For comparison, direct calculation using formula (15) has complexity §m3 +
2rm? + O(m?), where %m?’ comes from LU decomposition of matrix .J — vCCT
and solving m systems for columns of Y while 2rm? comes from multiplication
CCT.

On the other hand, solving (13) using standard method has complexity 16m3.

In Figure 2 the number of flops for solving T-Lyapunov equation using (16)
(denoted by ’Structured T-Lyapunov’), direct calculation using formula (15) (de-
noted by 'T-Lyapunov’) and Bartels-Stewart method for Lyapunov equation (de-
noted by 'Lyapunov’) with respect to dimension m is presented (for r = 4). We
can see that formula (16) gives the method of choice. In Figure 3 we can see that
this conclusion also holds for all r < 7.

4 Conclusions and future work

It this paper it has been pointed out that Lyapunov equation can be concerned as
constrained T-Lyapunov equation. One possible application of relation between
these two equations has been proposed regarding problems from mechanics.

Equation (14) has infinitely many solutions and finding the symmetric one is
not straightforward, but the natural question appears whether the optimization
of v (viscosities of dampers) or Cj (geometry of dampers) can be done efficiently
using explicit formula for solutions of (14) and do the solutions of this equation
give some additional information about the system.

In the future work we would like to find efficient method for obtaining pa-
rameters, i.e. matrix Z which gives symmetric solution of T-Lyapunov equation
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Number of flops

Figure 2: Number of flops with respect to m (r = 4)

Number of flops

Figure 3: Number of flops with respect to r (m = 1000)
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(which corresponds to the solution of Lyapunov equation). Also we would like to
have better understanding of physical meanings of other solutions of T-Lyapunov
equation related to a mechanical systems and then to use this information in order
to obtain some results in parameter dependent optimization problems regarding
vibrating mechanical systems.
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Abstract

We give a brief survey of results and problems considering the relation
between Hofer’s distance for Hamiltonian diffeomorphisms and Lagrangian
submanifolds, as well as the role of quasi - autonomous Hamiltonians in the
description of geodesics. Besides, we discuss quasi - autonomous Hamilto-
nians in relation to Hofer’s geometry of Hamiltonian diffeomorphisms group
within the ambient space of Lagrangian submanifolds.

1 Introduction

Let (P,w) be a smooth symplectic manifold and H : P x [0,1] — R a smooth
(possibly time-dependent) function. Hamiltonian diffemorphism ¢; is a solution
of the dynamical system

dgy

7 (z) = Xu(pe(x)), ¢o=1d (1)

where X is a Hamiltonian vector field, i.e.
w(Xp,-) =dH(:). (2)

In local coordinates (qi,...,qn,P1,.-.,pn) Hamiltonian diffeomorphism is a
solution of the system:

dgj _ OH — dp; _ OH
dt N apj7 dt N 8(]]"
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In classical mechanics, these are admissible motions and Hamiltonian H is the
energy of the system.
Hamiltonian diffeomorphisms preserve symplectic form, i.e:

piw = w,

hence they form a subset of the group of symmetries of symplectic manifold,
denoted by Symp(P,w). Moreover, they form a normal subgroup of Symp, i.e:

Ham(P, w) < Symp(P, w)

with respect to the composition o. Here Ham(P,w) denotes the group of Hamil-
tonian diffeomorpshisms.
Let ¢(t) be any smooth path in Ham(P,w), i.e.

¢ :[0,1] —» Ham(P,w), ¢(0) =1d.

A non-trivial fact due to Banyaga [1] is that this is also a family of Hamiltonian
diffeomorpshisms, i.e. that the vector field X := 42 is Hamiltonian (meaning

dt
that w(X, ) is an exact form).

2 Hofer’s geometry

The pairing H «~ Xp is uniquely determined up to a constant (w is non-
degenerate). Therefore, the Lie algebra of Ham(P, w) is naturally identified with
C*(P)/R. Any norm || - || on C*°(P)/R induces a length on Ham(P,w):

dof’

1
dt = H(-,t)||dt
ol = [ v opa

1
lenght ({¢tH}te[o,1]) _/0

and the (pseudo)distance:

p(@, 1) := inf{lenght({¢+}) | ¢+ connects ¢ and 9 }.

It was proved by Eliashberg and Polterovich in [5] that the choice of L, norm
on C for p < oo, gives rise to a degenerate pseudo-metric, moreover, if the
manifold P is closed, it is identically equal to zero (see also [15]).
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However, Lo, norm on C*°/R:

H(-,t)||o0 == max H(z,t) — min H(z,
1, 8)lloo == max H (z,t) — min H(z,?) (3)

induces a non-degenerate distance p on Ham(P, w) which is bi-invariant, meaning
that

plpod, o) =p(pop,Poy)=p(pP),

for ¢, ¢, ¢ € Ham(P,w). This metric is called Hofer’s metric. The non-degeneracy
of p was proven by Hofer [6] for P = R?*" and by Polterovich [14], Lalonde and
McDuff [7] in the general case.

3 Generalization: Lagrangian submanifolds

An embedding L <% P into a symplectic manifold (P,w) is said to be Lagrangian
if diim L = § dim P and +*w = 0.

Remark 3.1. Lagrangian submanifolds are generalization of Hamiltonian diffeo-
morphisms since the graph

Graph(¢) := {(z,¢(x) | r € P} C P x P
is Lagrangian submanifold of a symplectic manifold (P x P,w & —w).

Let L and Lo be two Lagrangian submanifolds of P. We say that L is Hamil-
tonian isotopic to Ly if there exists ¢ € Ham(P,w) s.t. L = ¢(Lg). We denote by
L(Lg, P,w) the set of all Lagrangian submanifolds that are Hamiltonian isotopic
to Lyg.

In view of the Remark 3.1 we can say that

Ham(P,w) — L(A,P X P,w @& —w), ¢ — Graph(¢).

3.1 Hofer’s metric on £L(Ly, P,w)

It is possible to define the Hofer distance on the space £(Lg, P,w). The length of
the path is defined as

1
tength({Lihei) =it { [ 1Hlwdt | Hi = of, 61(L0) = L},
0
and the distance between two Lagrangian submanifolds as

d(L, L") := inf{length({L:}) | L; connects L and L’}.
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Chekanov [3] proved that, for closed L and tame P (which means that it is some-
how geometrically bounded) the above metric is actually non-degenerate.

It is obvious that length({¢ (Lo)}) < lenght({pf}), so d(L,#(L)) < p(Id, ¢)
and d(A, Graph(¢)) < p(Id, ¢). The natural question that arises here is weather
Ham(P,w) — L(A,P x P,w ® —w) is an isometry (i.e. weather p = d)? The
answer is negative in general and it was given by Ostrover [12]. He proved that if
P is closed with ma(P) = 0, then there exists a family ¢s € Ham(P,w) such that

5—00

e p(Id, ¢ps) — o0
e d(Graph(Id), Graph(¢s)) = const > 0.

4 Geodesics and quasi-autonomous Hamiltonians

Quasi-autonomous Hamiltonians are generalization of autonomous Hamiltonians.

Definition 4.1. H : Px|0,1] — R is quasi-autonomous if there exists z,,z_ €
M s.t.

m:?xH(t, x)=H(t, z4), H;inH(t,x) = H(t,xz_), for allt € [0,1].

It turns out that quasi-autonomous Hamiltonians play an important role in
the description of geodesics of Hofer’s metric. Here by geodesic we mean the path
that locally minimizes the distance. More precisely, the path ¢; € Ham(P,w)
is geodesic if for any ty € [0, 1] there exists a § > 0 such that for all ¢1,t €
(to — 6,to + 0) it holds

lenght ({¢t}t€[t1,t2]) = p(¢t17 ¢t2)'

The following theorem was proved by Bialy and Polterovich [2|, for R?", and
by Lalonde and McDuff [7] for general case.

Theorem 4.1. The path ¢!! is geodesic in Ham(P,w) if and only if H is quasi-
autonomous.

There is an analogue of the previous theorem which describe geodesics in the
space L(P, L,w), in the case of the cotangent bundle P = T M with the standard
symplectic form, w = —d\ and the zero section Ly = Oyy.

Theorem 4.2. [8] The path {L:} is geodesic in L(T*M,Opr,—dN) if and only
if it is generated by a quasi-autonomous Hamiltonian.
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5 Spectral invariants, admissible Hamiltonians and L—quasi

autonomous Hamiltonians

In this section we compare Hofer’s length of the path of Lagrangian submanifolds
with certain numerical invariants associated to a Hamiltonian functions, called
spectral or symplectic invariants.

More precisely, let (P,w) be closed symplectic manifold and L C P a closed
Lagrangian submanifold. Suppose that the following topological property is ful-
filled:

mo(P, L) = 0. (4)

For given Hamiltonian H and a singular homological class a € HiE (L) there
exists a real number c¢(a, H) with the following properties:

(A) c(a, H) € Spec(Ag), where Spec(Ap) is the set of critical values of action

functional:
Ap(a) ::/w—/Hdt.

Here « is a smooth path
a:[0,1] = P, a(0),a(l) € L

and & is any smooth mapping from the half-disc D = {22 +4? < 1,y > 0}
to P, such that a|g+ = «, where ST is the upper half-circle (here we suppose
that [a] = 0 € m(P,L)). Action functional is well defined due to the
condition (4).

(B) ¢(a,-) is continuous with respect to Hofer distance, more precisely, it holds:
|c(a, Hy) — ¢(a, Ha)| < ||[H1 — Haloo,
where || - || is a Hofer distance.
(C) (Poincaré duality) if we denote by H(z,t) :== —H(z,1 —t), then
c(1,H) = —c([L], H).
(D) (triangle inequality) c¢(a Ub, H§ K) < ¢(a, H) + ¢(b, K), where
HE K (x,t) = H(z,t) + K((¢) " (2),1).

Here ¢, is a Hamiltonian diffeomorphism generated by H in the sense of the
equations (1) and (2).
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Spectral invariants in Floer theories (in Hamiltonian or Lagrangian case) were
studied by Viterbo [17], Oh [9-11|, Schwarz [16], etc. They are deeply connected
with Hofer’s distance. For example, one can use spectral invariants to derive the
non-degeneracy of Hofer’s distance, which is highly non-trivial fact.

One construction of spectral invariants relies on certain isomorphisms between
Morse homology (which is isomorphic to the singular homology) and Floer homol-
ogy. These are so-called PSS isomorphisms and they were originally constructed
by Piunikhin-Salamon-Schwarz in [13]. There are a lot of auxiliary structures and
notions involved in the construction of PSS isomorphisms and spectral invariants,
but they turn out to be independent of them all. The precise construction of
spectral invariants in our particular case can be found in [4].

In this note we establish another connection between spectral invariants and
Hofer’s length. Similar result was made by Schwarz in [16] in the case of periodic
orbit spectral invariants. First we need to introduce some notions.

Definition 5.1. Relative spectral invariant is by definition
’7(a7H) = C(CL, H) - C(laH)a

and particularly
V(H) :==~([L], H).

Definition 5.2. We say that H is admissible if all the solutions of
x € C([0,1], P) | (t) = Xg(x(t)),z(0),z(1) € L,[z] =0 € m (P, L)
are necessarily constant.

Definition 5.3. . H : P x [0,1] — R is L—quasi-autonomous if there exists
two different points z+ € L and two disjoint neighbourhoods UL > x4 in P, such

that

ma}_;;H(m,t) = H(y,t), forallze U, te]|0,1],
e

mi]rle(y:,t) = H(y,t), forallzeU_,te]l0,1].
Te

The main result is the following.

Theorem 5.1. Let H be L—quasi-autonomous Hamiltonian which is admissible
and homotopic to O through admissible Hamailtonians. Then it holds

V(H) = [|H]|oo,
where || - || is the Hofer norm (3).

The details of the proof of Theorem 5.1 will be given elsewhere.
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Apstrakt

Jedan od alata modelsko teoretske analiza linearnih uredjenja je konden-
zacija. Dademo pregled poznatih kondenzacija i njihovih iteracija, i defini-
sa¢emo novu, diskretnu kondenzaciju, odredjenu definabilnom relacijom ~.
Neka je A = (A, <) linearno uredjenje. Definisgimo:

a ~ b ako i samo ako je interval [a, b] diskretno linearno uredjen.

Relacija ~ je definabilna relacija ekvivalencije, a njene klase su konvek-
sni skupovi. Definabilnost ove kondenzacije je kljuéna i pomocéu nje é¢emo
pokazati: svako linearno uredjenje sa prebrojivo mnogo disjunktnih unarnih
predikata je interpretabilno u €éistom linearnom uredjenju.

1 Uvod

Ovaj deo rada je pregled oblasti u kojoj se kondenzacije koriste za analizu lineranih
uredjenja. Detalji se mogu naci u [1].

Neka su A = (A,<4) i B = (B,<p) dva linearna uredjenja. Bez umanjenja
op§tosti, neka su A i B disjunktni (ukoliko nisu, moZzemo A zameniti sa A x {0}
i Bsa B x{l}). Sa A+ B ¢emo obelezavati linearno uredjenje koje nastaje kad
na A nadovezemo B. Detaljnije, A+ B je struktura (AU B, <) gde je relacija <
odredjena sa:

- ako su ay,a2 € A, onda a1 < as ako i samo ako je a1 <4 asg,
- ako su by, be € B, onda by < by ako i samo ako je by <p b2 i
-a<bkadgodjeac AibeE B.

Pojam nadovezivanja linearnih uredjenja se lako moze uopgtiti. Neka je L =
(L, <r) linearno uredjenje i neka je A; = (A;,<;) linearno uredjenje za svako
| € L. Bez umanjenja opstosti, neka su A;, i A;, disjunktni kad god su Iy i l2
razliciti. Neka je A = (J;c; A i relacija < definisana na A na slededi nacin:

*Supported by the Ministry of Education, Science and Technological Development of Serbia,
grant ON 174026
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- ako su ay,a2 € A;, onda a1 < as ako i samo ako je a1 <; ag;

- ako je a1 € A, 1 ag € Ay, onda a1 < ag ako i samo ako je l; <z, lo.
Ocigledno je (A, <) linearno uredjenje. Obelezavacemo ga sa ) ;. A; i reci ¢emo
da je suma linearnih uredjenja {A; |1 € L}.

Uredjenje > ,c; A ¢emo Ces ¢e obelezavati sa A x L.
Definicija 1.1. Linearno uredjenje je:

D : diskretno ako svaki element, sem eventualno najveceg ima neposrednog prethod-
nika i svaki element, sem eventualno najmanjeg ima neposrednog sledbenika.

R : rasuto ako mu (Q, <) nije poduredjenje.
G : gusto ako izmedju svaka dva elementa postoji bar jos jedan.

Primer 1.1. (1) Jedno¢lano uredjenje 1 je i diskretno i rasuto i gusto uredjenje.

(2) Strukture n, (w, <), (W*, <), (WH+w*, <), (ZXZ,<), (ZXw,<) i (w+Zx
Z + w*, <) su i diskretna i rasuta uredjenja.

(3) Strukture (w+ZxQ, <), (ZxQ+w*, <), (W+Z x Q+w*, <) su diskretna
ali nisu rasuta uredjenja

(4) Strukture (w x Z, <), (w* X Z, <), (W* X w, <), (w x w*, <), (w x n, <),
(w", <) 1 (w¥, <) su primeri rasutih uredjenja koja nisu diskretna.

Upravo postojanje ili nepostojanje najmanjeg ili naveéeg elementa govori da
teorija diskretnih linearnih uredjenja nije kompletna. Postoji pet varijanti moguéih
kompletiranja, s tim Sto peta varijanta sadrzi prebrojivo mnogo aksioma, dok
se ostale mogu aksiomatizovati konacnim skupom aksioma. Neka su ®; sledece
reCenice:

®g: Relacija < linearno uredjuje domen.

®;: Svaki element, sem eventualno najveéeg ima neposrednog prethodnika i svaki
element, sem eventualno najmanjeg ima neposrednog sledbenika.

®y: Postoji namanji element.
®,: Ne postoji namanji element.
®3: Postoji najveéi element.

®%: Ne postoji najvedi element.
P34 ,: Postoji tacno n elementa.

34n: Negacija aksiome ®3y,.
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Aksiome ®g i ®; ¢ine teoriju diskretnog linearnog uredjenja.

Neka je T1 = {®g, ®1, P2, P5}. To je potpuna teorija koja kaze da su njeni
modeli diskretna uredjenja koja imaju najmanji i nemaju najveéi element. Svi
njeni modeli su oblika M; = (w+7Z x L, <) za L bilo kakvo linearno uredjenje ili
L=10.

Teorija Ty = {®g, P1,P,, P3} je drugo kompletiranje teorije diskretnih lin-
earnih uredjenja. Njeni modeli nemaju najmanji i imaju najvec¢i element. To su
do na izomorfizam My = (Z x L + w*, <) za L bilo kakvo linearno uredjenje ili
L=0.

Teorija T3 = {®g, Py, D), P4} je jos jedno kompletiranje teorije diskretnih
linearnih uredjenja ¢iji modeli nemaju ni najmanji ni najveci element: To su do
na izomorfizam modeli oblika M3 = (Z x L, <) za L bilo kakvo linearno uredjenje
ili L =0.

Neka je T34, = {®g, P1, P34y} za neko n > 1. To je kompletna teorija i svi
njeni modeli su kona¢na linearna uredjenja sa ta¢no n elemenata. OCcigledno da
su &y i @3 (postojanje najmanjeg i najveceg elemnta) posledice teorija T5.,.

Teorija Ty = {®o, P1, P2, P3} U {®5,,|n > 1} je poslednje kompletiranje
teorije diskretnih linearnih uredjenja. Njeni modeli su beskonaé¢ni i imaju i mini-
mum i maksimum. To su do na izomorfizam modeli My = (w +Z x L + w*, <)
za L bilo kakvo linearno uredjenje ili L = {).

Vige o ovome ¢italac moze naéi u [2].

Svako od linearnih uredjenja koja su rasuta a nisu diskretna datih u primeru
1.1 nisu diskretna jer imaju ili element koji nema neposrednog prethodnika a on
sam nije minimalan ili element koji nema neposrednog sledbenika a nije maksi-
malan. Na primer, ako (w X n, <) vidimo kao n puta nadovezanu kopiju w-e, onda
su ti elementi redom sve kopije nule sem prve.

Definicija 1.2. Za element linearnog uredjenja koji nema neposrednog prethod-
nika kazemo da je levi grani¢ni.

Za element linearnog uredjenja koji nema neposrednog sledbenika kazemo da je
desni granicni.

Element je grani¢ni, ako je levi ili desni graniéni.

Dva elementa su susedna ako izmedju njih nema drugih elemenata. Za broj ele-
menata susednih elementu a koristi¢emo oznaku N (a) .

Napomena 1.1. Vaze sledece:
e Svaki element moZe najvise imati dva susedna elementa;
e Element je grani¢ni akko ima manje od dva susedna elementa;
e Uredjenje je gusto akko je N(a) = 0 za svaki njegov element a;
e Uredjenje koje ima vise od jednog elementa je diskretno akko

1. Ima najviSe dva grani¢na elementa;
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2. Ako je a grani¢ni, onda je N(a) = 1;

3. Sa tacno jedne strane grani¢nog nema drugih elemenata domena.

e Rasuto uredjenje nije diskretno akko ima grani¢éni element a takav da je ili
N(a) = 0 ili postoje elementi domena sa obe strane elementa a.

2 Pojam i primeri kondenzacija

U ovom poglavlju éemo uvesti dva pojma: pojam kondenzacije kao relacije ekvi-
valencije i pojam kondenzacije kao preslikavanja

Neka je A = (A, <) linearno uredjenje i neka su I i Is dva konveksna dis-
junktna podskupa skupa A. Ako za jedan, proizvoljno izabran, element skupa Iy
(oznacimo ga sa a1) i jedan proizvoljno izabran element skupa I (oznac¢imo ga sa
az) vazi a; < ag, onda ¢e svi elementi skupa I; biti manji od svih elemenata skupa
I>. Na taj nac¢in se uredjenje skupa A prirodno produzava na skup disjunktnih
konveksnih podskupova skupa A:

I1 < I akko a1 < as za sve a1 € I1 1 sve ag € Io.

Ay je konveksno razlaganje skupa A ako je kolekcija medjusobno disjunktnih kon-
veksnih podskupova &ija unija je ceo A. O¢igledno je da relacija <, nasledjenja iz
sturkture (A, <), linearno uredjuje A;. Tada ¢emo i za strukturu A; = (43, <)
reéi da je konveksno razlaganje strukture A = (A, <). Svakom razlaganju A;
odgovara relacija ekvivalencije definisana sa:

a ~ b akko a i b pripadaju istom elementu skupa A;.

Njene klase ekvivalencije su bag elementi strukture A;. Dakle, A; = (A4/.,<)
Sto znadi da se zadavanjem konveksnog razlaganja, definiSe i odgovarajuca ekviva-
lencija. VaZi i obrnuto, zadavanjem relacije ekvivalencije ¢ije su klase konveksne,
definiSe se i razlaganje.

Preslikavanje f : (A, <) — (B, <) je homomorfizam ako iz a; < ag sledi
f(a1) < f(a2). Svaki homomorfizam definige jednu relaciju ekvivalencije sa kon-
veksnim klasama: a ~ b akko f(a) = f(b). Tada je (f(A),<) = (4/~,<).

Homomorfizam f : (A, <) — (A, <) slika klasu relacije ~ u izabranog pred-
stavnika.

Obrnuto, svaka relacija ekvivalencije sa konveksnim klasama definiSe homo-
morfizam kojim se element slika u svoju klasu.

Definicija 2.1. Kondenzacija je svaki epimorfizam linearnih uredjenja t.j. kon-
denzacija je surjektivno f : (A, <) — (B, <) za koje vazi

a1 < ag akko f(ay) < f(ag).
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U tom slutaju kazemo da se (A, <) kondenzovalo u (B, <). Takodje, za relaciju
ekvivalencije ~ definisanu na (A, <), kazemo da je kondenzacija ako su joj klase
konveksni skupovi u (4, <).

Ova dvostruka definicija kondenzacije, ne bi trebalo da pravi zabunu jer pos-
toji uzajamno jednozna¢na korespodencija koja svakoj kondenzaciji definisanoj
kao preslikavanju, dodeljuje ta¢no jednu kondenzaciju definisanu kao relaciju ek-
vivalencije i obrnuto.

Najpoznatiji primer je kondenzacija ¢ije su klase rasuta uredjenja.

Primer 2.1. Neka je A bilo koje uredjenje i x ~ y ako i samo ako je inter-
val sa krajevima z i y rasuto uredjenje. Tada je cg : A — A/~ definisano sa
cr(z) = z/~ jedna kondezacija i A/~ je gusto uredjenje.

Dakle, A se dobija kad umesto svake tacke gustog uredjenja A/~ stavimo
rasuto uredjenje. Posledica ovog razmatranja je

Hauzdorfova teorema:
Svako linearno uredjenje je gusta suma rasutih uredjenja.

3 Iteracije kondenzacija

U naxoj definiciji kondenzacije smo krenuli od konkretnog uredjenja i to uredjenje
kondenzovali. Od interesa su kondenzacije definisane na nekoj klasi linearnih
uredjenja. Ako je m kondenzacija definisana za sva uredjenja i njome se A = (A, <)
kondenzovalo u m(A) = A/., onda se moZemo pitati u §ta ¢e se kondenzovati
7(A) primenom iste kondenzacije. U tom slu¢aju je prirodno 7(mw(A)), oznaditi
sa m2(A) i posmatrati 72 kao zasebnu kondenzaciju. Naravno, postupak se moze
dalje nastaviti i tad govorimo o iteraciji kondenzacija. Za razumevanje iterira-
nih kondezacija, pogodno je imati sliku kondenzacije kao preslikavanja koje ele-
ment slika u konveksan skup kome sam taj element pripada. Tada ée iterirane
kondenzacije 8iriti konveksan skup u koji slikamo element, tj. 8iriti klasu elementa.

Definicija 3.1. Neka je m kondenzacija. Tada
o 10(2) = m;
o 17t (z) = {y|n(xP(x) = n(x"(y)};
o 1%(z) =U{r"(z)| 8 < a}.

Primer 3.1. Kona¢na kondenzacija:

i (x) = {y| interval s krajevima x i y je konaCan}.

Konac¢na kondenzacija ostavlja gusta uredjenja nepromenjena.
(1) =1 i 7%(Q)=Q, =zasvakiordinal a.
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Kako su u w svaka dva elementa na kona¢nom rastojanju, bice wx(w) = 1.
(W) (1) 21 Zaa>1je mh(w) 21
Svaki element uredjenja w™ je na kona¢nom rastojanju od grani¢nog, pa se klase
mogu identifikovati sa grani¢nim elementima. Zato je
WK(wn) o~ wn—l

Sli¢no tome se svaka klasa iz 72
grani¢nih elemenata, pa je
w2 () = w2

moze identifikovati sa grani¢nim elementima

(W) 21
Za a>nje mi(w") =1

Paznja: 7} (w¥) = w®, za svako n, ali 7% (w®) = 1.
Razlog za to je xto je za element x € w* postoji n < w takav da je 7" (x) = 7"(0),
pa ¢e se u w iteracija svi slikati u jednoclano uredjenje.

Ginjenica da je 7% '(w") % 1 da je T (W") = 1 = 1% (w") za sve ordi-
nale @ > n sugerixe da se konactnom kondenzacijom moZe u izvesnom smislu
analizitari sloZzenost linearnog uredjenja tako xto se uvede pojam ranga linearnog
preslikavanja. Za to je potrebna sledeca lema koja se moze naci u [1].

Lema 3.1. Za svako uredjenje A i svaku kondenzaciju 7, postoji ordinal « takav
da je 7®(x) = 78 (x), za sve € A i sve ordinale 3 > a.

Dokaz: Pretpostavimo da m®(z) # 7%t (x) vazi za sve ordinale. Tada je 7%(x)
pravi podskup konveksnog skupa 7**!(z). Kako dodavanje novih elemenata
skupu 7°(z) = {2} moZemo raditi najvixe onoliko puta koliko ih ima u A, to
za a = |A| mora vaziti 7%(x) = 7®T1(x). Tada ée za svako 8 > « takodje vaziti
7% (x) = 7°(z). Kontradikcija

O

Definicija 3.2. Neka je m kondenzacija i A linearno uredjenje. Za najmanji
ordinal o takav da vazi 7%(x) = 7%T!(z) za svako = € A, kazemo da je 7-rang
uredjenja A i obelezavamo sa R, (A).

Tako je na primer Rrg(w®) = a.

4  Diskretna kondenzacija

Primeri kondenzacija koje smo naveli u prethodnom poglavlju su definisane beskona¢nim
konjukcijama (disjunkcijama) pa su invarijante izomorfizma, ali nisu definabilne
formulom. U ovom poglavlju ¢emo opisati jednu definabilnu kondenzaciju. Neka
je A= (A, <) linearno uredjenje. Definiimo:

xEy ako i samo ako je x < y i interval [z, y] diskretno uredjen.

x ~ gy ako i samo ako zFEy ili yEx.
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U ostatku rada ¢e ~ biti rezervisano za upravo definisanu relaciju.

Lema 4.1. Relacija x ~ y je definabilna relacija ekvivalencije Cije su klase
konveksne.

Dokaz: Formulom prvog reda se moze reéi da svaki element izmedju z i y ima
neposrednog prethodnika i neposrednog sledbenika, da x ima neposrednog sled-
benika i da y ima neposrednog prethodnika. Stoga je E, a time i ~ definabilna
relacija.

Relacija ~ je oCigledno refleksivna i simetri¢na. Da bi se pokazalo da je tranz-
itivna, dovljno je pokazati da ako je xFy i yEz, onda mora biti xFz. Svaka
unutrasnja tactka intervala [z, z] je ili unutrasnja tacka intervala [z,y] ili je un-
utragnja tacka intervala [y, z] ili je ba§ y. U prva dva slucaja takva tacka ima i
neposrednog prethodnika i neposrednog sledbenika jer je zEy i yEz, tj. [z,y] i
[y, z] su diskretno uredjeni, u tre¢em slu¢aju y ima neporednog prethodnika jer je
[, y] diskretan interval i neposrednog sledbenika jer je [y, z] diskretan.

Neka je I jedna klasa ekvivalencije relacije ~ i neka su a,b € I. Bez umanjenja
opstosti, neka je a < b. Tada je [a,b] diskretno uredjen interval, pa je za svako
d € [a,b] interval [a, d] diskretno uredjen, pa je i d u istoj klasi kao i a, tj. d € I.
Dakle, [a,b] C I, pa je I konveksan skup.
qged

Lema 4.2. Ako je A je rasuto uredjenje, onda je A/~ rasuto.

Dokaz: Neka A/~ nije rasuto. To zna&i da u sebi kao podstrukturu sadrzi kopiju
uredjenja (Q, <). Neka je ta kopija racionalnih brojeva ({aq/~ | ¢ € Q}, <). Tada
je ({aq]q € Q}, <) podstruktura uredjenja A izomorfna uredjenju racionalnih
brojeva.

O

Da obrnuto ne mora da vazi pokazuje sledeé¢i primer: Neka je
A= (Z x Q) x w. Oc¢igledno je da A nije rasuto, dok A/ = w to jeste.

Kako su klase relacije ~ diskretna linearna uredjenja, za njih postoji ta¢no
pet moguénosti: Pet tipova klasa kojima pridruzujemo unarne predikate:

Py(z): ako je klasa [z] oblika w+ Z x L + w*
Pi(z): ako je klasa [z] oblika w+Z x L
Py(z): ako je klasa [z] oblika Z x L + w*
Ps(z): ako je klasa [z] oblika Z x L

Psin(x):  ako je klasa [z] oblika n.
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Predikati P; su definabilni za ¢ > 0, dok Py definiSe beskona¢na konjunkcija. U
ostatku teksta, kad struktura ima medjusobno disjunktne unarne predikate R;,
¢esto ¢emo za njih reéi da su boje i umesto da kazemo da vazi R;(a), reé¢i ¢emo
da je element a obojen bojom R;; sli¢no i za Pj(a).

Dakle uredjenje A = (A, <) se definabilno $iri bojama P; do strukture A" =
(A, <,~, P)icw. Uvek ¢e nam A’ znaciti bas ovako prosireno A.

Takodje, uredjenje A = (A, <) se kondenzuje u A/ = (A/~,<), a njega
mozemo da definabilno da prosirimo, tako §to ¢emo element z/.., obojiti bojom

kojom je obojen sam x, a to je taéno boja kojom su obojeni svi elementi klase
[x]. Na taj nadin se dobija A/~ = (A/~, <, B})icw-

Za elemente kondenzacije, a time i klase originala, postoje neka prirodna
ogranicenja, koje dajemo u sledeé¢oj lemi.

Lema 4.3. Ako klasa ima maksimalni element ne moZe joj slediti klasa koja ima
minimalni element. Sli¢no, klasi koja nema maksimalni element, ne moze slediti
klasa koja nema minimalni element.

Dokaz: Pokazademo da iza klase obojene bojom Fy ne moze slediti klasa obojena
istom bojom, a ostali delovi se sli¢no dokazuju.

Pretpostavimo da x/. ima neposrednog sledbenika y/.. i da su oba obojeni
bojom Fy. Tada je [z] oblika

w+7Zx Ly +w,
za neko linearno uredjenje Ly (ili L1 = 0) i [y] je oblika
w+7Z x Lo+ w*,

za neko linearno uredjenje Lo (ili Lo = ().
Onda je [z] + [y] oblika w+Z x L1 + w* +w +Z x Ly + w*, t.j. oblika

wH+Zx (L1 +14 L) +w,

Sto znaci da su = i y u istoj, a ne u dve razlicite klase ekvivalencije. Kontradikcija.
O]

Napomena 4.1. Iz leme 4.3 sledi kakav je raspored dozvoljen (a kakav zabra-
njen), pa je isforsirano kakvog levog susednog ne sme imati element kondezacije
obojen bojom F;.

Teorema 4.1. Ako je B = (B, <, R;)icr, pri ¢emu su R; disjunktni unarni
predikati i I je w ili kona¢an ordinal, tada postoji linearno uredjenje A, takvo da
je B interpretabilno u njemu.
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Dokaz: Bez umanjena opStosti moZemo pretpostaviti da je svaki element iz B
obojen nekom bojom, jer u suprotnom mozemo boju R; preoznaditi u boju Q;+1,
a one koji nisu obojeni oznaciti sa QQg. Konstruisimo uredjenje A: Za tatku b € B
obojenu bojom R, neka je Ly, uredjenje Z + (n + 1) + Z. Neka je A =", g Ls.
Pokazacemo da je struktura B interpretabilna u uredjenju .A.

Pogledajmo prvo §ta su klase ekvivalencije ~ u uredjenju A. O¢cigledno za
svako b € B, postoji jedna kona¢na klasa u uredjenju .A. Levo od svake kona¢ne
klase je tafno jedna od slede¢e dve: Z x 2 ili Z. Talnije, ako u uredjenju B
element b nije imao neposrednog prethodnika i bio je obojen bojom R;, onda
njemu odgovara klasa koja ima ¢+ 1 element i ¢iji neposredni prethodnik je klasa
oblika Z. Ako je element b imao neposrrednog prethodnika, onda je neposredni
prethodnik klase ¢ + 1 klasa oblika Z x 2. Sli¢no, sa desne strane svake konacne
klase ekvivalencije ~ je ili klasa oblika Z x 2 ili Z. U svakom slucaju, levo i
desno od svake konacne klase je klasa u boji Ps3. Uredjenje A nema konvekse
podskupove boja Py, P i P», pa se kondenzuje u

A'J = (A) s <, Py jeqsira)ien)-

Octigledno da ako svako b € B koje je obojeno bojom R; prefarbamo u boju
P44, izmedju svaka dva susedna elementa dodamo jedan obojen bojom Ps, is-
pred svakog levog grani¢nog i iza svakog desnog grani¢nog dodamo jedan element
obojen bojom Ps, dobijamo uredjenje izomorfno sa A’/~. Zato je relativizacija
strukture A’/~ na formulu —Ps(z) izomorfna sa strukturom 5’

Sa R(A) oznatavamo kondenzacioni rang uredjenja A pri diskretnoj kondeza-
ciji. Slede¢u teoremu navodimo bez dokaza.

Teorema 4.2. Ako je A= (A, <) rasuto linearno uredjenje sa malom teorijom

tada je R(A) < w.
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Abstract

We give a brief survey of results considering the Piunikhin—-Salamon—
Schwarz isomorphism in Lagrangian Floer homology groups generated by
Hamiltonian orbits starting at the zero section and ending at the conormal
bundle. We discuss the PSS isomorphism in Lagrangian Floer homology
groups for the open subset. Also we discuss some properties of the absolute
and relative spectral invariants.

1 Introduction

Spectral invariants have been used to prove some important properties in sym-
plectic topology (see [5,18,25,26]). Non-degeneracy of Hofer’s distance on the
group of Hamiltonian diffeomorphisms G, existence of partial quasi—-morphisms
on G and partial quasi—states are just few of them. One way to construct spectral
invariants in Floer theory is using a certain isomorphism between Morse homology
and Floer homology, Piunikhin-Salamon-Schwarz isomorphism (which we abbre-
viate to PSS). This article is organized as follows. In Sections 2 and 3 we recall
the definitions of Morse and Floer homologies. In Section 4 we review the known
results on PSS homomorphisms. Section 5 contains the definitions of symplectic
invariants. New results are presented in Sections 6, 7 and 8.

2 Morse homology
Let us take a compact smooth manifold M. We say that a smooth function
f:M—R

is a Morse function if all critical points of f are nondegenerate. Geometrically, it
means that a differential of a function f is transversal to the zero section in the

cotangent bundle
df MOy CT*M.
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Using the critical points of a Morse function we can describe the topology of a
manifold (see [17| for more details). For a generic choice of a Morse function and
Riemannian structure on M we can define the Morse homology HM,(f : M). For
generators of a chain complex we take critical points of a function f,

CM, = Zy(p € Crit(f)).
It is graded by the Morse index of a critical point. Differential
8M : CMk(f : M) — CMk_l(f : M)

counts the number of gradient trajectories (see [24] for details). Morse homology
groups, HM,(f : M) are isomorphic to the singular homology groups H,.(M;Zs),
see [16,24] (we will identify them sometimes).

3 Floer homology and action functional

Floer homology is an infinite-dimensional analogue of Morse homology (see [6]-
[13]). In Morse homology case we observe critical points of a function defined on a
finite-dimensional manifold. In Floer homology case we are interested in critical
points of an action functional, which is now a function defined on an appropriate
infinite—-dimensional space of paths.

Let us take a closed symplectic manifold (P,w). For a smooth Hamiltonian
H :[0,1] x P — R we define the Hamiltonian vector field Xy with

txyw = dH.

Family of Hamiltonian diffeomorpshisms ¢%; is a solution of a differential equation
with initial condition

d
Eqﬁ?{(x) = Xu(¢p(2)),
oY =1d.

We say that a submanifold L of a symplectic manifold P is a Lagrangian subman-
ifold if dim L = %dimM and w|pr, = 0. We consider a closed smooth Lagrangian
submanifold L such that

Wlaypr)y =0, pilmypry =0, (1)

where £ is the Maslov index (see [21,22]).

3.1 Hamiltonian Floer homology

Let us define the space of contractible loops in P

P(P) ={y € C¥(8", P) | /] = 0 € m(P)}.
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p x(t)

]/(t) = —Vf(]/(t)) d.u=—VA, (")

q y(t)

Figure 1: Decreasing of function along gradient trajectory and action functional
along holomorphic cylinder

The action functional for contractible loops is defined as

An(y) = / /D Fw— [ G601

Here 7 : D? — P is any extension of 7 to the unit disc. From the second
topological assumption in (1) it follows that

w|7r2(P) =0,

thus the action functional is well defined (it does not depend on an extension 7).
Its (finite number of) critical points

Crit Ay

are Hamiltonian periodic orbits. Hamiltonian Floer chain complex is Zy vector
space over Crit Ay. It is graded by Conley—Zehnder index (see [23] for defini-
tion) and a boundary operator counts the number of the perturbed holomorphic
cylinder that connects two elements of Crit Ay (see Figure 1). Homology of this
complex is Hamiltonian Floer homology of generic smooth Hamiltonian, H F(H).
Since the action functional decreases along holomorphic cylinder filtered Hamil-
tonian Floer homology is well defined, HF}(H).

3.2 Lagrangian Floer homology

Generators of Lagrangian Floer homology are intersection points of L and gb}q(L)
(assuming that these Lagrangian submanifolds are intersecting transversally, L rh
¢ (L)). We can see these generators as critical points of an action functional,
ag. Domain of ay is a space of paths

P(L) ={z € C™([0,1], P) | x(0),2(1) € L, [z] =0 € m (P, L)},
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and at x € P(L) it takes value
1
an(z) = — / W — / H(ax(t), 1) dt.
D2 0

Here, h is a map from the upper half-disc Di to P that restricts to x on the
upper half—circle. Because of the first assumption in (1) ayg(z) does not depend
on an extension h. A boundary operator 0 of Lagrangian Floer complex counts
the number of perturbed holomorphic discs with a boundary on a mentioned
submanifold. Chain complex is graded by relative Maslov index. Homology of
this chain complex is called Floer homology for Lagrangian intersections and it is
denoted by HF.(L,¢L (L)).
We can define filtered complex as

CF} = Zy(zx € Critay |ag(z) < \).

Since ap decreases along holomorphic strip 0 descends to a boundary operator on
a filtered complex. Homology of a filtered complex is called filtered Lagrangian
Floer homology and it is denoted by HFX(L, ¢k (L)).

Floer homology for Lagrangian intersections is a generalization of Floer ho-
mology for periodic orbits. We know that diffeomorphism ¢ : P — P pre-
serves the symplectic form if and only if its graph I'y is a Lagrangian sub-
manifold in (P x P,w @& —w). Periodic orbits of ¢ are in one-to—one correspon-
dence with intersection points of Lagrangian submanifolds I'y and the diagonal
A ={(z,z)|z € P}.

4 PSS isomorphism

Floer [13] proved that when P = T*M is the cotangent bundle over a compact
manifold M and L = Oy is the zero section, Floer homology is isomorphic to
the singular homology of M. An extension of any C?—small Morse function
f M — R to the cotangent bundle gives a Hamiltonian H; : T*M — R such
that the intersection points O Mﬂ(ﬁ}{f (Oypr) are in one-to—one correspondence with
critical points of f. So appropriate gradient trajectories of f are in one—to—one
correspondence with holomorphic strips of Hy. This construction was generalized
by Pozniak [20]. He considered Floer homology H Fy(Ops,v*N) and proved that it
is isomorphic to the singular homology of N. Here v*N C T"M is the conormal
bundle of a closed submanifold N C M. This idea was further generalized by
Kasturirangan and Oh [14] to an open subset U C M. Let us denote by S*°
isomorphism between Floer homologies for different Hamiltonians,

5% HF,(H,) — HF,(Hg),

(it is well known that these groups do not depend on the Hamiltonian). Let T7%%
denotes isomorphism between Morse homologies for two different Morse functions,

T . HM,(fo : M) — HM.(fs : M),
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~H(t)
p o fnT)
b)

a)
Figure 2: Combined type object that defines PSS

(see [24] for details). Since S*¥ and T®# are defined by counting the number of
solutions of different type of equations it is not obvious whether the diagram

HF.(H*) 2 HF,(H?) 2)

|

HM. (%) 2% HM.(f7)

commutes (vertical arrows are previously described isomorphisms). This question
is positively answered if we use different type of isomorphisms as vertical arrows
(see theorems below).

Theorem 4.1. [19] There exists an isomorphism
PSS : HM,(f : P) — HF,(H),

between the Morse homology of a Morse function f: P — R and the Hamiltonian
Floer homology such that the diagram (2) commutes.

In order to construct isomorphism in Theorem 4.1 Piunikhin, Salamon and
Schwarz observed combined type objects (see Figure 2a). Similar construction for
holomorphic discs with boundary condition on the zero section (see Figure 2b) in
the cotangent bundle was carried out by Kati¢ and Milinkovic.

Theorem 4.2. [15] There exists an isomorphism
PSS : HM,(f : M) — HFE,(O, ¢+ (0nr))

between the Morse homology of a Morse function f: M — R and the Lagrangian
Floer homology of the zero section in the cotangent bundle T*M. For this iso-
morphism diagram (2) commutes.

Albers constructed PSS—type homomorphism in more general case (which is
not necessary an isomorphism, see [1]).

Theorem 4.3. [1] There exists Lagrangian PSS homomorphism

PSS : HM,(f : L) — HF.(L,(L)).
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5 Symplectic invariants

Using the existence of PSS isomorphism we can define symplectic invariants and
prove some of their properties.

Definition 5.1. For a € H,(P)\{0} we define a symplectic invariants for periodic
orbits as
pla, H) ;= {A € R| PSS(a) € Im(:})}.
A

Here, ¢ is a homomorphism induced by an inclusion
A CFMNH) — CF.(H).
Definition 5.2. Symplectic invariants in Lagrangian case are defined as
c(B, H) == inf{A € R| PSS(8) € Im(j2)},
where 3 € H,(L)\ {0}. A homomorphism 5 is induced by an inclusion
J*: CFNL, 63 (L)) = CFu(L, 65(L)).

In Definition 5.1 we used PSS isomorphism from Theorem 4.1 and in Defini-
tion 5.2 one defined in Theorem 4.3.

6 Comparison of symplectic invariants

We can compare symplectic invariants in periodic and Lagrangian case using the
homomorphisms defined via "chimneys" (see [3] for details).

Theorem 6.1. For 8 € H,(L)\ {0} it holds
p(ex(B), H) < c(B, H).

Here, 1, : H.(L) — H.(P) is a homomorphism obtained from an inclusion i :
L— P.

Theorem 6.2. For o € H.(P)\ {0} it holds
,O(Oé, H) > C(i!(Oé), H)

Here, iy = PD™' 01, 0 PD is a homomorphism defined by Poincaré duality map
and an inclusion.

We construct a product
+: HE(H) ® HF.(L, ¢17,(L)) = HF.(L, ¢, (L))
and prove a subadditivity of invariants with respect to this product (see [3]).

Theorem 6.3. Fora € HF,(H;), b€ HF.(L, qS}HZ (L)) such that a-b # 0 it holds

(PSS~ (a-b), HitHy) < p(PSS™(a), Hy) + ¢(PSS™'(b), Hs).
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7 Conormal bundle

Let us take a closed submanifold N C M. Its conormal bundle, »*N is a La-
grangian submanifold in T*M. Although the intersection Op; N v*N is not
transversal we can define Floer homology that counts Hamiltonian orbits that
start at the zero section and end at the conormal bundle (see [8,18]). We denote
this homology by HF,(Opr,v*N). It turns out that these Floer homologies are
isomorphic to Morse homologies of a Morse function defined on N.

Theorem 7.1. There exists an isomorphism
PSS : HF,(Op,v"N) = HM,(f : N)
such that the diagram (2) commutes.

Details on the proof could be found in [2|. We also defined a product on Floer
homology and proved that conormal symplectic invariants

(o, H) := inf{\| PSS(a) € Im(:})}, o« € H,(N)\ {0},

are subadditive with respect to this product. We found an upper bound for all
conormal symplectic invariants [(-, H).

8 Open subset

Let us take an open subset, U C M. Lagrangian Floer homology for an open
subset, HF(H,U : M), in the cotangent bundles, T*M, was introduced by Kas-
turirangan and Oh in as a part of a project of "quantization of Eilenberg—Steenrod
axioms" (see [14]). This homology is defined as a direct limit of Floer homologies
of approximations.

Theorem 8.1. There exists PSS—type isomorphism
PSSy : HM.(f :U) — HF.(H,U : M)
such that diagram (2) commutes.

This theorem is proven in [4]. Invariants are defined similarly as in the previous
cases,

cu(o, H) = inf{\ | PSSy () € Im(:))},

for « € H (U), o # 0. We define a module structure product on HF(H,U : M)
and prove the triangle inequality for invariants with respect to this product. We
also prove the continuity of these invariants and compare them with spectral
invariants for periodic orbit case in T*M (see [4] for details).
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Apstrakt

Metoda upucavanja se veé dugi niz koristi za numericko rjesavanje difer-
encijalnih jednaéina, kao i za rjeSavanje Sturm-Liouvilleovog problema. Me-
dutim, kod klasi¢nog Sturm-Liouvilleovog problema, sve svojstvene vrijed-
nosti i svojstvene funkcije su realne, dok se kod Sturm-Liouvilleovog prob-
lema sa kasnjenjem, pored realnih svojstvenih vrijednosti pojavljuju i kom-
pleksne svojstvene vrijednost, a samim time i kompleksne svojstvene funkcije.
U ovom radu profirujemo primjenu ove metode na odredivanje svojstvenih
vrijednosti i svojstvenih funkcija (kako realnih, tako i kompleksnih) Sturm-
Liouvilleove jednacne sa konstantim kasnjenjem pri grani¢nim uslovima Dirich-
letovog tipa.

1 Uvod

Posmatra¢emo Sturm-Liovilleovu jednacinu sa konstantnim kasnjenjem

—y"(x) + q(@)y(z — 7) = Ay(2), (1)

pri ¢emu ¢emo za q(z) € L]0, 7] uzimati realnu funkciju koja ne oscilira brzo, a
za kasnjenje 7 € R i 7 > 0. Pored ove jednaine posmatrac¢emo i grani¢ne uslove
Dirichletovog tipa

y(0) =0, y(m) =0. (2)

Netrivijalna rjeSenja jednadine (1) uz posmatrane grani¢ne uslove nazivaju se
svojstvene funkcije, a A za koje jednacina (1) ima netrivijalna rjeSenja nazivaju se
svojstvene vrijednosti. Kod Sturm-Liovilleovog problema bez kasnjenja, pokazano
je da su sve svojstvene vrijednosti i sve svojstvene funkcije realne.

Medutim, kod Sturm-Liovilleove jednaline sa kagnjenjem svojsvene vrijednosti
ne moraju biti realne, pa samim time i pripadajuce svojstvene funkcije ne moraju
biti realne.
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2 Odredivanje realnih svojstvenih vrijednosti

Pokazacemo kako koriste¢i metodu upucavanja mozemo priblizno odrediti realne
svojstvene vrijednosti i pripadajuce svojstvene funkcije.

Metoda upucavanja sastoji se u sljede¢em. Izvrsicemo podjelu segmenta [0, 7]
na N dijelova (koji ne moraju biti jednaki, ali ¢emo jednostavnosti radi smatrati

T _
da su jednaki i da je h = N)’ tactkama z,, 7 =1, N, pri ¢emu je z, =01z, = .

0 h T
| | | | | |
{ N N N N N

xO xl xQ wS x4 x5 fol xN

Takoder, ¢emo smatrati da je 7 viSetrukost od h. Neka je npr. 7 = w - h,
w € N. Sada ¢e biti z; — 7 = ih — wh = (i — w)h = T;j_y.

Uvodeci smjenu 3’ = p u jednacinu (1) mi ovu jednacinu drugog reda u kojoj
se ne pojavljuje prvi uzvod, mozemo napisati u obliku sistema

P(x) = q(x)y(z — 1) — Ay(z)
y'(x) = p(x)

Mi ¢emo pocev od tacke z¢ = 0 rijesiti gornji sistem. y(z¢) = y(0) = 0 nam
je poznato, medutim da bi rijesili sistem potrebno nam je jos i p(zg) = p(0).
Sljedec¢a lema nam daje ovu vrijednost.

Lema 2.1. Ako je g(z) rjeSenje jednacine (1), tada je i Cy(z) takoder njeno
rjeSenje.

Dokaz, ove leme je tivijalan, jer je jednaina 2.1 homogena diferencijalna
jednatina, medutim ona nam daje za pravo da za p(0) odaberemo proizvoljnu
vrijednost. Uzimajuéi p(0) = 0 dobijamo trivijalno rjesenje y(z) = 0. Medutim,
nas interesuju netrivijalna rjeSenja, pa ¢emo proizvoljno p(0) odabrati koristeci
sljede¢u lemu.

Lema 2.2. Jednacina (1) sa grani¢nim uslovom y(0) = 0 ekvivalentna je sa

1 x
y(z) = — /q(t)y(x —7)sinz(x — t)dt + Cy sin zz.
z
0
Odavde je
oy L . [
y(z) = - | q(z)y(x — 7)sinzz cos zx + zcoszx [ q(t)y(z — 7) cos ztdt—
z
0

xT
—q(z)y(x — 7) cos zz sin zx + zsin zx / q(t)y(x — ) sin ztdt | + Cyz cos zz.
0
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Uzimajudi da je C1 = 1 i 2 = 0 dobijamo da je y'(0) = 2.
Pretpostavimo sada da trazimu n-tu svojstvenu vrijednost i svojstvenu funkciju.
Za A ¢emo uzeti da je priblizno jednako (vidjeti |5])

™ s

A =n?+ C()Sf:m/q(t)dt - % /q(t) cos(2t — 7)dt.

T T

Dakle, sada kada imamo pocetne uslove mozemo koristeéi se nekom od metoda

rijesiti jednacnu (1) uz poCetne uslove. Npr. koristeéi Eulerov metod za numericko
rjeSavanje diferencijalnih jedna¢ina imamo:

p(xi-H) = p(l’l) +h- [q('ri)y(wi—w) - Ay('ri)]
y(mi+1) = y(xz) + hp(xz)

Stavimo da je E(\) = y(z,) —y(r) = y(zy) — 0 = y(z,) Sada mozemo
primjeniti sljedeé¢i algoritam:

e Za A, uzimamo pribliznu vrijednost svojstvene vrijednosti.
e Za A, uzimamo pribliznu vrijednost svojstvene vrijednosti razli¢itu od A,.

e )3 odredujemo npr. metodom sekante na sljedeé¢i nacin:

E(\,) —E(\
)\3:)\2_ ()2\)_)\( 1)
2 1

e Postupak ponavljamo za A; dok promjena ne bude dovoljno mala

Dobre strane algoritma su: Preciznost zavisi od metode za rjesavanje diferenci-
jalne jednacine, Preciznost sporo opada za svojstvenom vrijednoséu, Uz svojsvenu
vrijenost dobije se i svojsvena funkcija, dok su ne tako dobre strane algoritma,
svaka svojstvena vrijednost se mora traziti posebno, svojstvene funkcije su oscili-
rajuce sa priblizno k ekstrema pa numericki algoritam za rjesavanje diferencijalne
jednadine gubi na preciznosti.

Demonstrirajmo ovo na jednom primjeru. Za potencijal uzmimo funkciju

2

x ;x €0, 7]

1 ,x €[], 7]

SF1(x) = o s [T, 5]
Z ’ 252

sin(z) ,z € [37”,77]

Ciji je graficki prikaz dat slikom 1

Za broj podjela uzimamo 314159 $to nam daje pribliznu vrijednost za h ~
0,00001 dok za kasnjenje uzimamo 7 ~ 1, tj. 7 = 57,75510000. U tabeli 1 u prvoj
koloni se nalazi redni broj svojstvene vrijednosti, u drugoj svojstvene vrijednosti
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=[x

SE

=
3

Slika 1: Skica funkcije SF'1(x)

dobijene metodom upucavanja, u tre¢oj svojstvene vrijednosti dobijene matri¢énom
metodom, a Cetvrto]j asimptotske svojstvene vrijednosti.

Napomenimo da iz [5] slijedi da se svojstvene vrijednosti ponasaju u skladu
sa asimptotikom

™ 1 ™
A & n? 4 cos(rn) /q(t)dt - = /q(t) cos(2t — T)dt.
T T

T T

Primjeé¢ujemo da u ovom sluc¢aju su sve svojstvene vrijednosti realne i da su
veée svojstvene vrijednosti priblizno jednake asimptotici.

3 Odredivanje kompleksnih svojstvenih vrijednosti

Ako za potencijal uzmemo funkciju ¢(z) = €%, a za kasnjenje 7 = 1.7 primjenom
prethodne metode dobijamo sljedeéi niz svojstvenih vrijednosti 9,3084194073,
32,6709624001, 51, 8602143099, 98, 5577886424, . . . , koje uporedujuéi ih sa asimp-
totikom predstavljaju trec¢u, Sestu i sedmu i desetu svojstvenu vrijednost. Dakle,
nedostaju nam prva-druga, cetvrta-peta, osma-deveta svojstvena vrijednost.

Pretpostavimo da su svojsvene vrijednosti koje nedostaju kompleksne i zapiS§imo
iz u obliku A = Ag +iA; i y(z) = yr(x) + iy;(x) pa uvrstavajudi u

—y"(2) + q(z)y(z — 1) = My(2),
dobijamo
—(yr(@) + ] (2)) + a(@)(yr(z — 7) + iyr(x — 7)) = (Ar + A1) (yr(2) + iyr(2)),
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A

AN

A

€

—_
O © W~ U W N TR

2,311763630
3,125569842
8,358472794

15,499976452

25,151810498

36,698741195

49,564872249

63,939698106

80,290742730

99,411430398

2,311706667

3,123531021

8,357864037
15,502890412
25,154595692
36,701902005
49560451632
63,932414226
80,288625317
99,415015770

1,422488336
3,794128003
8,689041123

15,722101640

25,089014320

36,361244615

49 266460812

63,973634869

80,656317537

99,696021824

0,000000000
0,000000000
0,000000001
0,000000005
0,000000014
0,000000029
0,000000055
0,000000093
0,000000150
0,000000229

100 10000,644881400
200 40000,427466831
298 88803,358386810
299  89400,402954226
300 90000,161112526
301  90601,947280797
302 91205,036202636

10000,259661442
39974,226567527
88510,993024225
89102,275322440
89695,869455141
90291,146127565
90887,664522780

10000,314382795
40000,177292881
88803,670633695
89400,688120480
89999,991192361
90601,303660572
91204,335844614

0,002291672
0,036666862
0,180726045
0,183164146
0,185626833
0,188114271
0,190626624

Tabela 1: Rezultati dobijenu u prvom primjeru

Nakon sredivanja dobijamo

—yr(x) — iyl (@) + q(x)yr(z — 7) + ig(x)yr(z — 7) =
= ArYr(®) + iAryr(z) + iAryr(®) — Aryr(z),

Izjednacavajuci realne i imaginarne dijelove dobijamo sistem

Y (@) + q(2)yp(x — 7) = Agyp(z) = Ny, (2)
—y, (x) + q(@)y, (z —7) = Mgy, () + Ay, (),

tj. stavljajuéi py = v 1 P} =y dobijamo sistem

P () = q(2)y,(z — 7) = Apyp (@) + Ay, (2)
P (z) = yp(2)
P (x) = q(@)y, (x — 7) = A\py, () — Ay, ()
P (z) =y, (x)

koji se numericki rijeSava preko sistema

pR(xiH) = pR(xi) +h [q(xi)yR('rifw) - )\RyR(‘Ti) + )\Iyl (:I:z)]
yR(xiJrl) Yr ("'U'L) + h‘pR(xi)
P ($i+1) P (xz) +h [Q(xl)y(xsz) - >‘Ry1 (xz) - AIyR(xi)]
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Y, (xi+1) =Y; (xz) + hp] (xz)
pri temu za pocetne uslove uzimamo y,(0) =0, y,(0) =0, p,(0) =k, p,(0) = k,

Sada mozemo krenuti u iterativni proces odredivanje svojstvene vrijednosti.

e Za A\ = < )\Rl ) uzimamo pribliznu vrijednost svojstvene vrijednosti.
n

A . o 1es .. : .. .
o Za A\, = ( )\Rz ) uzimamo pribliznu vrijednost svojstvene vrijednosti.
2

e )3 odredujemo npr. na sljedeéi na¢in (moguce je koristi i neki drugi metod
za odredivanje nula vektorske funkcije):

OEL(A\g) OER(A\R)

e Postupak ponavljamo za A; dok promjena ne bude dovoljno mala.

Sada za ¢(x) = €, uzmimo N = 314159 za broj podjela, §to nam daje
pribliznu vrijednost za h ~ 0,00001 dok za kasnjenje uzimamo 7 ~= 1.7, tj.
a1a150 © 197079. U tabeli 2 u prvoj koloni se nalazi redni broj svojstvene vri-
jednosti, u drugoj svojstvene vrijednosti dobijene metodom upucavanja, u treéoj
svojstvene vrijednosti dobijene matri¢cnom metodom, a ¢etvrtoj asimptotske svo-
jstvene vrijednosti.

Dakle, Ay = 1,577005781+¢ 2,673316607, Ay ~ 21, 531809100+ 3, 9432489433
i Ag =~ 71,806437391 + ¢0,999188030, pa su zaista prva, cetvrta i osma svo-
jstvena vrijednost kompleksne svojstvene vrijednosti. Napomenimo da je greska
kod oredivanja kompleksnih svojstvenih vrijednosti veéa nego kod odredivanja
realnih svojstvenih vrijednosti, jer se numericki rjeSava sistem od Cetiri diferenci-
jalne jednacine.

T =

4 Zakljucak

U ovom radu pokazan je nacin za odredivanje svojstvenih vrijednosti Sturm-

Liouvilleovog problema sa konstantim kasnjenjem metodom upucavanja, bez obzira
na to da li su svojstvene vrijednosti realne ili kompleksne. Pri tome je na dva

konkretna primjera pokazana ova metoda, pri ¢emu je u drugom primjeru demon-

strirano postojanje kompleksnih svojstvenih vrijednosti za Sturm-Liouvilleov prob-
lem sa konstantim kasnjenjem.
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i A AN A €
1 1,577005781 1,57887456 X X
1i 2,673316607 2,66650830 X X
3 9,308419407 9,31556254 13,723662625  0,000000001
4 21,531809100 21,51429291 X X
4i  3,9432489433  3,937466800 X X
6 32,670962400 32,70359912 25.477433265  0,000000029
7 51,860214309 51,88044110 60,094061531  0,000000055
8 71,806437391 71,78094879 X X
8i 0,999188030 0,73424580 X X
10 98,557788642 98,60305951 95,826131793  0,000000229

100 10005,604627914
200 40005,197362867
298  88798,536305550
299  89407.685800385
300 90004,288859502
301  90593.469717288
302 91202,134466681

10004,73114541
39977,21732008
88509,27193604
89108,01179285
89696,75236583
90284,83947264
90887,47735875

10013,498158024
40010,933013158
88794,011430397
89412,548346491
90007,012647369
90587,644546946
91200,428952075

0,002291672
0,036666862
0,180726045
0,183164146
0,185626833
0,188114271
0,190626624

Tabela 2: Rezultati dobijenu u drugom primjeru
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Abstract

In this paper is proved some common fixed point theorems for weakly
compatible mappings in Menger spaces using the common property (E.A).
Some ilustrative examples are given to demonstrate the validity of main
result.

1 Introduction and Preliminaries

In 1922. S. Banach proved the principal contraction result [1]. Since then, there
have been published many works about fixed point theory for different kinds of
contractions on some spaces such as: quasi-metric [2|, cone metric spaces [3]-]5],
convex metric spaces [6], partially ordered metric spaces [7]-[9], G-metric spaces
[10]-[12], partial metric spaces [13, 14|, quasi-partial metric spaces [15], fuzzy met-
ric spaces|[16, 17|, Menger spaces [18]-[28],... All of these spaces, with or without
ordering are generalization of metric spaces.

K. Menger [18] introduced the notion of probabilistic metric space in 1942 (shortly
PM spaces) in which the concept of distance is considered to be statistical or
probabilistic rather than deterministic. The notion of PM-space corresponds to
situacion when we do not know exactly the distance between two points, but we
know probabilities of possible values of this distance.

Many mathematicians was proved several common fixed point theorems for con-
traction mappings in Menger spaces by using different notions: compatible map-
pings, weakly compatible mappings, property (E.A), common property (E.A),...
[19]-|28]. In this paper is establish a common fixed point theorem for two pairs of
weakly compatible mappings in Menger spaces using the common property (E.A).
First we recall some definitions and known results in Menger spaces

Definition 1.1. |25] A triangular norm * (shortly ¢- norm) is a binary operation
on the unit interval [0, 1] such that for all a,b, ¢, d € [0, 1] the following conditions
are satisfied:

1) axl=1,

(2) axb="bxa,

(3) a*b < cxd whenever a < ¢ and b < d,

(4) ax (bxc) = (axb)x*c.
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Definition 1.2. |25] A mapping F' : R — R is called a distribution function if
it is non-decreasing and left continuous with inf{F(¢) : t € R} = 0 and sup{F(¢) :
t € R} = 1. With & we denote the set of all distribution function on R, while H
denotes the specific distribution function defined by

0, if t <0;

H(t>_{ 1, if t > 0.

If X is nonempty set, F : X x X — & is called a probabilistic distance on X
and F(z,y) is usually denoted by Fj .

Definition 1.3. [25] The ordered pair (X, F) is called a probabilistic metric space
(PM-space) if X is nonempty set and F is a probabilistic distance satisfying the
following conditions:

(1) Fpy(t) =1for all t > 0 if and only if z =y,

(2) Fpy(0) =0 for all z,y € X,
(3) Fpy(t) = Fy(t) for all z,y € X and for all ¢ > 0,
(4) Fp.(t) =1,F,y(s) =1= F, 4(t+s) =1forall z,y,z € X and t,s > 0.

Every metric space (X,d) can always be realized as a probabilistic metric
space defined by F, ,(t) = H(t — d(z,y)) for all z,y € X and t > 0.

T,z t

Definition 1.4. [18] A Menger space (X,F,*) is a tripled where (X,F) is
PM-space and * is a t—norm satisfying the following condition: Fj,(t + s) >
Fp.(t) x F. y(s),for all z,y,z € X and ¢,s > 0.

Throughout this paper, (X, F,*) is considered to be a Menger space with condi-
tion tliglof%y(t) =1forall z,y € X.

Definition 1.5. [25] Let (X, F, %) be a Menger spae and * be a t—norm. Then
(1) a sequance {x,} in X is said to converge to a point x in X if and only if for
every € > 0 and A € (0, 1), there exists a integer N € N such that F, ,(e) > 1—A
for all n > N;

(2) a sequance {z,} in X is said to be Cauchy if for every ¢ > 0 and X € (0,1),
there exists an integer N € N such that F,, ,,(€) > 1 — X for all n,m > N;

(3) a Menger space (X, F,x*) is said to be complete if every Cauchy sequence in
it converges to a point of it.

Definition 1.6. [27] A pair (A, S) of self-mappings of a Menger space (X, F, *)
is said to be compatible if lim Fagg, 54z, (t) =1 for all t > 0, whenever {z,} is
n—o0o

a sequence in X such that lim Az, = lim Sz, = z for some z € X.
n—oo n—oo

Definition 1.7. [19] A pair (A4, S) of self-mappings of a Menger space (X, F, *)
is said to be noncompatible if there exists at least one sequence {z,} in X such

that lim Az, = lim Sx, = z for some z € X, but for some t > 0, either
n—oo n—oo

lim FAsz, SAz,(t) # 1 or the limit does not exist.

n—oo
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Definition 1.8. [28] A pair (A4, S) of self-mappings of a Menger space (X, F,*)

is said to satisfy property (E.A) if there exists a sequence {z,,} in X such that

lim Az, = lim Sz, = z for some z € X.

n—oo n—oo

Definition 1.9. [20] Two pairs (A,S) and (B, T) of self-mappings of a Menger

space (X, F,*) are said to satisfy the common property (E.A) if there exists

two sequences {z,},{y,} in X such that lim Az, = lim Sz, = lim By, =
n—oo n—oo n—oo

lim Ty, = z, for some z € X.

n—oo

Definition 1.10. [26] A pair (A, S) of self-mappings of a nonempry set X is said

to be weakly compatible (or coincidentally commuting) if they commute at their

coincidence points, i.e. if Az = Sz for some z € X, then ASz = SAz.

Remark 1.1. a) From Definition 1.8. it is easy to see that any two noncompatible
self-mappings of (X, F, ) satisfy property (E.A) but the reverse need not to be
true.

b) If self-mappings A and S of a Menger space (X, F, *) are compatible then they
are weakly compatible but the reverse need not be true.

¢) Tt is noticed that the notion of weak compatibility and the (E.A) property are
independent to each other.

2 Main results

Let @ is a set of all increasing and continuous functions ¢ : (0,1] — (0, 1], such
that ¢(t) > t for every t € (0,1). In the following we need this result.

Theorem 2.1. Let A, B, S and T be self-mappings of a Menger space (X, F,x),
where x is a continuous t—norm. Suppose that

(1) A(X) c T(X) or B(X) C S(X),

(2) the pair (A, S) or (B,T) satisfies property (E.A),

(3) B(yn) converges for every sequence {yn} in X whenever T(yy,) converges or
A(zy,) converges for every sequence{x,} in X whenever S(x,) converges,

(4) there exist ¢ € ® and 1 < k < 2 such that

FS:E7Ty(t)7
sup  min {Fsy az (t1), Frry,By (t2)},
Fuzy(t) > ¢ | min ¢ t1+to=2t (2.1)
Sup —max {FSx,By (t3), Fry Ac (ta)}

ts+ta=7t

holds for all x,y € X, t > 0. Then the pairs (A,S) and (B,T) share the common
property (E.A).
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Proof. » Suppose the pair (4, .S) satisfies property (E.A). Then there exists
a sequence {z,} in X such that

lim Az, = lim Sz, = z, (2.2)

n—oo n—oo

for some z € X. Since A(X) C T(X), hence for each {z,,} C X there corresponds
a sequence {y,} C X such that Az, = Ty,. Therefore,

lim Ty, = hm A:cn = z. (2.3)

n—oo
Thus in all, we have Az, — 2z, Sz, — z and Ty, — z. By (3), the sequence
{Byn} converges and in all we need to show that By, — z as n — oco. Let

By, — l for t > 0 as n — oco. Then, it is enough to show that z = [. Suppose
that z # [, then there exists tg > 0 such that

. <zt0> > F.(to). (2.4)

In order to establish the claim embodied in (2.4), let us assume that (2.4) does
not hold. Then we have F; (%t) < F,(t) for all ¢ > 0. Repeatedly using this
equality, we obtain

2 2\"
Fz,l (t) ZFz,l(Et) Z ZFz,l <<k‘> t> _>]-7

as n — o0o. This shows that F,; (t) = 1 for all ¢ > 0, which contradicts z # [ and
hence (2.4) is proved. Using inequality (2.1), with = z,,, y = y,, we get

FSIn,Tyn (t0)7

. sup min {Fan,Aa:n (tl) 7FTyn,Byn (t2)} ,
Faz, By, (to) > ¢ | min ¢ t1+t2=21t0

t3+t4=%t0

stn:Tyn (t0)7
> ¢ | min{ min {Fan,Arn (€), Fry, By, ( —€
max {FSacmByn (%tﬂ ) FTyn,A:cn (

)b ]
e)}

for all € € (O, %t()) . As n — oo, it follows that
Fz z(tO)

F,(to) > ¢ | min min{FZ,Z( F,, (
max {Fz,l ( ) 2,2

L
=¢ <Fz,l <Iit0 - 6>> > I ( to — 6)
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as € = 0, we have F,;(t9) > F.; (%to), which is contradicts (2.4). Therefore,
z = l. Hence the pairs (4, 5) and (B, S) share the common property (E.A). <

Now we prove a common fixed point theorem for two pairs of mappings in
Menger space.

Theorem 2.2. Let A, B, S and T be self-mappings of a Menger space (X, F,x),
where x is a continuous t—norm satisfying inequality (2.1) of Lemma 2.1. Suppose
that

(1) the pairs (A,S) and (B,T) share the common property (E.A),

(2) S(X) and T(X) are closed subsets of X .

Then the pairs (A, S) and (B,T) have a coincidence point each. Moreover, A, B, S
and T have a unique common fized point provided both pairs (A,S) and (B,T)
are weakly compatible.

Proof. » Since the pairs (A, S) and (B, T) share the common property (E.A),
there exist two sequences {z,} and {y,} in X such that
lim Ax, = lim Sz, = lim By, = lim Ty, = z, (2.5)
for some z € X. Since S(X) is a a closed subset of X, hence li_}rn Sz, =z € S(X).
n—od

Therefore, there exists a point v € X such that Su = z. Now we assert that
Au = Su. Suppose that Au # Su, then there exists tg > 0 such that

2
Fau,su <kto> > Fau,su(to). (2.6)

In order to establish the claim embodied in (2.6), let us assume that (2.6) does
not hold. Then we have Fay sy (%t) < Fpy,su(t) for all ¢ > 0. Repeatedly using
this equality, we obtain

2 2\"
Fpusu (t) > FAu,Su(%t) > > Faysu ((k) t) — 1,

as n — oo. This shows that Fa, s, (t) = 1 for all ¢ > 0, which contradicts
Au # Su and hence (2.6) is proved. Using inequality (2.1), with z = u, y = yn,
we get

Fsuvan (t[)),
‘ sup  min {Fsy au (t1) , Fry,, By, (t2)},
Fau,By,(to) > ¢ | min < ti+ta=2t,

Sup max {Fsuszn (tg) ) FTyn,Au (t4)}

t3+ta=21g

szTyn (to)v
26 (min min (P (o) Foyr 4] 1),
max { F- py (6). Firy - (o))
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for all € € ((), %to) . As n — o0, it follows that

FAu,z(tO) > ¢ | min min {Fz,Au (% Z 6) z,z (6)} )
maX{Fzz(e), ( 0— )}

2 2
=¢ <Fz,Au <kt0 - 6)) > FAu,z (ktO - €> >

as € = 0, we have Fay-(to) > Fauz (%to), which contradicts (2.6). Therefore,
Au = Su = z and hence u is a coincidence point of (A, S).

If T(X) is a closed subset of X, there exists a point v € X such that Tv = z.
Now we assert that Bv = Tv = z. Suppose that Bv # Tw. Then there exists
tp > 0 such that

2
FBv,TU (t

2 0> > FBU,TU(tO)- (27)

To support the claim, let assume that (2.7) does not hold. Then we have Fg, 1, (%t) <
Fpy,1y(t) for all t > 0. Repeatedly using this equality, we obtain

2 2\"
FB'U,TU (t) > FB’U,T’U(%t) > 2 FB'U,TU <<k> t> — 17

as n — oo. This shows that Fp, 1y (t) = 1 for all ¢ > 0, which contradicts
Bv # Tv and hence(2.7) is proved. Using inequality (2.1), with © = x,, y = v,
we get

FSZ’n,TU (tO)a

' sup  min{Fsy, Az, (t1), Fro,o (t2)},
Fag,.Bv(to) > ¢ | min ¢ ti+ta=2t9

sup max {FSmn,Bv (tS) 7FT’U,A£L'n (t4)}

t3+t4=%t0
Fan, (to)ﬂ
> ¢ | min< min {FSmn,A:En (e), Fz,BU ( )} )
max {Fan,Bv ( — € Z Axn € }

for all € € (O, 2t0> . As n — oo, it follows that
FZ,Z(tO)a

F. By(to) > ¢ | min ¢ min {Fzz (€), F..Bv (%to _ 6)} 7
max { F. p, ($t0 —€) , F.- (€) }

2 2
—o(F i — F L
) < z,Bv <]€t0 6)) > Iz By (kt() 6) )
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as € — 0, we have F, p,(to) > F. By (%to), which contradicts (2.7). Therefore,
Bv =Tv = z and hence v is a coincidence point of (B,T)
Since the pair (A, S) is weakly compatible, therefore Az = ASu = SAu = Sz.
Now we assert that z is a common fixed point of (A, S). If z # Az, then on using
inequality (2.1), with = z,y = v we get for some ty > 0

FSz,TU (t0)>

. sup min {FSZ:AZ (tl) 7FTU,Bv (t2)} 3
FAz,By(t()) > ¢ | min ¢ ti+ta=2to 7

sup max {FSZ,BU (t?)) 5 FTU,AZ (t4)}
ta+ta=2to
FAz,z(t0)7
Fa,.(ty) > ¢ | min{ min {FAz,Az (e),F.. (%to - e)} , ,
max {FAz,z (€),F: Az (%to — 6)}

for all € € (O, %t()) . As ¢ —» 0, we have

Faz:(to) 2 ¢ (min {Fw(“’)’ Fats <2t°> })

= ¢ (FAz,z (tO)) > FAz,z (tO) s

which is a contradiction. Hence, Az = Sz = 2z , i.e. z is a common fixed point of
(A, S). Also, the pair (B, T) is weakly compatible, therefore Bz = BTv = TBv =
Tz. Now we show that z is also a common fixed point of (B,T). If z # Bz, then
on using inequality (2.1), with x = u,y = z we get for some tg > 0

FSu,Tz <t0)7

_ sup  min{Fsy,au (t1), Frsp: (t2)},
FAu,Bz(tO) > (25 min t1+t2=%t0 7

sup max {FSu,Bz (t?)) ) FTz,Au (t4)}
t3+t4=%t0
Fz,Bz(tO)a
F. B.(to) > ¢ | min{ min {Fzyz (€), FB: B> (%to — 6)} , ,
max {Fz,Bz (6) 7FBz,z (%to — 6)}

for all € € (O, 2t0> . As ¢ —» 0, we have

Fop.(to) > (min {Fz,Bz(to% 12 (2“) })

= Qs (FZ,BZ (tO)) > FZ,BZ (tO) ,
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which is a contradiction. Hence, Bz = Tz = z , i.e. z is a common fixed
point of (B,T') . The uniqueness of common fixed point is an easy consequence of
inequality (2.1). «

The following example illustrates Theorem 2.1.

Example 2.1. Let (X, F,*) be a Menger spaces , where X = [2,19], with con-
tinuous t—norm, x is defined by a xb = ab for all a,b € [0,1] and for all z,y € X

t lz—yl . . 1
let .y (t) = (tJTl) . The function ¢ : (0,1] — (0, 1] is defined as ¢2. Define

the self-mappings A, B, S and T by

[ 2, ifze{2}U(3,19]; L[ 2, ifze{2}U(3,19);
A(:”)_{?,, if z € (2,3, B(x) = 5 ifxe (2,3,
2 itz =2 1 e 2.3
S(x) = 10, if z € (2,3]; T(x)= 14’ ifﬂ:—3" ’
=TT if ¢ € (3,19], o177 ’

1o if e (3,19].
We tak}el {zn} = 3+ 1}, {un} = {2} oor {zn} = {2}, {va} = {3+ 1} .
Hence, we have

lim Az, = lim Sz, = lim By, = lim Ty, =2 € X.
n—oo n—oo n—oo n—oo

The both pairs (4,S) and (B,T') satisfy the common property (E.A). It is
noted that A(X) = {2,3} ¢ [2,2.4] U [13,14] = T(X) and B(X) = {2,3} ¢
[2,2.4] U{10} = S(X). Also, S(X) and T'(X) are closed subsets of X. All the
conditions of Theorem 2.1 are satisfied and 2 is a unique common fixed point of
the pairs (A,S) and (B,T) and all mappings are discontinuous at their unique
common fixed point 2.

Theorem 2.3. The conclusion of Theorem 2.1 remains true if the condition (2)
of Theorem 2.1 is replaced by the following

(2") A(X) C T(X) and B(X) C S(X), where A(X) is the closure range of A
and B(X) is the closure range of B.

Proof. » Since the pairs (A,S) and (B,T) satisfy the common property
(E.A), there exist two sequences {x,} and {y,} in X such that lim Az, =

n—oo

lim Sz, = lim By, = lim Ty, = z, for some z € X. Then, since z € A(X)
n—o0 n—oo n—0o0

and A(X) C T(X) there exists a point v € X such that z = Tv. By the proof
of Theorem 2.1, it can be show that the pair (B,T) has a coincidence point, for
example v, i.e. Bv=Twv. Snce z € B(X) and B(X) C S(X) there exists a point
u € X such that z = Swu. Similarly it can be also prove that the pair (A4, .S) has
a coincidence point, call it u, i.e. Au = Su. The rest of the proof is on the lines

of the proof of Theorem 2.1.«
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Corollary 2.1. The conclusion of Theorems 2.1-2.2 remain true if the condition
(2) of Theorem 2.1 and condition (21) of Theorem 2.2 are replaced by the following:
(2") A(X) and B(X) are closed subsets of X provided A(X) C T(X) and B(X) C
S(X).

Theorem 2.4. Let (X, F,*) be a Menger spaces, where * is continuous t-norm.
Let A, B,S and T be mappings from X into itself and satisfying the condition
(1) — (4) of Lema 2.1. Suppose that

(5) S(X) or T(X) is a closed subset of X.

Then the pairs (A, S) and (B, T) have a coincidence point each. Moreover, A, B, S
and T have a unique common fized point provided both pairs (A,S) and (B,T)
are weakly compatible.

Proof. » In view of Lemma 2.1, the pairs (A, S) and (B, T) share the common
property (E.A), i.e. there exist two sequences {z,} and {y,} in X such that
lim Ax, = lim Sz, = lim By, = lim Ty, = z, for some z € X.
n—00 n—o00 n—00 n—o00

If S(X) is a closed subset of X, then on the lines of Theorem 2.1, it can be
show that the pair (4, S) has coincidence point, say u, i.e. Au = Su = z. Since
A(X) C T(X) and Au € A(X), there exists a point v € X such that Au = Tv.

The rest of the proof runs along the lines of the proof of Theorem 1.«

Example 2.2. In setting of Example 2.1. replace the self-mappings A, B, S and
T by

2, ifz € {2} U (3,19]; 2, if x € {2} U (3,19];
A(":)_{:a, if 7 € (2,3], B(){4, if # € (2,3,
2, if x = 2; 2, ifx=2;
S(z) = 14, if z € (2,3]; T(z)=1< 1+ ifze(23;
4l if v € (3,19], 24l if ¢ € (3,19].

It is noted that A(X) = {2,3} C [2,10] U (13,14] = T(X) and B(X) =
{2,4} C [2,10) U {14} = S(X). The pairs (A,S) and (B,T) commute at their
common coincidence point 2. All the conditions of Theorems 2.2-2.3 and Corollary
2.1 are satisfied and 2 is a unique common fixed point of A, B, S and T. Here, it
may be pointed out that Theorem 2.1 is not applicable to this example as S(X)
is not closed subset of X. Also, notice that some mappings in this example are
discontinuous at their unique common fixed point 2.

By choosing A, B, S and T suitably, we can drive a multitude of common fixed
point theorems for a pair or triod of self-mappings. If we take A= B and S =T
in Theorem 2.1 then we get the following result

Corollary 2.2. Let (X, F,*) be a Menger spaces, where * is continuous t—norm.
Let A and S be mappings from X into itself and satisfying the following conditions:
(1) The pair (A, S) shares property (E.A),

(2) S(X) is a closed subset of X,
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(3) there exist ¢ € ® and 1< k < 2 such that

FS!E,Sy(t)v
sup min {FS:C,A;E (tl) 7F5'y,Ay (t2)} 5
Fppay(t) > ¢ | min Q ti+to=2¢ . (2.8)
Sup —max {FSLAy (t3), Fsy Ax (ta)}

tatta=7t

holds for all x,y € X and t > 0. Then the pair (A,S) has a coincidence point.
Moreover, A and S have a unique common fized point provided the pair (A,S) is
weakly compatible.

At the end, the next theorem is valid for six self-mappings in Menger spaces.

Theorem 2.5. Let (X, F,*) be a Menger spaces, where x is continuous t-norm.
Let A, B, R, S, H and T be mappings from X into itself and satisfying the following
conditions:

(1) The pairs (A, SR) and (B,TH) shares the common property (E.A),

(2) SR(X) and TH(X) are closed subsets of X,

(3) there exist ¢ € ® and 1 < k < 2 such that

Fspermy(t),
sup min{Fspy Az (t1), Fray,By (t2)},
Fypy(t) > ¢ | min ¢ t1+to=2t . (2.8
sup max{Fsry By (t3) , Friy Az (ta)}

tatta=2t

holds for all z,y € X and t > 0. Then the pairs (A,SR) and (B,TH) have a
coincidence point each. Moreover, A, B,R,S,H and T have a unique common
fized point provided the pairs (A, SR) and (B,TH) commute pairwise (i.e. AS =
SA, AR=RA, SR=RS, BT =TB, BH = HB and TH = HT).
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Abstract

The process calibration is one of the methods in statistical process control
for improving the quality of the products. We will introduce basic notions
of statistical process control and give a review on loss functions used in
this area. This paper is concerned with the problem of process calibration
for some examples of non-symmetric loss functions. We suggest an optimal
calibration policy which can be implemented using our programs written in
statistical software R.

1 Introduction

Statistical quality control is collection of statistical methods and other problem-
solving techniques for improving the quality of the products used by our society.
These products consist of manufactured goods such as automobiles, computers
and clothing, as well as services provided by telephone companies, hotels, banks,
etc. Quality improvement methods can be applied to any area within a company
- from engineering design and manufacturing to customer service [3].

Quality characteristic represents key feature of the product that can be mea-
sured. It is a random variable that can be continuous (length, diameter, weight,
thickness of a product) or discrete (the number of errors or mistakes made in
completing a loan application, the number of medical errors made in a hospital).
Desired value of quality characteristic is called the nominal or target value which
is usually bounded by a interval of values called specification limits. It is consid-
ered that specification limits will be sufficiently close to the target value so as to
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not impact the function or performance of the product if the value of quality char-
acteristic is in that range. The largest allowable value for a quality characteristic
is called the upper specification limit (USL), and the smallest allowable value for
a quality characteristic is called the lower specification limit (LSL). Some quality
characteristics have specification limits on only one side of the target. A product
is called nonconforming if the value of quality characteristic lies outside interval
of specification limits [LSL, USL|. For example, diameter of assembly component
cannot be too large or it will not fit, nor can it be too small, resulting in a loose fit,
causing vibration, wear, and early failure of the assembly. The loss function gives
us a way to calculate the "quality loss" obtained for producing nonconforming
products.

In this paper we consider the problem of the process calibration, i.e. how to
set-up a manufacturing process in order to meet specification limits (minimize
expected loss). In Section 2, we will introduce traditional method of calibration
which corresponds to the symmetric loss function. However, quite often the lower
and upper specification limits cannot be treated in the same way. For example,
it may happen that although one of the specification limits can be exceeded, we
obtain a nonconforming product that could be reworked (improved or corrected)
which requires some costs. Three models of non-symmetric loss functions and their
implementation in statistical software R are considered, respectively, in Sections
3 and 4. Appendix consists of R code. Finally, conclusions are given in Section 5.

2 Symmetric loss function

Let X denote a quality characteristic of the product. We will assume that X is
normally distributed with mean p and standard deviation o, i.e. X ~ N (u,0?).
We will suppose that the standard deviation ¢ is known.

Usual practice is to set-up the mean at the middle distance between the spec-
ification limits, i.e. pg = W and this is legitimate only if loss does not
depend on which specification limit - the lower or upper - is exceeded. In that
case the loss function L(x) is symmetrical,

w, xr < LSL
L(z)=<¢ 0, LSL<x<USL
w, x>USL

where w > 0 (see Figure 1).

This is very simple method of process calibration. However, very often the
assumption of the symmetrical loss function is not fulfilled in practice. Let us
consider three following examples.

Example 2.1. The quality characteristic under study is the inner diameter of a
hole. Undersized holes can be reworked at extra costs. But the reduction of the
over-sized hole would be either impossible or would require much higher costs.
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LSL usL

Figure 1: Symmetric loss function

Example 2.2. The quality characteristic under study is the outside diameter of
the milled item. Over-sized items can be re-grounded at additional costs. But
the undersized item could be sold only for scrap.

Example 2.3. The quality characteristic under study is the blood glucose level
in diabetes patients. If measured value of blood sugar is too low or too high, i.e.
below or above allowed limits, then the blood sugar can be stabilized with some
extra costs (injection of insulin, food, tablets, etc.). These costs does not have to
be the same for too low and too high level of blood sugar.

These examples show that in situations described above, instead of the sym-
metrical loss function, a non-symmetric loss function should be used.

3 Non-symmetric loss function

To find optimal calibration policy for situations as described in the examples given
above we will consider three models of loss functions. First model was proposed
by Grzegorzewski and Mrowka [2] and other two models are suggested by the
authors.

3.1 First model

The first model of the loss function is given by the formula

w, x < LSL
L(z) = 0, LSL >z <USL
DT eSSk USL <@ <ULR
z, z>ULR

where w > z and upper limit for rework ULR > USL (see Fig.2).

This model could be used in cases when over-sized product items can be
reworked with some extra costs (Example 2). The expected loss function is equal
to
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Figure 2: The first model of the loss function

ULR
— L
EL(x) =wP(x < LSL) + zP(z > ULR) + z/ v U5 f(z)dx

vsy ULR—USL

where f(z) is normal density function of quality characteristic X. After some
transformations we get

LSL — u 4—USL ULR —
uw—USL USL—p\
T GLR-USL® < o

z 5 ULR—p 4 USL —pu
“ULR—-USL 7 o )

where ® and ¢ are, respectively, distribution function and density function of
standard normal distribution A(0,1). We consider the expected loss as a function
of a process mean u, FL = EL(u) and we are searching for such p in which
minimal expected loss occurs. Thus we need

dEL(p)
du

B z ULR—p\ USL —pu w LSL —p\
B ULR—USL[<D< o > (I)< o >] U¢< o >_0'

This equation depends on p and also LSL, USL, ULR, w, z, o. To simplify
it, we will use new parameters:

. _ ULR-USL
-
, _ USL—LSL
=
K = 2
y4
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Optimal calibration is given by
uw=USL - Ao, (1)

where A is correction factor.
Previous equation now becomes

2[¢(a+A) — ®(A)] - Ké(~b+ A) =0. (2)

For cases when undersized items are reworked with some extra costs (Example
1), we could consider loss function which reflects first model loss function.

Following two models could be appropriate in the cases when there is possi-
bility of rework for both undersized and oversized items (Example 3).

3.2 Second model

Loss function is given by the formula

4w, r < LLR
3w, LLR<x<LSL
L(x) = 0, LSL<z<USL ,
w, USL<z<ULR
2w, x>ULR
where w > 0 (see Fig.3).

dw|

3w

2w|

w |

LéL LéL UéL ULR

Figure 3: The second model of the loss function

In this situation the expected loss is equal to
EL(x) =wP(X < LLR) 4+ 3wP(X < LSL) —wP(X <ULR)—wP(X <USL).

After some transformations we get

EL(z) = w¢<@> +3wq><@> _wq><w> M(@)

o g g g
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and, further dEdLu(” ) is equal to

() () (252 o ()]

ULR-USL _

o

w

After dividing this equation with —2

M, b and A as before, we get

and using parameters a =

d(—a—b—A)+3p(—b+A) —pla+A) —p(A) =0. (3)

3.3 Third model

This model is given by the formula

w2, < LLR
_LLR —LSL
WILST=TiR — Wersi—irm LLR>z <LSL
L(z) = 0, LSL>x <USL
R ekt USL <z <ULR
z, z>ULR

where wy > wy > z (see Fig.4).

W;K

LsSL LSL usL ULR

Figure 4: The third model of the loss function

In this situation the expected loss is equal to

— LLR LSL LLR —
EL(z) = |wa+——p+w —wz—} @<7M> +
ao ao

aoc g

w; — w LLR  LSL] . (LSL—p
a 2CLU g

[ =z USL ] (USL—,u)
S P K ) i
| ac ac o
- TR
N i,u—zUSL}CI)<U R ,u>+

| ao ao o

- LLR — — LSL —
! w2¢< Jiu>+w2 wl¢< M>+

a a g
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3(ﬁ<USL—,u>_5(25<ULR—,u>7
a o a o

where q = ULR=USL _ LSL—LLR
Further, we have
dp ao o P >

L 2 [q> <@> _q)(%)] _ﬂ¢<@> N

ao o P p >
USL — ULR —

+ [¢<7“> —¢<7">} —0.

g o e

Using parameters a,b, K1 = = and Ko = 2, we get

R R R P
— Kio(=b+ D)+ 9(A) — 6(a+ A) = 0. (1)

4 Implementation in R

To optimally calibrate the process mean (equation (1)), we need to calculate the
correction factor A. For three considered models, A is calculated as a solution
of equations (2),(3) and (4), respectively. These equations depend on various
parameters - equation (2) depends on tree parameters a, b and K, equation (3)
on two parameters a and b and equation (4) depends on four parameters a, b, K
and Ko. We will solve these equations numerically, using Brent’s root- finding
method [1] implemented in R function uniroot.

Correction factor for these three models of non-symmetric loss functions can
be found calling our R function corr. factor (code is presented in Appendix).

corr.factor(delta,a,b,K,K1,K2,par)

by specifying the values of parameters (by choosing non-zero values for parameters
a, b and/or K, K1 and K2). Parameter par represents upper limit for correc-
tion function necessary for Brent’s method to work properly (by default value of
parameter par = 3).

Now, we want to find correction factors for considered non-symmetric loss
functions for given values of parameters.

Example 4.1. Parameters of the first model of non-symmetric loss function a, b
and K have following values: a = 12, b = 6 and K = 2. By calling function

corr.function(a=12,b=6,K=2)

we get A = 2.308.
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Example 4.2. Parameters of the second model of non-symmetric loss function
a, b have following values: a = 12, b = 6. By calling function

corr.function(a=12,b=6)
we get A = 2.817.

Example 4.3. Parameters of the third model of non-symmetric loss function a,
b and K1 and K2 have following values: a = 12, b = 6, K1 = 2, K2 = 3. By
calling function

corr.function(a=12,b=6,K1=2,K2=3)

we get A = 2.887.

5 Conclusions

We have considered the problem of process calibration for three examples of non-
symmetric loss function which can be used when losses caused by producing over-
sized or undersized items are not equal. We suggested an optimal calibration
policy which can be implemented using our programs written in statistical soft-
ware R.

6 Appendix

modell<-function(delta,a,b,K)q{
1/a*(pnorm(a+delta) -pnorm(delta))-K+xdnorm(-b+delta)}

model2<-function(delta,a,b)q{
dnorm(-a-b+delta)+3*dnorm(-b+delta)-dnorm(a+delta)-dnorm(delta) }

model3<-function(delta,a,b,K1,K2){
(K2-K1) /a* (pnorm(-a-b+delta)-pnorm(-b+delta))+1/a*(pnorm(at+delta)-
pnorm(delta))-Ki*dnorm(-b+delta)+dnorm(delta)-dnorm(a+delta) }

corr.factor<-function(delta,a=3/0.1,b=3,K=0,K1=0,K2=0,par=3) {
if (K==0&&K1==0&K2==0)
{model.2<-function(delta){model2(delta,a,b)}
solution<-uniroot(model2,lower=0,upper=par)$root

}

else if (K1>0&&K2>0)
{model.3<-function(delta){model3(delta,a,b,K1,K2)}
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solution<-uniroot(model3,lower=0,upper=par)$root

¥

else if (K>0)
{model.1<-function(delta){modell(delta,a,b,K)}
solution<-uniroot(modell,lower=0,upper=par)$root

}

solution 7}
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Abstract

Let (S, d) be a (extended) metric space, and let A be a subset of S. For
any positive integer k(k > 2), we define the harmonic diameter of order k
of A, denoted by Dy (A), by

Di(A) ::sup{@)( 3 [d(mi,xj)]_l)1|a:1,...,xk€A}.

1<i<j<k

Note that Do(A) is the (ordinary) diameter of the set A. The main result
in this work is the following theorem:

In the above situation if (S, 2, P) is a probability space with the property
that every open ball in (5, d) is P-measurable and has positive measure and
if ¢ is a transformation on S that is weakly mixing with respect to P and
A is P-measurable with P(A) > 0, then limsup,,_, ., Di(¢™(A4)) = Di(S5).

This extends the known result by R. E. Rice ([13], Theorem 2) (mo-
tivated by some physical phenomena and offer some clarifications of these
phenomena) from ordinary diameter to harmonic diameter of any finite or-
der.

The obtained results here also extend and/or complement the previous
results due to T. Erber, B. Schweizer and A. Sklar [4], H. Fatki¢ and M.
Brkié¢ [7], N. S. Landkof [10], E. B. Saff [14] and C. Sempi [16].
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1 Introduction

In this work we shall investigate some metric properties and dispersive effects
of weakly mixing (WM) transformations on general metric spaces endowed with
a normalised (probability) measure; in particular, we shall study connections of
WM discrete time dynamical systems with the theory of harmonic diameters.

Suppose (S, 2, P) is a probability space. As usual, a transformation ¢ : S — S
is called:

(i) weakly mizing (or weak-mizing) (with respect to P if ¢ is P - measurable

and
n—

o1
lim —
n—00 1 4

1=

1
|P(¢7'(A) N B) — P(A)P(B)| =0 (1.1)
0

for any two P - measurable subsets A, B of S;

(ii) strongly mizing (or strong-mizing) (with respect to P) if ¢ is P - measurable
and
lim P(¢ " (A)NB) = P(A)P(B) (1.2)

n—00

for any two P - measurable subsets A, B of S.

If (S,2, P) is a probability space, and ¢ : S — S is a measure-preserving
transformation (with respect to P), then we say that ® := (S,2(, P, ¢) is an ab-
stract dynamical system. An abstract dynamical system is often called a dynamical
system with discrete time. We shall say that the abstract dynamical system ® is
weakly (resp. strongly) mixing if ¢ is weakly (resp. strongly) mixing (see |3, pp.
6 - 26]).

If : S — S, in addition to being strongly mixing on S with respect to P, is
invertible, then (1.2) is equivalent to

lim P(¢"(A)NB) = P(A)P(B) (1.3)
n—oo
for any P - measurable subsets A, B of S.

In this work we consider a metric space/( extended metric spaces) on which a
probability measure P is defined. The domain of P, a ¢ - algebra 2 of subsets of
S, is assumed to include all Borel sets in (S, d); in particular, therefore, all open
balls in (5,d) are P - measurable.

The (ordinary) diameter of a subset A of S, i.e., the supremum of the set
{d(z,y)|z,y € A}, will be denoted by diam(A).

Example 1.1. a) Measuring Productivity by the Number of Units Produced Within
Certain Period of Time:
Example:
Worker A makes 48 units in 8 hours;
Worker B makes 80 units in 8 hours;
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Worker C makes 96 units in 8 hours;
Worker D makes 120 units in 8 hours.

If the average productivity is defined by arithmetic mean, then

48 +80+96 + 120 344
T = + Z + = e = 86 units in 8 hours.

Measuring Productivity by the Reciprocal Value, i.e. by the Amount of Time
Needed to Produce One Unit:

From the aforementioned example one has:

Worker A needs 8 (hours): 48 (units) = 10 (minutes / per unit);

Worker B needs 8 (hours): 80 (units) = 6 (minutes / per unit);

Worker C needs 8 (hours) : 96 (units) = 5 ( minutes / per unit);

Worker D needs 8 (hours): 120 (units) = 4 (minutes / per unit).

If the average productivity, in this case, is defined by arithmetic mean one has

10+6+5+4 25

z: 1 i 6.25 (minutes / per unit), (1.4)
and if by the harmonic mean then
H:= 14 T — 2581 (minutes / per unit). (1.5)
0767571

Testing formula (1.4): If every worker works 6.25 minutes, then 4 of them
(based on their individual productivities) must produce 4 units in 6.25 minutes.
We have: Worker A makes 6.25 : 10 units;

Worker B makes 6.25 : 6 units;

Worker C makes 6.25 : 5 units;

Worker D makes 6.25 : 4 units.

Total: 4.479 units

Contradiction! This means that we must not employ the arithmetic mean for
this type of problem, since it yields incorrect result.

Testing formula (1.5): If every worker works 5.581 minutes, the 4 of them
(based on their individual productivities) must produce 4 units in 5.581 min-
utes. We have:

Worker A makes 5.581 : 10 units;
Worker B makes 5.581 : 6 units;
Worker C makes 5.581 : 5 units;
Worker D makes 5.581 : 4 units.

Total: 4 units
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There is no contradiction. This shows that harmonic mean yields correct result
for this type of problem.

(H @nzz

= —
T
E :l i=1
T

=1

n
n H
T

Let (S,d) be a (extended) metric space, and let A be a subset of S. For any
positive integer k(k > 2), we define the harmonic diameter of order k of A (kth
harmonic diameter of A), denoted by Dy(A), by

Dy(A) = sup { (’;) ( 3 [d(xi,xj)]_1>_1| T1,... T € A}. (1.6)

1<i<j<k

Note that D2(A) is the (ordinary) diameter (diam (A)) of the set A.

The sequence Di(A) can be shown to be monotone nonincreasing (see, e.g.,
[5], [8], [10] and [14]), and therefore has a limit as k tends to infinity. By definition,
the harmonic transfinite diameter (the logarithmic capacity) of A is

T(A)(= cap(4)) := kl;rgo Dy(A). (1.7)

Note that 0 < 7(A) < Dg(A) < diam(A), and that
B C A implies 7(B) < 7(A).

If A consists of only finitely many points, then 7(A) = 0.

The general theory of generalised diameters and transfinite diameters plays
an important role in complex analysis. It is related to the logarithmic potential
theory with applications to approximation theory and the Cebysev constant (see,
e.g., |5], [10] and [14]).

Example 1.2. In the classical case, when S = R?, d the Euclidean metric on
R3, and A is a compact subset of S, the value Dy (A)(k € (N\ 1)) has a simple
physical interpretation. In fact, if we look the distribution in A of k point sources
of electric charge of size 1/k, then the minimum potential energy of such a system

of charges obtained when these charges are in the points ngk) (i=1,...,k) where
the function f, defined by

-1
far, ... ) = (’;) 1<Z<k[d(m,-, zj)] 7t

achieves a minimum value. In addition, the value of the potential energy is

k—1 1
ok Dyu(A)

Any set of k points that attains this minimal energy is called an equilibrium
configuration for A.
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Investigations in [4] - [8], [13] and [15]) have shown, however, that many
important consequences of (1.3) persist in the absence of invertibility and/or the
strongly mixing property. The following results (the most useful results of these
investigations for the goals of this paper) is due to R.E. Rice [13, Theorem 2] (see
also [4], [6] and [16]):

Theorem 1.1. Let (S, d) be a metric space, let A be a o - algebra of subsets of S
and P a probability measure on 2. Suppose further that every open ball in (S,d)
is P - measurable and has positive measure. Let ¢ be a transformation on S that
18 strongly mizing with respect to P and suppose that A is P - measurable subset
of S with positive measure. Then
lim diam(¢"(A)) = diam(S). (1.8)
n—oo

Theorem 1.1. has many consequences which are of interest because of the
extreme simplicity of both their mathematical and physical realizations. Among
others, these consequences have great relevance in the discussion of the recurrence
paradox of Statistical Mechanics (see the previous results of T. Erber, B. Schweizer
and A. Sklar [4], B. Schweizer and A. Sklar [15, pp. 181-190 and (in Dover Edition)
295-297] and H. Fatkic¢, S. Sekulovi¢, and Hana Fatki¢ [8]).

To paraphrase from [4]: Perhaps the most significant implications of Theorem
1.1 arise in connection with a question that goes back to the very origins of
ergodic theory, the famous controversy between E. Zermelo and L. Boltzmann
about the relevance of the conclusion of the Poincaré recurrence theorem (the
Poincaré recurrence theorem states that certain systems will, after a sufficiently
long but finite time, return to a state very close to the initial state).

It is therefore interesting to investigate how the conclusions of Theorem 1.1
must be modified when strongly mixing is replaced by weakly mixing and/or the
ordinary diameter is replaced by the harmonic diameter of any finite order.

2 Main results

The main result in this work is the following:

In the above situation if (S,2(, P) is a probability space with the property
that every open ball in (S, d) is P-measurable and has positive measure and if ¢
is a transformation on S that is weakly mixing with respect to P and A4 is P -
measurable with P(A) > 0, then limsup,,_,. Di(¢"(A)) = Dg(S) This extends
Theorem 1.1 (motivated by some physical phenomena and offer some clarifications
of these phenomena) from strongly mixing to weakly mixing and/or from ordinary
diameter to harmonic diameter of any finite order.

In this direction we have:

Theorem 2.1. Let (S,d) be a metric space, let A be a o - algebra of subsets of S
and P a probability measure on . Suppose further that every open ball in (S, d)
is P - measurable and has positive measure. Let ¢ be a transformation on S that
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1is weakly mizing with respect to P and suppose that A is P - measurable subset of
S with positive measure. Then

limsup Di(¢"(A)) = Di(S5), (2.1)

n—oo
where Dy, is the harmonic diameter of order k given by (1.6).

Proof. Throughout this proof we will denote D2(.S), the diameter of S, by D,
and 31 <icjcr @ij DY 2o, aij-

Let k£ be an arbitrary positive integer greater than 1. Since Dy, is a monotone
nondecreasing set function it is clear that (2.1) holds when Dg(S) = 0.

Suppose next that 0 < Dg(S) < 400, whence also 0 < D < 400, and let
€ > 0 be given. Then, by (1.6), there exist points x1,x2,...,2, in S such that

(’;) { Z[d(xi,xj)]l}l > Di(S) — g (2.2)

k

Let m be a positive integer and let By, Bo, ..., Bi be open balls of radius I/2m
centered at x1,x2, ..., Ty, respectively.
Since ¢ is weakly mixing, we have (see [6])

lim P(AN¢ Y (By) =P(AP(B), (i=1,2,...,k), (2.3)
n—oo,n¢.J;
where J1, Ja, ..., Ji are subsets of the set of non-negative integers Ny := {0, 1,2,3, ...
of density zero, i.e., for ¢ = 1,2,...,k, J; is a subset of Ng such that number of

elements in J; N {0,1,2,3,...,n— 1} divided by n tends to 0 as n — co. A finite
union of such sets of density zero has an infinite complement in Ny.

Set J = I, Ji. Since P(A)P(B;) > 0 for all i € 1,...,k, it follows from
(2.3) that there is a positive integer ng(no = no(k)) such that

P(AN¢™"(Bi)) >0,
fori=1,2,...,k and all n > ng,n € J, whence
AN (B) 10 (2.4)
forte=1,2,...,k and all n > ng,n € J. Since
¢ " (@"(A)NBi) = ¢7"(¢"(A)) N~ (Bi) 2 AN ¢~ "(Bi) (2.5)

for all ¢ = 1,2,...,k and every n € N,n > ng, it follows, by (2.3), that
¢~ (¢"(A) N B;) # 0 and therefore

¢"(A) N B; # 0 (2.6)

fort = 1,2,...,k and all n > ng,n € J, where J is a subset of the set of non-
negative integers No := {0,1,2,3,...} of density zero.
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Given n > ng and n ¢ J, for each i = 1,2,...,k, choose a point y; in
¢"(A) N B;. Then, for all i,j =1,...,k,

1
d(zi, zj) < d(4,y:) + d(ys, yj) + d(yy, z;) < d(yi,yj) + g

whence, by (2.2), we have
ous) -5 < (5){ g[dm,x»rl}_l <(3) > )+ ] _1}_1.

(){; (v )] 1}_1s0k<¢”<A>>

2]} - ()
(g){ [ yz,y])+;]_1—{Zk:[d(yi,yj)]_l}_l}_l
< (5 g[d@i,yﬂrl}_l + Al m).

where A(k, m) is the positive value such that lim,,.o A(k,m) = 0, we have
5

and

D(8"(4)) + Alk,m) > Dy(S) - 5.
Hence, and from the fact that there is a positive integer mg such that A(k,m) <
£/2 (k fixed) for all m > my, it follows that

Di(¢"(A)) > Di(S) — €

holds for every n > ng,n € J, i. e., for infinitely many positive integers n, and
every € > 0. But, clearly, Di(¢"(A)) < Dg(S) for every positive integer n, whence
we obtain (2.1).

Lastly, the case D(S) = 400 can be treated by choosing for each positive

integer s a k-tuple of points x1,x2,..., 2z in S such that
k O
)3 Sl >
k

and then repeating the previous argument. This completes the proof of Theorem
2.1.

Theorem 2.1 shows that any set A of positive measure necessarily spreads out,
not only in (ordinary) diameter, but also in harmonic diameter of any finite order.
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Thus, even though A may not spread out in "volume" (measure), there is a very
definite sense in which A does not remain small. This mixing character of the
mixing transformations (e. g., of the polynomials Cy,(n = 0,1,2,...), defined on
the interval [-2, 2] by

Cp(x) = 2cos(n arccos(%)), (2.7)

which are related to the standard Cebyéev polynomials), inter alia, can be used to
develop an efficient method for generating sequences of pseudo-random numbers
(computer runs on selected pairs of points, using the obtained results with Cjg as
transformation ¢, indicate that the convergence of the corresponding sequences
of the second moments about the mean (variances) to the second moment of
corresponding distribution function is fairly rapid).

Corollary 2.1. Under hypotheses of Theorem 2.1, for any P - measurable subset
A of S of positive measure,

lim ( lim Dy(¢"(4))) = (3), (2.8)
k—o0 n—ro0

where Dy, is the harmonic diameter of order k given by (1.6), and T is the har-

monic transfinite diameter given by (1.7).

Proof. The property (2.8) follows immediately from (2.1) and the fact that
limy,y00 Di(S) = 7(9).

3 Conclusions

There is considerable evidence (see the proof of Theorem 2.1) to support a con-
jecture that our result (for weakly mixing dynamical systems with discrete time)
which is contained in Theorem 2.1 can be extended to weakly mixing dynamical
systems with continuous time (see |3, pp. 6 - 26]).

Even though a large set cannot have a small diameter and a set with a large
diameter cannot be truly small, it is still true that the diameter of a set need not
be a good measure of its size and shape. A better measure is furnished by the
generalised diameters (see [15, pp. 181-190 and (in Dover Edition) 295-297] and
also [1], [2], [4] - [9], [L11], [12], [17] and [18]).

B. Schweizer and A. Sklar have been concluded that comparison of (11.6.1)
with (11.3.5) in [15] and the proof of the Rice’s Theorem 1.1 quickly leads to the
following conjecture [15, Problem 11.6.5]:

Problem 3.1. (Schweizer and Sklar, 1983) Does Theorem 1.1 remain valid
when "diameter" is replaced by "(geometric) transfinite diameter"?

Note that our Theorem 2.1 in this paper is a first step toward the resolution
of the above Problem 3.1. Also note that this problem could be formulated in a
more general setting, i.e., not only for the compact set, but also for any set (with
positive measure) in a general metric space.
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The transfinite diameter of a compact subset A of a metric space is closely

related, and often equal, to the capacity, and also to the Cebysev constant. Thus
we may also pose the following conjecture (open problem):

Problem 3.2. Does the Rice’s Theorem 1.1 remain valid when "diameter" is

replaced by "harmonic transfinite diameter"?
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Abstract

This paper is concerned with the design of the X bar control chart when
quality characteristic has non-normal symmetric distribution. For chosen
Student, standard Laplace and logistic distributions of quality characteristic,
we calculated theoretical distribution of standardized sample mean and we
fitted Pearson type VII distribution. Width of control limits and power
of X bar control chart were established, giving evidence of goodness of fit
of Pearson type VII distribution to theoretical distribution of standardized
sample mean.

1 Introduction

The X bar chart is extensively used in practice to monitor a change in the process
mean. It is usually assumed that quality characteristic under the surveillance
of an X bar chart has a normal distribution. On the other hand, occurrence of
non-normal data in industry is quite common (see [1,8]). Violation of normality
assumption results in incorrect control limits of control charts [2]. Misplaced con-
trol limits lead to inappropriate charts that will either fail to detect real changes
in the process or which will generate spurious warnings when the process has not
changed.

In the case of non-normal symmetric distribution of quality characteristics, no
recommendations, except the use of normal distribution, are given in the quality
control literature. Approximation of the distribution of sample mean with normal
distribution is based on the central limit theorem, but in practice small sample
sizes are usually used.

We will consider three types of non-normal symmetric distributions of quality
characteristic: Student’s distribution, Laplace distribution and logistic distribu-
tion. For each of these distributions, we calculated theoretical distribution of
standardized sample mean (or its best approximation) and then we approximated
it with normal and Pearson type VII distributions. Results based on the theoret-
ical distribution of sample mean represent the 'golden’ standard with which we
will compare all other approximations.
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It is presumed that a process begins in in-control state with mean o and that
single assignable cause of magnitude § results in a shift in the process mean from
o to either pg — do or pp + do, where o is the process standard deviation [12].
It is also assumed that the standard deviation remains stable. This means that
distribution of quality characteristic has shifted to the right or left for do, resulting
in a change in location parameters (median, mean, mode) while scale and shape
parameters remain the same. Central line of the X bar chart is set at pg and
upper and lower control limits, respectively, o+ ko /y/n and po — ko /v/n, where
n represents the sample size and k width of control limits. Samples of size n are
taken from the process and the sample mean is plotted on the X bar chart. If a
sample mean exceeds control limits, it is assumed that some shift in the process
mean has occurred and a search for the assignable cause is initiated.

The rest of the paper is organized as follows. In Sections 2, 3 and 4, respec-
tively, description of chosen distributions of quality characteristic, distribution
of standardized sample mean and Pearson type VII distribution is given. Con-
struction of the X bar control chart and its power are examined in Section 5,
along with the comparisons of theoretical distribution of sample mean with corre-
sponding Pearson type VII distribution. Finally, conclusions are drawn in Section
6.

2 Distribution of quality characteristic

In this paper we consider three types of non-normal symmetric distributions of
quality characteristic X: Student distribution, Laplace (double exponential) and
logistic distribution (see [3,9,10]). All chosen distributions have heavier tails than
normal distribution.

Distributions are given by their density functions. We will use following nota-

tions for mean, variance, skewness and kurtosis of quality characteristic, respec-
3 4
tively: p = E(X), 02 = Var(X), ag = M, oy = E(X;ﬂ As all
o2
chosen distributions are symmetric around the mean, as = 0.

1. Student’s distribution (v, u,n)

PEST
(vt 1 _ 2 2
Agigji 1+<$ M) ZER.
ny/ vl (5) v n
where v (v € R) is the shape parameter, n (n > 0) is scale parameter and

i (€ R) location parameter. Variance and kurtosis are, respectively, equal
to

fz) =

o = v n”,v>2 ayu=3+ > 4.

v—2 v—a "

Random variable Y = % has Student distribution ¢(v) with density func-
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tion

2. Laplace distribution Lo(n, i)

1 |z — pf
fﬂ::exp{— },avER,
() 2 7

where (@ € R) is location parameter and 7 (n > 0) scale parameter.
Variance and kurtosis are, respectively, equal to

o? = 2172, ay = 6.

Random variable Y = X — i has standard Laplace distribution L;(n) with
density function

fr(y) = 1exp{—‘z|}, y €R.

where 1 (p € R) is the location parameter and 7 (n > 0) scale parameter.
Variance and kurtosis are, respectively, equal to

o , oy =4.2.

2 _ 22
3

Random variable Y = % has standard logistic distribution with density

function

e~V

fr(y) = m,

y €R,

3 Distribution of standardized sample mean

3.1 Sample from Student’s distribution

Witkowsky [13,14] proposed a method for numerical evaluation of the distribution
function and the density function of a linear combination of independent Student’s
t random variables. The method is based on the inversion formula which leads to
the one-dimensional numerical integration.

Let (X1, X9,...,X,) be a sample from Student’s ¢(v, s, A) distribution. Then
Y, = X’f“, k=1,2,...,n are independent Student’s ¢, random variables with

n
v degrees of freedom. Further, let Y = >~} | ¥} be sum of these variables and let
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¢y, (t) denote the characteristic function of Yj. The characteristic function of Y’
is

ov(t) = T on (o).
k=1

where ) ,
1\2 1
L ( t) K ( t> :
Py, (t) R0 vzt w2 (V2[t
where K, (z) denotes modified Bessel function of the second kind.
The cumulative distribution function (cdf) Fy(y) of random variable Y is
according to the inversion formula due to Gil-Pelaez |5] given by

e8] —it
Fy(y) = ;_717/0 Im<eyt¢y(t)>dt—
1
2

1 [ sin (ty)¢y (t)
- /0 e et (1)

+

v
and the probability density function (pdf) fy(y) of Y is given by

) = ¢ ] e oroa=

™

= 71T/000 cos (ty)py (t)dt (2)

For any chosen y algorithm tdist in R package tdist [15] evaluates the integrals
in (1) and (2) by multiple p-points Gaussian quadrature over the real interval
t € (0,10m). The whole interval is divided into m subintervals given by pre-
specified limits and the integration over each subinterval is done with p-points
Gaussian quadrature which involves base points b;;, and weight factors w;;, i =
1,2,...,p, j=1,2,...,m. So,

Q

Fy (y) >N WMWY(@H =

j=11i=1 v

2
3| -

fr(y)

where W;; = w;j¢y(bij). For evaluation of Fy(y) and fy(y) in many differ-
ent points the algorithm requires only one evaluation of the weights W;;, for
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i =1,2,...,pand 57 = 1,2,...,m, which directly depends on the characteristic
function ¢y (-) and does not depend on y.
Then, distribution function and density function of standardized sample mean

T, = @\/ﬁ: Y /%2 are equal to
v—2 ny
Fr.(t) = P{Y §t}:Fy< t>
nv v—2
[ n [ nv
an(t) = fy< 2t>,t€R

Skewness and kurtosis of standardized sample mean are, respectively, equal

6
a3,Tn = 0, 0147Tn = 3 + m

3.2 Sample from Laplace distribution

Let (X1, X9,...,X,) be a sample from Laplace distribution La(p, 7). Then, Y} =
Xi—p, k=1,2,...,n are independent random variables with standard Laplace
distribution L1(n).

Statement 3.1. If U and V are two independent random variables with expo-
nential £(n) distribution, then Y = U — V has standard Laplace distribution.

Standard exponential distribution is gamma distribution, I'(1,7). Sum of n
independent variables with I'(1,7) distribution is gamma distribution I'(n,n). In
that way, using Statement 1, we conclude that sum of n independent random
variables Y7, Yo, ..., Y, with standard Laplace distribution can be written as the
difference of two random variables with gamma distribution I'(n, ) which is called
bilateral gamma distribution.

Bilateral gamma distribution is symmetric around 0, with density function for
y >0 [11]

n—1
" 1
fly) = (5) ) > ary* exp {—ny},
" k=0
where the coefficients (aj)g=0,..n—1 are given by

n—1 1 n—2—k
o= (") o0 it

=0

Probability distribution function, for y > 0 is

1 n " ay,
Fy(y) = - (7) S j (k + 1,7z),
v(y)=5+(5 (=11 2= 7 e y(k + 1)
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where y(n, z) is incomplete gamma function.
Then, distribution function and density function of standardized sample mean

X—
T, ==F\/n= n~\)//27n are equal to

Fr,(t) = P{n.}:/% St} = Fy (nv2nt),

fr,(t) = nV2n- fy (n@t) ,teR

Skewness and kurtosis of standardized sample mean are, respectively, equal

3
agr, =0, agr, =3+ —.
n

3.3 Sample from logistic distribution

Let (X1, Xo,...,X,) be a random sample from logistic distribution LGS (i, n).

George and Mudholkar [6] showed that a standardized Student’s t-distribution
provides a very good approximation for the distribution of a convolution of n
ii.d. logistic variables. These authors then compared three approximations: (1)
standard normal approximation, (2) Edgeworth series approximation correct to
order n~1, and (3) Student’s t approximation with v = 5n+4 degrees of freedom.
They showed that the third provides a very good approximation.

Gupta and Han [7] considered the Edgeworth series expansions up to order
n~3 for the distribution of the standardized sample mean

X

e

g

T, =

Distribution function is given by

n2

35 (6> 1 /1 432 21048 6
“(Z) H i e 2 € by 4
TR (5) 7“’>>'+7ﬁ <8! 5 )+ Jor7 5O+

5775 (6)°
— |z H R
+ <5> 11(75))) , teR,
where ¢(-) and ®(-) are standard normal pdf and cdf and Hj(x) is the Hermite

polynomial.
Then, probability density function of standardized sample mean is

Fr) = 80 -0 (3 (5 200) + 5 (5 T+

Fr) ~ w0 (14 4 5 (s - Hi(0) +
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+ % (év . 478 (tHg,(L‘) - Hg(t)) + %? <§>2 (tH7(t) - H;(t))> +

1 1 432 / 21048 6 /
(55 () = m300) + 07 -2 (ernte) — 1) +

% <§)3 (tH () - Hﬁ@)))) JteR

Gupta and Han [7] compared this approximation with the approximations
mentioned earlier, and they showed the approximation to be far better than even
the Student’s t-approximation suggested by George and Mudholkar [6].

Skewness and kurtosis of standardized sample mean are, respectively, equal

_l’_

1.2
as T, = 0, Q4 T, = 3+ 7

4 Pearson type VII distribution

Probability density function is equal to (see [3,9])

)= —— (sz)_m eR
xTr) = : D) x )
on(m-3.5) UTa)
where
5@4 -9
m 2(@4 — 3)’ (3)
20&4
= 4
a po— (4)

and B(a,b) is beta function.
Then, cumulative distribution function is equal to

1 11
F(l’) = §Ia2/(a2+x2) (m - 5, 2) 5

for x < 0 and
1

11
Fx)=1- §Ia2/(a2+x2) (m 5 2> ,

for x > 0, where I;(a,b) = BB’”((;;JI))) and Bg(a, b) is incomplete beta function.

5 Design of X bar control chart

We considered following distributions of quality characteristic: Student’s ¢(10) dis-
tribution with 10 degrees of freedom, standard Laplace L(1) and logistic LGS(1)
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distribution. We calculated theoretical distribution of standardized sample mean
of considered distributions for sample sizes n = 3 — 10, using results from Section
3 and then we approximated it with normal and Pearson type VII distributions.
Parameters of the fitted Pearson type VII distribution are calculated using formu-
las (3) and (4). Code for all calculations was written, by the author, in statistical
software R. Width of control limits of the X bar control chart is calculated from

a=1-P{u —k% <X > mk%m =po} =201-F(k), (5
for the probability of false alarms a = 0.0027 and cumulative distribution function
F of standardized sample mean, using Brent’s root-finding method [4].

Calculated widths of control limits, for considered distributions of quality
characteristic, sample sizes n = 3 — 10, probability of false alarms a = 0.0027,
for theoretical distribution of standardized sample mean and Pearson type VII
distribution, are given in Table 1.

Width of control limits
Sample size Student t(10) Laplace L(1) Logistic LGS(1)

Theor. Pearson | Theor. Pearson | Theor. Pearson
n=3 3.21966 3.22227 | 3.54221 3.53915 | 3.25580 3.26074
n=4 3.16998 3.17156 | 3.43224 3.43628 | 3.20035 3.20234
n=2=5 3.13867 3.13966 | 3.36034 3.36606 | 3.16405 3.16527
n==~6 3.11712  3.11775 | 3.30939 3.31520 | 3.13877 3.13966
n="7T 3.10136 3.10178 | 3.27130 3.27668 | 3.12021 3.12091
n=3~8 3.08934 3.08962 | 3.24168 3.24652 | 3.10602 3.10660
n=9 3.07987 3.08005 | 3.21796  3.22227 | 3.09482 3.09531
n =10 3.07221 3.07233 | 3.19852 3.20234 | 3.08577 3.08619

Table 1: Width of control limits of X bar control chart

As it can be seen in the Table 1, values of the width of the control lim-
its calculated from theoretical distribution and corresponding Pearson type VII
distribution are very close, i.e. Pearson type VII distribution fit very well to the-
oretical distribution of standardized sample mean. On the other hand, normal
approximation would give value of &k = 2.99998, for all n and all distributions of
quality characteristics.

Now, we are interested to see what is the power of X bar control charts for
detecting shifts from § = 0.5—3(0.5), for calculated width of control limits. Power
of X bar control chart for detecting shifts from mean pg to g1 = po £ do can be

calculated from
o

1=p =1=Pu—k-o < X 2 ot ol = ju} = F(-k=0Va)+F(=k+5v/).

Mainly, we want to investigate what is the minimum positive shift that X bar
chart can detect with a power of at least 90%.
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Calculated power of X bar control chart, for considered distributions of quality
characteristic, sample sizes n = 3 — 10, shifts 6 = 0.5 —3(0.5) for both theoretical
distribution of standardized sample mean and corresponding Pearson type VII
distribution, are given in Table 2.

From the Table 2, we see that X bar control chart can detect shifts of 6 = 1.5
with power of at least 90% for sample sizes of at least n = 9 for Student distribu-
tion with 10 degrees of freedom, standard Laplace and logistic distributions. In
order for the X bar chart to detect shifts of § = 2.0 with power of 90% and greater,
it is necessary to take samples of size at least n = 4 for all chosen distributions of
quality characteristics. Also, we can once more notice that Pearson type VII dis-
tribution approximate distribution of standardized sample mean rather well. In
general, it can be concluded that X bar chart can detect shifts of at least § = 1.5
with power of 90% and greater, for non-normal symmetric distribution of quality
characteristic.

6 Conclusions

We considered design of X bar control chart when quality characteristic has one
of the following non-normal symmetric distributions: Student’s distribution with
10 degrees of freedom, logistic distribution and standard Laplace distribution.
We calculated theoretical distribution of standardized sample mean (or its best
approximation) and approximated it with Pearson type VII distribution. Then we
calculated width of control limits of X bar chart, which gave evidence of goodness
of fit of Pearson type VII distribution to theoretical distribution of standardized
sample mean. Further, we examined the power of X bar control chart in detecting
the shifts. Results suggest that X bar chart can detect shifts of at least § = 1.5
with power of 90% and greater.

Although our results of design of X-bar chart are based only on three types
of non-normal symmetric distributions, we would recommend use of Pearson type
VII distribution in general case, when distribution of quality characteristic is non-
normal but symmetric. Other cases will be in scope of our future research.
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Apstrakt

Povriina konveksnog petougla je funkcija od zbira s povr$ina pet njegovih
iviénih trouglova i cikli¢nog zbira ¢ proizvoda povr§ina pet parova susjednih
iviénih trouglova. Ovo je tvrdenje Gausove formule za petougao P? — sP +
q = 0 iz 1823. godine, koja se u literaturi pominje rijetko. U ovom radu
se razmatraju problemi optimizacije medu veli¢inama s, ¢ i P na skupu
konveksnih cjelobrojnih petouglova. Pri dokazima tvrdenja éesto se koristi
gore pomenuta Gausova formula.

1 Uvod

Definicija 1. Neka je dat pravougli koordinatni sistem u ravni. Tacku ¢ije su
obje koordinate cjelobrojne zovemo cjelobrojna taéka. Poligon Cija su tjemena
cjelobrojne tacke zovemo cjelobrojni poligon. Cjelobrojni poligon ¢iji su svi
unutrasnji uglovi manji od 180° zovemo konveksan cjelobrojni poligon.

Kako za povrsinu trougla sa tjemenima u tackama A(x1,y1), B(x2,y2), C(x3,y3)
vazi formula

1
Papc = 5\1’1(?;2 —y3) +x2(y3s — y1) + x3(y1 — y2)|s

odavde slijedi da povrsina cjelobrojnog trougla nije manja od 1/2. Za cjelobrojne
trouglove povrsine 1/2; tj. minimalne povrsine, uvodimo poseban naziv.

Definicija 2. Cjelobrojan trougao povrsine 1/2 naziva se fundamentalan tro-
ugao.

Za proucavanje povrsine konveksnih cjelobrojnih poligona posebno vaznu ulogu
imaju preslikavanja ravni koja fundamentalan trougao preslikavaju u fundamen-
talan trougao. Ovakva preslikavanja ¢uvaju povrSinu konveksnog cjelobrojnog
poligona i potpuno su odredena jednom cjelobrojnom kvadratnom matricom dru-
gog reda ¢ija determinanta pripada skupu {—1,1}.
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Definicija 3. Za kvadratnu matricu V kazemo da je unimodularna ako je
detV € {—1,1}. Za linearno preslikavanje kazemo da je unimodularno ako
je njegova matrica (u standardnoj bazi prostora R?) unimodularna. Za linearno
preslikavanje kazemo da je cjelobrojno unimodularno ako je njegova matrica
cjelobrojna i unimodularna.

Definicija 4. Kompoziciju unimodularnog preslikavanja i translacije zovemo uni-
modularno afino preslikavanje. Kompoziciju cjelobrojnog unimodularnog pre-
slikavanja i cjelobrojne translacije (translacije za cjelobrojan vektor) zovemo cje-
lobrojno unimodularno afino preslikavanje ili cjelobrojna ekvivalencija.
Za dva cjelobrojna poligona kazemo da su cjelobrojno ekvivalentni ako postoji
cjelobrojna ekvivalencija koja preslikava jedan poligon u drugi.
Najvaznije osobine cjelobrojnog unimodularnog preslikavanja date su u sljedeco]

teoremi ([7]).

Teorema 1. a) Cjelobrojno unimodularno preslikavanje ¢uva broj cjelobrojnih
tacaka kompaktnog konveksnog skupa.

b) Kompozicija dva cjelobrojna unimodularna preslikavanga je cjelobrojno uni-
modularno preslikavanje.

Iz ove teoreme neposredno slijedi sljedeé¢a posljedica.

Posljedica 1. Svaka dva fundamentalna trougla su cjelobrojno ekvivalentna. Spe-
cijalno je svaki fundamentalni trougao cjelobrojno ekvivalentan sa trouglom ¢ija
su tjemena (0,0), (1,0) 7 (0,1).

-] o
(-] (-]
-] (]

Slika 1:

2 Povrsina konveksnog petougla

Vige autora ( Rabinowitz u |7], Simpson u [8], Matié-Kekié¢ u 5], Govedarica u
[4], Barany i Tokushige u [1]) se bavilo problemom odredivanja minimalne povrsine
konveksnog cjelobrojnog n—ugla. U tom smislu za konveksan cjelobrojan petougao
vazi sljedece tvrdenje.
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Teorema 2. Minimalna povrsina konveksnog cjelobrojnog petougla je 5/2. Svaki
konveksan cjelobrojan petougao minimalne povrsine je cjelobrojno ekvivalentan sa
petouglom na slici 1.

Neka je dat konveksan petougao X = A1 A2 A3 A4As5.

Definicija 5. Trouglove A; 1A4;A;+1, @ = 1,2,3,4,5 (Ag = A5, Ag = A1),
zva¢emo iviénim trouglovima petougla X. Dva iviéna trougla su susjedna
ako imaju zajednicku stranicu. Cjelobrojan trougao je fundamentalan ako mu
je povrsina jednaka 1/2.

Uvedimo sljedeée oznake:

e s; — povrSina trougla 4;,_1A4;A;+1 (1 € {1,2,3,4,5}, Ao = A5, 4g = A1),
® S =51+ S92+ 83+ S4+ S5,
® § = S1S9 + S253 + S354 + S4S5 + S551,
e P povrsina petougla X.
Tada vazi sljedecih pet tvrdenja.
Stav 1. 2P > s.

Dokaz. Oznac¢imo sa Y i Z redom konveksan petougao ABCDE i petokraku
zvijezdu AK BLCM DN EP koje obrazuju dijagonale datog konveksnog petougla
X (slika 2).

Slika 2:

Kako je s + Py 4+ Pz = 2P, slijedi da je s < 2P. [J
Stav 2. P2 —sP+¢q=0.

Dokaz. Koristi¢emo identitet

sin 1 sin 3 + sin pa sin(p; + 2 + @3) = sin(e1 + p2) - sin(ea + @3). (1)

(koji slijedi iz sljedec¢ih jednakosti

cos(p1 — p3) — cos(p1 + 22 + 3) = 2sin(p1 + 2) - sin(w2 + ¢3),
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(cos(p1 — p3) — cos(p1 + p3)) + (cos(p1 + w3) — cos(p1 + 2p2 + 3)) =
= 2sin(p1 + @2) - sin(p2 + ¢3),

sin @1 sin 3 + sin @y sin(@1 + 2 + @3) = sin(p1 + @2) - sin(ps + ¢3).)
Neka je A;As =b;, 1 =1,2,3,4, i <IAZ‘A5AZ‘+1 =;, t =1,2,3. Kako je

1 _ 1 . 1 )
3 b1basin 1 = s1, 3 bsby sin w3 = sy, 3 babs sin o = Pa, 4,4, = P — 51 — 54,
1 . 1 .
3 bibysin(pr + @2 + p3) = s5, 3 bibssin(p1 + @2) = Paga, 4, = P — s2 — s4,
1 .
3 boby sin(pa + ¢3) = Pa,a54, = P — 51 — 83,
1
mnozenjem jednakosti (1) sa 1 b1bobsby dobijamo da je
s184+ (P — 81— 84)85 = (P — s9 — 84)(P — s1 — s3),
Sto je ekvivalentno sa P2 — sP 4+ q = 0.

Posljedica 2. 2P = s+ /s% — 4q.
Dokaz. Slijedi iz prethodna dva stava, jer zbog 2P > s ne moZe biti 2P =

s— /82 —4q. O

Stav 3. U svakom konveksnom petouglu Ay AsAsA4As postogi @ takvo da je P <
S — S;.

Dokaz. Neka je s; = mins; 1 AsA4 N AzAs = B ([6]). Tada je
P < Pasa,4,B+ Pagasa, + Pasasas = Pasa,a,B + 53 + 54,

a kako je

Pasa, 4,8 = Paga,B + Paja,B < Pajasa, + Paja,a, = 85+ 52,
slijedi da je P < s5+ So + s3 + 54, tj. P <s—s1. U

Dalje ¢emo smatrati da je petougao X jo§ i cjelobrojan, tj. razmatracemo
skup konveksnih cjelobrojnih petouglova.

Posljedica 3. U svakom konveksnom cjelobrojnom petouglu broj 4(s*> — 4q) je
potpun kvadrat.

Dokaz. Na osnovu prethodne propozicije je 4P — 2s = \/4(s? — 4q), pa kako
su 4P i 2s cijeli brojevi slijedi da je 4(s% — 4¢) potpun kvadrat. O

Iz ove propozicije slijedi da kod konveksnog cjelobrojnog petougla svi iviéni
trouglovi ne mogu biti fundamentalni. Zaista, u tom slu¢aju bi bilo s = 5/2 i
q =5/4, tj. 4(s%> — 4q) = 5, sto o¢ito nije potpun kvadrat.
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3 Optimizacija veli¢ina ¢ i P u odnosu na s

Nas cilj je da odredimo minimalnu vrijednost od s na skupu konveksnih cje-
lobrojnih petouglova, da odredimo skup svih konveksnih cjelobrojnih petouglova
sa ovom minimalnom vrijednoséu od s i da uporedimo ovaj skup sa skupom kon-
veksnih cjelobrojnih petouglova minimalne povrgine.

Stav 4. Ako su u konveksnom cjelobrojnom petouglu tri ivicna trougla fundamen-
talna, ti trouglovi su susjedni.

Dokaz. Pretpostavimo da postoji konveksan cjelobrojan petougao kod koga

je
1 k l
82—84—85—5,81—5,83—5 (k,lEN)
k+1+3 2(k+1)+1
Tada je s = +2+ , q = (k+)+ pa je 4(s> —4q) = (k+1—1)? + 4.

Medutim, posto je k + [ — 1 prirodan broj to (k +1 — 1)? 4+ 4 ne moze biti potpun
kvadrat. Kontradikcija. [J

Posljedica 4. U svakom konveksnom cjelobrojnom petouglu postoji ¢ takvo da je
s; > 1isi41 > 1, tj. postoje dva susjedna ivicna trougla koja nisu fundamentalna.

Posljedica 5. U svakom konveksnom cjelobrojnom petouglu je s > 7/2.

Slika 3:
Stav 5. Postoji, do na cjelobrojnu ekvivalentnost jedinstven, konveksan cjelobro-
jan petougao kod koga je
s1=82=1, s3=84=85=1/2.

Dokaz. U svakom takvom konveksnom cjelobrojnom petouglu X je s = 7/2
i ¢ =5/2 pa je na osnovu posljedice 2 njegova povr§ina P = 5/2. Na osnovu
teoreme 2 slijedi da je X konveksan cjelobrojan petougao minimalne povrsine i
da je cjelobrojno ekvivalentan sa petouglom na slici 3. [

Ovim je dokazana sljedeé¢a teorema.
Teorema 3. (a) Minimalna vrijednost od s na skupu konveksnih cjelobrojnih

petouglova je 7/2.
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(b) Svaki konveksan cjelobrojan petougao kod koga je s = 7/2 je cjelobrojno
ekvivalentan sa petouglom na slici 1.

(c) Skup konveksnih cjelobrojnih petouglova sa minimalnom vrijednoscéu od s se
podudara sa skupom konveksnih cjelobrojnih petouglova minimalne povrsine.

Da bismo odredili, samo u funkciji od s, (najbolju) donju i gornju granicu
za povrSinu P konveksnog cjelobrojnog petougla, na osnovu posljedice 2 éemo u
funkciji od s nacéi (najbolju) donju i gornju granicu za q.

Stav 6. U konveksnom cjelobrojnom petouglu X vaze sljedeca tvrdenja.
4s? —4s+5
16 '

(b) Jednakost ¢ = s — 1 vazi ako i samo ako postoji prirodan broj k takav da je
petougao X cjelobrojno ekvivalentan sa petouglom Cija su tjemena A1 (1,0),
AQ(k +1, 2); A3(k7 2); A4(O7 1); A5(07 0)

(a) s—1<¢q<

45 —4s+5
(c) Jednakost q = fTAsHo vazi ako 1 samo ako postoje prirodni brojevi

m i | takvi da je petougao X cjelobrojno ekvivalentan sa petouglom c¢ija su

tjemena Aj(m+1,1), As(l,m+ 1), A3(0,1), A4(0,0), A5(1,0).

4s? —4s+5
(d) Jednakosti s — 1 = q = % vaZe ako 1 samo ako je petougao X

cjelobrojno ekvivalentan sa petouglom na slici 1.

1 1
Dokaz. Na osnovu posljedice 4 postoji ¢ takvo da je <si — 2) (Si+1 — 2> >

O RO (ORI
{Ce IS ROICHE

S§to je ekvivalentno sa ¢ > s — 1.

Neka je ¢ = s — 1. Tada iz prethodnog slijedi da mozemo uzeti da je s; = sy =
1, s3 =55 = 5 isg = g, k € N, tj. da je (s1, S2, 83, 54,85) = <1,1,;,§,;). Za,
svaki prirodan broj k postoji konveksan cjelobrojan petougao sa ovom petorkom
(817 52,83, 54, 85)'
Zaista, kako je trougao A4AsA; fundamentalan, na osnovu posljedice 1 mozemo
uzeti da je A4(0,1), A5(0,0), Ai(1,0) (8to znadi da smo pretpostavili da je pe-

tougao pozitivno orijentisan). Zbog s = 11 s4 = 3 slijedi da postoje prirodni
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brojevi x,y takvi da je Ag(z,2) 1 Ag(k,y) (slika 2). Dalje iz so =11 s3 = % dobi-
jamo jednafine xy —y = 2k i zy —x = k+ 1. Elimini§udéi k iz ove dvije jednacine
dobijamo da je y(z +1) =2(x + 1) pajey =2idaljexr =k+1, As(k+1,2) 1
As(k,2).

Dakle, svaki konveksan cjelobrojan petougao kod koga je ¢ = s — 1 je za neki
prirodan broj k cjelobrojno ekvivalentan sa petouglom ¢ija su tjemena A;(1,0),

Ag(k + 1,2), A3(/€,2), A4(0, 1), A5(0,0) (slika 4).

v

A k+1

o
As

Slika 4:

Navedimo jos jedan dokaz nejednakosti s — 1 < q.
Na osnovu stava 3 postoji ¢ takvo da je P < s — s;, odakle dobijamo redom

1
Si+P+§§81

2s; + 5+ /82 —4qg+ 1< 2s,
2s; <s—1—+/52 —4q.
Kako je 2s; > 1, odavde dobijamo da je 1 < s —1— /52 — 4¢q, $to je ekvivalentno
sas—1<gq.
Dokazimo sada desnu nejednakost u (a). Mozemo pretpostaviti da je s1 < sa.
Pokazimo da je

1 111
q(51,52,83,84,85) S g S2+ 80— o851 F 83+ 85,5055 ) -
Ova nejednakost je ekvivalentna sa

So + 54

1
< 5184 + 8285 + 1

Za fiksirane sg, $3, S4, S5 posmatrajmo na intervalu (1/2, s2) funkciju

8185 +

1 so+4s4
g(t):(54—85)t+8285+1— 22 .

Kako je g linearna funkcija iz

()= (-3 (D) 20 ¢ o= (o) (1) 0
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slijedi da je g(t) > 0za 1/2 <t < so.
1

3 1
Nekajex282+54—§,y:sl+83+85—1. Tadajex+y:s—§,:v2 51
1
Yy > 5 pa imamo
111 4y 1 [(z+y\> z+y 1
< g - - < -
q—q@wﬂvv> v 2 +2—<2 >+ 2 3
_ (5—3/2 2+3—3ﬂ4rl_4§‘43+5
B 2 2 2 16 ’
¢ime je i desna nejednakost dokazana.
. 452 — 4545 . . .
Neka je ¢ = T Tada iz prethodno dokazanog slijedi da je s4 =

ss=1/21x =y, tj. so+s4—1/2 =351+ s34+ s5 — 1. Uzimajuéi da je s; = k/2 i
sg = 1/2 dobijamo petorku

kK k+l-1111
(51752553784785): a' . o Ja'alao

kod koje je

(k+1)?+1 4s*—4s+5
4 B 16

i 4(s? —4q) =4(k+1)—3.

Kako 4(s? — 4¢) mora biti potpun kvadrat imamo da je 4(k +1) — 3 = (2m + 1)2,
tj. k+1=m?+m+1, m € N. Za svako m € N postoji konveksan cjelobrojan
petougao sa ovakvom petorkom (s1, s9, 3, S4, S5)-

Zaista, iz s4 = 1/2 = s5, na osnovu posljedice 1 slijedi da mozemo uzeti da je
As(0,1), A4(0,0), A5(1,0) 1 Ay(m +1,1). Kako je s3 =1/21i

m24m+1 k | m+1
Pagpans =P =s1 =83 = === =5 =5 = —5—
slijedi da je A2(l,m + 1) (slika 5).

45 —4s+5
Dakle, za svaki konveksan cjelobrojan petougao kod koga je g = i

postoje prirodni brojevi m, [ takvi da je on cjelobrojno ekvivalentan sa petouglom
¢ija su tjemena Aj(m +1,1), As(l,m + 1), A3(0,1), A4(0,0), A5(1,0).
4> —4s+5 4> —4s+5
Neka je s — 1 = ¢ = % Tada iz s — 1 = % slijedi
da je s = 7/2, pa na osnovu teoreme 3 dobijamo da je petougao X cjelobrojno

ekvivalentan sa petouglom na slici 1. [J
Iz prethodnog stava i posljedice 2 slijedi sljede¢a teorema.
Teorema 4. U konveksnom cjelobrojnom petouglu X wvaZe sljedece tvrdnje

s+4/s—5/4

(a) 2V

<P<s-—1.
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Slika 5:

(b) Jednakost P = s — 1 vazi ako i samo ako postoji prirodan broj k takav da je
petougao X cjelobrojno ekvivalentan sa petouglom Cija su tjemena A1(1,0),
AQ(k +1, 2); A3(k7 2); A4(07 1); A5(07 0)

—5/4

(c) Jednakost P = sEVs=5/4

m,l takvi da je petougao X cjelobrojno ekvivalentan sa petouglom Cija su
tjemena A1(m+1,1), Aa(l,m+ 1), A3(0,1), A4(0,0), A5(1,0).

Vs —5/4
(d) Jednakosti 8_*—;/ =P

cjelobrogno ekvivalentan sa petouglom na slici 1.

vazi ako 1 samo ako postoje prirodni brojevi

= s — 1 vaZe ako i samo ako je petougao X

Provjerimo na kraju analiticki dobijene rezultate na skupu konveksnih cjelo-
brojnih petouglova (sa tri parametra) ¢ja su tjemena A(0,1), B(0,0), C(1,0),
D(k,1), E(m,n). Kako je on konveksan slijedi da su k, m, n prirodni brojevi ve¢i
od 11idajem <n(k—1). Dalje imamo

kn—m—n-+1

1 1
S1=PABCZ§7SQZPBCD=§,83=PCDE= 5 )

odakle slijedi da je

2kn—k—n+3 kn+1
s=51+82+ 83+ 54+ 85= > , P= 5
k*n? — k*n — kn? +3kn —k —n +2
1 .
Zamjenom ovih vrijednosti za s i ¢ u nejednakosti s — 1 < ¢, nakon sredivanja
dobijamo da je ova nejadnakost ekvivalentna sa (kn — 1)(kn — k —n) > 0. Kako

q = 8152 + S283 + 8384 + 8485 + S551 =
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su k i n prirodni brojevi veéi od 1, ova nejednakost vazi. Pri tome jednakost
s—1 = g vazi samo ako je kn—k—n =0, tj. (k—1)(n—1) =1, odakle dobijamo
da je k = n = 2. Dalje, iz uslova m < n(k — 1) slijedi da je m < 2, pa je m = 2.
Dakle, jednakost vazi ako je petougao ABC DFE podudaran sa petouglom na slici
1.

Zamjenom ovih vrijednosti za s i ¢ u nejednakosti ¢ < (4s®> —4s+5)/16, nakon
sredivanja dobijamo da je ova nejadnakost ekvivalentna sa (k —n)? > 0, to znaci
da vrijedi. Pri tome se jednakost ¢ = (4s% —4s+5)/16 dostize samo za k = n > 2,
uz uslov da je m < k(k — 1). Skup svih ovakvih petouglova ABCDE se poklapa
sa skupom petouglova na slici 3.
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Abstrakt

U radu je razmatran problem parketiranja ravni konveksnim polupravil-
nim jednakostrani¢nim poligonima jedne vrste i odgovarajucih lin-
earnih Diofantovih jednacina. Rjesavanjem Dofantove jednacine koja
odgovara parketiranju ravni polupravilnim poligonima jedne vrste,
pokazano je da se od svih polupravilnih jednakostrani¢nih konvek-
snih poligona Pay,, m > 2, parketiranje ravni moze obaviti jedino sa
polupravilnim cetvorouglovima i Sestouglovima. Dato je i nekoliko
primjera parketiranja ravni konveksnim polupravilnim ¢etvorouglovima
i Sestouglovima.

1 Uvod

Problem parketiranja ravni je drevni problem koji su razmatrali matematicari
starog Egipta, Grcke, Persije, Kine i drugih starih civilizacija. Parketiranje se
svodi na to da se ravan podijeli na poligone koji bi je potpuno prekrili a da pri tome
nema preklapanja niti praznina uz odredenu pravilnost obzirom na vrstu, oblik
i raspored poligona. Dakle, kod parketiranja cilj je podijeliti ravan na poligone
koji bi imali samo zajednicke stranice i vrhove. Tada za poligone koji imaju
jednu stranicu zajednicku kazemo da su susjedni poligoni, a tacku ravni u kojoj
se sastaju vrhovi susjednih poligona nazivamo ¢vorom te particije ravni. Cvoriste
nazivamo pravilnim ako su svi uglovi poligona koji se sastaju u njemu jednaki.
Smatramo da su dva ¢voriSta jednaka ako je broj uglova koji se u njemu sastaju
jednak. O problemu parketiranja se moZe nadi u [1], [4], a katalog parketiranja se
moze vidjeti u [2],[3], [1].
Nas interesuju specijalni slu¢ajevi parketiranja i to parketiranja ravni

polupravilnim poligonima, odnosno kada se u ¢voristu sastaju polupravilni poligoni
jedne ili dvije i viSe vrsta.
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Slika 1: Konveksni polupravilni jednakostrani¢ni poligon Py

Polupravilne poligone dijelimo u dvije grupe; jednakostrani¢ne (imaju jednake
stranice,a razli¢ite uglove) i jednakougaone (imaju jednake unutrasnje uglove, a
razliCite stranice). Svaka od tih grupa se moze dalje podijeliti na konveksne i
nekonveksne polupravilne poligone.

Za jednakostrani¢ni polupravilni poligon koji ima N stranica duzine a koris-
timo oznaku P%. Jedan takav polupravilni poligon prikazan je slikom (1).

Pravilni poligon Py, je "upisani",a jednakokraki poligon Py je "ivi¢ni" poligon
jednakostrani¢nom polupravilnom poligonu Py sa N = n - m stranica.

Navedimo osnovne pojmove i oznake koji se odnose na tako konstruisane
polupravilne konveksne poligone koje koristimo u daljem izlaganju zajedno sa
njihovim osnovnim elementima.

1. Poligon Py, sa m = k—1 stranica konstruisan nad svakom stranicom A;A;1,
j =1,2,...,n poligona P, sa kojim ima jednu stranicu zajedni¢ku, nazi-
vamo "iviéni" poligon polupravilnog poligona Ppy.

2. AjBy,B2Bs, ..., By_1A11,j = 1,2,...,n su stranice ivicnog poligona Py.

3. AjBy,AjBs, ..., AjBy_1 su dijagonale d;,7 = 1,2,...,k — 2, ivitnog polig-
ona Py, povucene iz zajednickog vrha A; i vrijedi

dp_o = A]'Aj_H =b.

4. Unutrasnje uglove uz vrhove B; poligona Py, oznatavamo sa 3;, a uz vrhove
Aj sa oj.
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5. Sa 0 oznacavamo ugao izmedu dvije uzastopne dijagonale ivicnog poligona
Py, povucene iz vrha A;,7 =1,2,...,n i vrijedi

d=L(a,dy) = £(dj—1d;),i =1,2,...,k —2 (1.1)
i pri tome je dg = a a dp_s = b.

Neki od problema koji se mogu formulisati, u vezi tako konstruisanih
polupravilnih poligona je i problem parketiranja ravni.

Prije nego razmotrimo problem parketiranja ravni tim poligonima, navedimo
prvo jednu lemu, koja vrijedi za unutrasnje uglove polupravilnih jednakostrani¢nih
poligona Py konstruisanih na opisani nacin i jedan teorem koji je vazan za njihovu
konveksnost (za dokaz leme i teorema vidjeti [5],[6],[7]).

Lema koja vrijedi za unutragnje uglove glasi

Lemma 1.1. Polupravilni jednakostranicni konveksni poligon Py sa
N = n-m stranica i uglom 8, ima n unutrasnjih uglova, uz vrhove "upisanog”
pravilnog poligona Py, jednakih uglu o i vrijeds

o= (n_n2)7r+2(m—1)6 (1.2)

i (m — 1) - n unutrasnjih uglova,uz vrhove "wicnih” jednakokrakih poligona Py,
jednakih uglu B i vrijedi

B=m—25,6>0, mnkeNmn>2m=%kF—1. (1.3)

Zavisnost konveksnosti polupravilnih jednakostrani¢nih poligona Py od vri-
jednosti ugla ¢ iskazana je teoremom.

Teorema 1.2. Jednakostraniéni polupravilni poligon Py sa N = n - m stranica,
konstruisan na opisani nacin je konveksan ako je

56<0;ﬁ>;57§% kknomeNnm>2m==%k—1. (1.4)

Primijetimo da je za 6 = % konveksni polupravilni poligon pravilan, pa tu
vrijednost ugla isklju¢ujemo iz razmatranja.

2 Parketiranje ravni polupravilnim
poligonima jedne vrste

Parketiranje ravni jednakostrani¢nim konveksnim polupravilnim poligonima spada
u posebnu grupu parketiranja. Na osnovu karakteristika, razlikujemo sljedece
vrste parketiranja ravni polupravilnim poligonima:

1. Parketiranje ravni polupravilnim poligonima kada se u svakom ¢voru sastaje
jednak broj polupravilnih poligona iste vrste,
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2. Parketiranje ravni polupravilnim poligonima kada se u jednom ¢voru sastaju
polupravilni jednakostrani¢ni poligoni razli¢itih vrsta i jednakih stranica,

3. Parketiranje ravni polupravilnim poligonima kada se u jednom ¢voru sastaju
polupravilni jednakostrani¢ni poligoni razli¢itih vrsta i razli¢itih stranica.

Ovdje razmatramo parketiranje ravni iz prvog slucaja. Ako je moguce parke-
tirati ravan sa jednom vrstom polupravilnih poligona tada zbog postojanja dvije
vrste unutrasnjih uglova razlikujemo sljedeée vrste ¢vorova:

1. Cvorovi u kojima se sastaju vrhovi kojima odgovaraju unutrasnji uglovi
jednaki uglu «,

2. Cvorovi u kojima se sastaju vrhovi kojima odgovaraju unutrasnji uglovi
jednaki uglu g,

3. Cvorovi u kojima se sastaju vrhovi kojima odgovaraju unutrasnji uglovi
jednaki uglu « i uglu 5.

Pretpostavimo da je moguce parketiranje ravni polupravilnim jednakostrani-
¢nim konveksnim poligonom iste vrste, konstruisanim na opisani na¢in sa odgo-
varajué¢im karakteristi¢nim elementima n,m,d i unutragnjim uglovima «, 5.

Tada postoje nenegativni cijeli brojevi ¢, s koji nisu istovremeno jednaki nuli,
takvi da se u jednom ¢voru sastaje ¢t vrhova kojima odgovaraju unutrasnji uglovi
jednaki uglu « i/ili s vrhova kojima odgovaraju unutrasnji uglovi jednaki uglu .

Na osnovu vrijednosti unutrasnjih uglova i 5 i ¢injenice da je tada zbir uglova
u svakom ¢voru jednak 27, navedeni uslovi se mogu zapisati u obliku jednacine

t-a+s-f=21 <

t- (n_n2)7r+2(m—1)5 +s-(mr—20)=2m (2.1)

Jednacina (2.1) je linearna Diofantova jednac¢ina ¢ije nepoznate t, s € Z™1, gdje
je Z*t = {0} UN, nisu istovremeno jednake nuli.

Izaberimo ugao § = f(m,n) iz intervala u kojem je polupravilni jednakos-
trani¢ni poligon Py, N = n-m konveksan i koji se moze geometrijski konstruisati
odnosno,d € (0; m% i0# %. Neka je 6 oblika

™

o, m) = 2m.n-(m—1)

n,m>2&cN. (2.2)

Zamijenimo li vrijednosti za uglove «, 51 ¢ u jednacinu (2.1) dobijamo

t-

o z%f(nzl_)m“'(”—winb) =
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@t'[(n_z)wiﬂﬂ'(l‘m(i_l)) = 2
oo (BUIHER) (QZZ(%PSQ) = 2

Nakon sredivanja posljednja jednacina se moze napisati u obliku

(m—12" ' n—2)+1)-t+ 2" n(m—1)—1)-s=2"n(m—1) (2.3)

koja predstavlja Diofantovu jednaéinu u kojoj su nepoznate veli¢ine ¢, s. RjeSenje
Diofantove jednacine je par (t,s),t,s € Z* gdje je Z+ = {0} UN koji zado-
voljava jednatinu (2.3). Oznac¢imo li cjelobrojne koeficijente redom sa: A =
(m—-1)2" Y n-2)+1),B=2""1n(m—-1) - 1,C = 2™n(m — 1) jednatina se
moze napisati u jednostavnijem obliku

At+ Bs=C.

Za razli¢ite vrijednosti n,m, jednaina ima razli¢ite oblike. Analizirajmo
moguénosti parketiranja ravni polupravilnim poligonima sa N = 2m,m > 2,
stranica, a ugao d odreden relacijom (2.2). U tom sluc¢aju vrijedi teorema

Teorema 2.1. Ravan moZemo parketirati polupravilnim jednakostranicnim kon-
veksnim poligonima Pom, m € N jedino ako je m = 2 i m = 3. Za te vrijednosti m
i ugao 6 definisan sa (2.2) skup rjesenja odgovarajuée Diofantove jednacine (2.3)
je respektivno {(8,0),(2,2)} 7 {(16,0), (1,2)}.

Dokaz: Ako je n = 2 Diofantova jednatina (2.3) prelazi u oblik
(m—1)-t+©2"(m—1)—1)-s=2""(m —1) (2.4)

Odredimo skup rjeSenja te jednacine u zavisnosti od m € N. Mogu se javiti
sljedeci slucajevi:

1. Ako jet# 01 s =0 jednacina (2.3) ima oblik
(m—1)-t=2"(m 1) (2.5)
Iz te jednadine nalazimo da je t = 2™+ Odakle zaklju¢ujemo da kod

parketiranja ravni polupravilnim poligonima Po,,,m > 2 € N ima &vor
(t,s) = (2™*1,0) u kojem se nalazi 2™+! uglova jednakih uglu a.

2. Ako jet =01 s # 0 jednacina (2.3) ima oblik

(2™(m —1) —1) - s =2""(m - 1) (2.6)
. _ 2mtl(m—1) .o . . i 2
Odakle je, s = A m—T)=1" Transformisimo izraz u oblik s = 2+ T =T"

Pa s je prirodan broj ako i samo ako je W{l)—l prirodan broj. Odnosno,
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ako je 2™(m — 1) — 1|2. Ako bi to vrijedilo tada je 2™(m — 1) — 1 = £1 ili
2™(m—1)—1=2jer je s # 0. U slu¢aju da je 2™(m —1) —1 = —1 tada bi
2"™(m—1) = 0, §to je moguce jedino za m = 1, a to je suprotno pretpostavci
da je m > 2. U slucaju da je 2"(m — 1) — 1 = 1 tada je 2™(m — 1) = 2.
To je nemoguce, jer je za m > 2. Ako bi bilo 2™(m — 1) — 1 = 2 tada bi
2" (m — 1) = 3, odakle, slijedi da je 2™ = % §to je nemoguée. Dakle, ne
postoji ni jedan prirodan broj m > 2 za koji je izraz Wﬁ prirodan
broj, odnosno, s nije prirodan broj ni za jednu vrijednost m > 2 € N.
Na osnovu toga zaklju¢ujemo da ne postoji ¢vor u kojem se sastaju samo
unutradnji uglovi jednaki uglu 5.

3. Ako su t, s # 0 jednac¢inu (2.4) transformigimo na sljedeéi naéin:

(m—1)-t+©2"(m—-1)—1)-s = 2" (m—1)
2™ (m— 1) —(m—1)-t
5T om(m —1) — 1

22"(m-1)-1)+2  (m-—-1)-t

T T emm_1 -1  2m(m—1)_1
2—(m—1)-t
S N Ul
s T omm—1) =1
Iz posljednje jednakosti slijedi da je
2—(m—1)-t
=24 — < 2.
St ) =1 27)

Octito ¢e s biti prirodan broj
1. akoje2—(m—1)-t=0, tada je s =2 ili

2. ako je 22,;((;?7:11))_2 = p prirodan broj.

1. Akobi2—(m—1)-t=0, tada je t = % prirodan broj jedino za m = 2
im = 3. Uslutaju da je m = 2 tada jet = 2,1 s = 2, pa kod parketiranja
ravni sa polupravilnim Eetverouglovima osim &vorova (t,s) = (2™ 0) = (8,0)
imamo i ¢vorove (¢, s) = (2,2) u kojima se sastaju po dva unutrasnja ugla jednaki
uglu o i uglu B. Ako je m = 3 tada je t = 1 a s = 2 pa, parketiranje ravni sa
polupravilnim Zestouglovima osim &vora (t,s) = (2+1,0) = (16,0) ima i &vor
(t,s) = (1,2) u kojem se sastaju po jedan unutragnji ugao jednaki uglu « i dva
ugla jednaka uglu f.

2. Pretpostavimo da je s prirodan broj definisan jednakocu (2.7) i da je pri

tome % = p prirodan broj tj. p € N. Iz te jednakosti nalazimo da je

2—(m—-1t = p2™(m—-1)—-1)
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(m—-1t = 24+p—-2"(m—1)p

2
p oo PE2 g
m—1
1 2
t = — o™ _
p(m—l )+m—1

Iz posljednje jednakosti slijedi da je ¢ prirodan broj ako i samo ako je ﬁ €
N i ako je % € N. Uslovi su ispunjeni jedino ako je m = 2. No tada je
t =2-—3p,p € N. Kako je t > 0 slijedi da mora biti 2 —3p > 0 odnosno p < % Sto
je suprotno pretpostavci da je p prirodan broj. Dakle, ne postoji prirodan broj
m > 2 za koji je t prirodan broj, odnosno za koje je s definisan (2.7) prirodan
broj. Na osnovu provedenog slijedi da su s,¢ # 0 prirodni brojevi jedino u sluéaju

kadaje2—(m—1)-t=0,itadajet=s=2,am=2im=3.

Pokazimo na primjeru parketiranje ravni polupravilnim jednakostrani¢nim
¢etvorouglovima i Sestouglovima.

PRIMJER 2.1. Za polupravilni jednakostrani¢ni ¢etvorougao Py je m = 2 i
n = 2, augao § = g je odreden relacijom d(n,m) = Wm_l) Odgovarajuca
Diofantova jednacina

(m —1)t+ (2™(m —1) —1)s = 2™ (m — 1)

u ovom slucaju glasi
t+3s =28,

gdje je t broj uglova jednakih unutrasnjem uglu «, a s broj uglova jednakih
unutra§njem uglu S koji se sastaju u jednom ¢&voru. Skup rjeSenja jednadine
¢ine parovi (¢,s) = (2,2) i (¢t,s) = (8,0) (Slika 2). Otuda zaklju¢ujemo da kod
parketiranja ravni konveksnim polupravilnim cetvorouglovima sa uglom ¢ = ¢
imamo dvije vrste ¢vorova i to ¢vor u kojem se sastaje 8 vrhova sa unutrasnjim
uglom « i one ¢vorove u kojima se sastaju 2 ugla jednaka uglu a i 2 ugla jednaka

unutra$njem uglu 5.

PRIMJER 2.2. Kako je za polupravilni Sestougao m = 3 i n = 2, a ugao ugao
d = 35, odgovarajuca Diofantova jednacina glasi 2t + 15s = 32. Skup rijeSenja te
jednadine ¢ine parovi (¢,s) = (1,2) i (¢,s) = (16,0).

Fragment parketiranja polupravilnim jednakostranim cetvorouglovima ako je
§ = § ima Cvor tipa (6,0) u kojem se sastaje Sest uglova jednakih uglu o = % i
¢vor tipa (1,2) u kojem se sastaju jedan ugao jednak uglu a = % i dva ugla jednaka,
uglu g = 2?”(Slikai%), kao i fragment parketiranja polupravilnim jednakostrani¢nim
cetvorouglovima sa uglom § = ¢ i ¢vorovima tipa (2,2) prikazan je slikom 4.

Pokazimo prethodnu teoremu za polupravilne jednakostrani¢ne poligone Py,
sa N = n - m stranica. Odnosno, pokazimo da Diofantova jednac¢ina

(m—1)2"  n—2)+1)-t+ 2" n(m—-1)—1) -5 =2"n(m — 1)

ima jedino rjesenja ako jen =2im =2 ili m = 3.

189



Slika 2: Fragment parketiranja polupravilnim ¢etvorouglom slucaj (8,0) i (2,2),
0=1=I.
8

Teorema 2.2. Parketiranje ravni konveksnim jednakostranicnim polupravilnim
poligonima Py, sa N =n-m, n,m > 2 n,m €N stranica, jedino je moguce sa
polupravilnim cetvorouglovima 1 Sestouglovima.

Dokaz: Ako je moguce parketiranje ravni sa polupravilnim jednakostrani¢nim
poligonom Py tada jednac¢ina (2.3) ima cjelobrojna rjeSenja (t,s) za sve vrijed-
nosti n,m > 2 € N koji predstavljaju ¢vorove tog parketiranja. Pokazimo da je
to moguce jedino ako jen =2am =2 ili m = 3.

Rijesimo jednacinu u slucaju

1. akoje s =0, at#0,

2. akojet=0,as#0,i

3. ako je s,t # 0.

1. Ako je s =0, a t # 0 jednalina (2.3) ima oblik

(m—1)©2™ ' (n—-2)+1)-t=2"n(m — 1),

odakle nalazimo da je

B 2Mm.n
C2ml(n —2) 41
Iz jednakosti (2.8) slijedi da je t € N ako i samo ako 2™ (n — 2) + 1|2™ - n.
TransformiSimo izraz u oblik

t

(2.8)

. 2M . n
2m=l(n —2)+1
2M . — 2m+1 + 2m+1
t J—

9m=1(p —2) + 1
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Slika 3: Fragment parketiranja polupravilnim ¢etvorouglom za § =

ol

2(2mt(n —2) +1) +2m+ -2

t =
om—1(n —2) + 1
2m—1 o m
; ' (n 2)—1—1_’_2. 2 1
2m=l(n —2)+1 2m=l(n —2)+1
2m —1
t = 242

Com—l(n —2) +1

Iz posljednje jednakosti slijedi da je t € N ako i samo ako je 2"~ 1(n—2)+1[2" 1,
$to je moguce jedino ako je n—2 = 0 odnosno ako je n = 2, jer je 2" 1(n—2)+1 =
2m=1.pn — (2™ —1). Za tu vrijednost n imamo da je t = 2 + 2(2™ — 1) = 2™+,
Dakle, ako je s = 0 tada je t = 2™*! pa se kod parketiranja javlja ¢vor u kojem
se sastaje 2™T! uglova jednakih uglu .

2. Ako jet =10, a s # 0, jednacina ima oblik

(2™ n(m —1) = 1) -5 =2"n(m — 1).
Odavde nalazimo da je

2"Mn(m — 1)
2m=lp(m—1) -1
22m—1n(m -1)—-1+1

2m=In(m —1) -1

L2 (m—1)—1 N 2

- Tamln(im—1)—1 0 2 In(m—1) -1
2

= 2+

2m=Ip(m—1)—1
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Iz jednakosti s = 2 + W%(QT)—I slijedi da je s € N ako 2™ In(m — 1) — 1]2.
Odnosno, ako je 2™ In(m —1) — 1 =+1ili 2™ n(m — 1) — 1 = £2.

Ako bi 2" In(m — 1) — 1 = —1 tada bi 2™ 'n(m — 1) = 0 3to nije moguce jer je
po pretpostavci n,m > 2 € N.

Akoje 2™ In(m—1)—1=1tadaje 2" n(m—1) = 2. Kakozasven,m > 2 € N
vrijedi 2™ 1n(m—1) > 2 jednakost nije moguca. Ostaje da provjerimo jednakosti
2mlnim—1)—-1=2i2" n(m-1) - 1= -2.

Ako je 2™ In(m — 1) — 1 = 2 tada je 2" 'n(m — 1) = 3 §to nije moguée ni za
jedan prirodan broj n,m > 2.

Ako je 2™ In(m — 1) — 1 = —2 tada je 2" 'n(m — 1) = —1 §to nije moguce ni
za jedan prirodan broj n,m > 2.

Na osnovu provedene analize zaklju¢ujemo da pri parketiranju ravni polupravil-
nim jednakostrani¢nim poligonom Py nema ¢vorova u kojima jet =0, a s # 0.

4

Slika 4: Fragment parketiranja polupravilnim ¢etvorouglom za § = §.

3. Ostaje da analiziramo rjeSenja Diofantove jednacine ako je t,s # 0. Iz
jednacine imamo da je

(m—=1)2"  n—=2)4+1)-t+ 2" n(m—-1)—-1)-s =2"n(m — 1), odakle je
2" n(m—1)—1)s =2"n(m —1) — (m — 1)(2™ Y (n — 2) + 1)t.

Odavde nalazimo da je

2mn(m —1) — (m—1)2™" Y (n—2)+1) ¢t

5T 2m=Inm—-1) -1
. 2"n(m—-1)  (m— nE™tn-2)+1)-t
2m=lp(m—1) -1 2m=lp(m—1) -1
_o22™n(m—-1) -1 2—(m-1)2" ' (n—2)+1)-t
8 2m=Tn(m — 1) — 1 om—Tn(m — 1) — 1

192



2—(m—-1)2" 1 (n—-2)+1) -t

= 2
° * 2m=In(m —1) -1

Analizirajmo jednakost

2—(m—-1)2" (n—-2)+1)-t

—2
s=2t om—Tn(m — 1) — 1

(2.9)

u zavisnosti od ¢, s Primjetimo da je s € N ako je:

(A) 2—-(m-1@2™ Y (n—-2)+1)-t=0itadaje s =2, ili

2—(m—1)(2" "1 (n—2)+1)t
(B) o )t = ppeN
Analizirajmo svaki od slucajeva. Pokazimo da jedino u sluc¢aju (A)je s € N i da
je tada s = 2, a da u slucaju (B) ne postoje prirodni brojevi n,m > 2 € N za koje
je taj razlomak prirodan broj.
Akoje2—(m—1)(2" Y (n—2)+1)-t = 0 tada je (m—1)(2™ 1 (n—2)+1)-t = 2

odakle je
2

t= 2.1
(m—-1)2m 1(n—-2)+1) (2.10)
Iz (2.10) slijedi da je t € N ako i samo ako je (m —1)(2™ 1(n—2)+1) = 1 ili
(m—1)2m Y (n—-2)+1)=2.
Ako je (m—1)(2™ Y (n—2)+1) =1 tada je 2" ' (n —2) +1 = -1~ odnosno

m—17

2m=L(n —2) = % Izraz na desnoj strani ¢e biti prirodan broj ako i samo
ako je m = 21 tada je desna strana jednaka nuli. Pa za tu vrijednost m jednakost
vrijedi ako i samo ako je n = 2. Dakle, ako jen =21im = 2 tada jet = 2. Na
osnovu toga slijedi da u tom slu¢aju parketiranja ravni imamo ¢vor (t,s) = (2, 2)
u kojima se sastaju po dva ugla jednaka uglu « i po dva ugla jednaka uglu £,i da
se radi o parketiranju ravni sa polupravilnim jednakostrani¢nim éetverouglovima.

Ako je (m—1)(2™ 1(n—2)+1) = 2 tada je 2"~} (n —2) +1 = 2 odnosno

2—(m—1)
1

m—

2m=l(n-2) = 2—;@11). Primijetimo da je desna strana jednakosti
dan broj ako i samo ako je m € {2, 3}.
Ako je m = 2 tada iz jednakost 227!+ (n —2) = 1 nalazimo dajen =2 ¢ N, au
slu¢aju kada je m = 3 nalazimo da je n = 2.

Dakle, jedino zadovoljava drugi sluc¢aj kada je m = 3 u tom slu¢aju imamo da
se radi o parketiranju polupravilnim Sestouglovima, a ¢vorovi koji se javljaju su

(t,s) = (1,2).
Analizirajmo slu¢aj (B). Pokazimo da izraz

priro-

2—(m—-1)(2m 1 (n—2)41)-t
2m—Ip(m—-1)—1
skupu prirodnih brojeva ni za jednu vrijednost n,m > 2 € N. Pretpostavimo

suprotno, da je

ne pripada

2—(m-1)2" 1 n-2)+1)-¢
2m=lp(im—1) -1

=peN.
Iz te jednakosti nalazimo da je
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C2—-(@2™n(m—-1)-1)-p

 (m-1@m(n—-2)+1)

Pokazimo da t nije prirodan broj ni za jednu vrijednost n,m > 2 € N. Trans-
formiSimo izraz na sljede¢i nacin

(2.11)

2— (2" n(m—-1)—1)-p
(m—1)2m1(n—-2)+1)
2 (2m_1n(m -1)—1)-p

(m—-1)2m 1 (n-2)+1) (m—-1)2" Y (n-2)+1)

Kako je @y € N ako je (m —1)(2" ' (n —2) +1) = 1 ili
(m—-1)2™ Y n-2)+1)=2.

Akoje (m—1)(2" Y (n—2)+1) = 1tadajemn =n = 2,iizt = ?72(72;;(721’:3&?(;132_)21?
nalazimo da je t = 2 — 3p gdje je p po pretpostavci prirodan broj. Da bi ¢ bio
prirodan broj mora biti 2—3p > 0, odnonso p < % Sto je suprotno pretpostavci da
je p prirodan broj. U drugom slu¢aju, iz jednakosti (m —1)(2™ }(n—2)+1) = 2

slijedi 2™ Y (n—2)+1 = % Desna strana je prirodan broj jedino ako je m = 2

ili m = 3. Ako je m = 2 tada iz jednakosti slijedi da je n = %, §to je suprotno
pretpostavci da je n > 2 € N, a u sluc¢aju da je m = 3 je n = 2. Uvrstimo li to u
jednakost (2.11) za ¢, nalazimo da je t = 1 — %p $to ne pripada skupu prirodnih
brojeva ni za jedan prirodan broj p. Time smo dokazali da ni za jednu vrijed-
nost prirodnih brojeva n,m > 2 izraz (2.11) nije prirodan broj. Time je teorem
dokazan u potpunosti.
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Abstract

Poslednjih decenija znacajna paZznja naucne zajednice usmerena je na
proucavanje linearnih frakcionih sistema, odnosno sistema opisanih linearnim
diferencijalnim jednacinama necelobrojnog reda. Razlog za to je da se
mnogi fizicki sistemi mogu opisati diferencijalnim jedna¢inama ovog tipa,
koje uklju¢uju izvode necelobrojnog reda. PID kontroleri su, s druge strane,
najzastupljeniji upravljacki algoritmi u industriji, pre svega zbog svoje rel-
ativno jednostavne strukture i implementacije. Da bi se poboljsale per-
formanse i robusnost klasi¢nog PID algoritma, uvodi se frakcioni PID ili
PI*D* kontroler, gde su A i p integrator i diferencijator necelobrojnog reda,
respektivno. Problem stabilnosti sistema je jedan od osnovnih zahteva u
teoriji upravljanja. Postoji viSe pristupa za resavanje ovog problema, medju
kojima je i metoda D-razlaganja. U ovom radu, metoda D-razlaganja je
uopStena i proSirena za klasu linearnih diferencijalnih frakcionih jednacina,
koje svoju primenu imaju u teoriji upravljanja. Razmatran je slucaj linearne
zavisnosti parametara, a u konkretnom primeru opisan je i na¢in na koji se
izlozeni postupak moze iskoristiti i za reSavanje problema nelinearne param-
etarske zavisnosti. Prikazan je jednostavan i efikasan algoritam za odred-
jivanje granica stabilnosti u parametarskoj ravni. Testiranje ispravnosti
predlozenog algoritma izvrSeno je u numerickoj simulaciji u programskom
paketu Matlab.

1 Uvod

Pri specifikaciji tehnickih zahteva za projektovanje sistema automatskog upravl-
janja prvo se mora uzeti u obzir najvazniji faktor, a to je stabilnost sistema.
Zeljeno dinamicko ponasanje objekta upravljanja moze se ostvariti njegovom spre-
gom sa upravljackim uredjajima, koji svojim dejstvom treba da obezbedi zado-
voljavaju¢e ponasSanje celokupnog sistema. Sada se postavlja pitanje, kako treba
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izabrati podesljive parametre upravljackog uredjaja da se ostvari postavljeni cilj.
U opstem slucaju, zadato dinamicko ponasSanje se moze ostvariti u veéem broju
slu¢ajeva i pri razli¢itim kombinacijama vrednosti podesljivih parametara up-
ravljackog sistema, $to zna¢i da njihov izbor ne mora da bude jednoznacan.

Svakako da je prvi i osnovni zadatak da se obezbedi stabilan rad sistema up-
ravljanja. Skup promenljivih parametara za koje je razmatrani sistem stabilan,
Cine oblast stabilnosti sistema. Upravo to ¢ini sustinu metode D-razlaganja. Os-
novna ideja te metode je da se odredi skup svih vrednosti podesljivih parametara
za koje ¢e razmatrani sistem biti stabilan. Time se u ravni podesljivih parametara
dobijaju oblasti oivi¢ene otvorenim ili zatvorenim konturama koje predstavljaju
potencijalne oblasti stabilnosti [1]. Koris¢éenjem odgovarajucih postupaka utvrd-
juje se kasnije koja od dobijenih oblasti, ukoliko postoji, predstavlja trazeni skup
podesljivih parametara za koji je sistem stabilan.

U ovom radu ¢emo se ograniciti isklju¢ivo na linearne frakcione sisteme. Tacnije
posmatrajmo stacionaran kontinualan frakcioni linearan sistem sa koncentrisanim
parametrima. Dinamicko ponasanje takvog sistema se u potpunosti moze okarak-
terisati diferencijalnom jedna¢inom ponasSanja. Karakteristi¢na jednacina takvog
sistema glasi:

f(s):ansbn+---+ak8bk+...+a03b0:O (1)

gde je s kompleksna promenljiva, ar i by (k = 0,1,2...,n) linearne funkcije
parametara « i 8, pri ¢emu je by < by < ... < by.

2 Osnove racuna necelobrojnog reda. Frakcioni PID
kontroler

Za rafun necelobrojnog reda (frakcioni racun) zna se veé¢ vise od 300 godina,
ali njegova primena u fizici i tehnici stara je tek nekoliko decenija. Sami ko-
reni racuna necelobrojnog reda vezuju se za korespondenciju koja je ostvarena
izmedju Lopitala i Lajbnica, i to u vreme kad su Njutn i Lajbnic postavljali osnove
diferencijalnog i integralnog racuna. Racun necelobrojnog reda je generalizacija
obi¢nog (klasi¢nog) istoimenog racuna [2,3|. U matematickom smislu, za razliku
od klasi¢nog ra¢una, ovde stepen moze biti realan odnosno kompleksan broj, pa
frakcioni racun ima potencijal da ostvari ono Sto obi¢ni integralno-diferencijalni
racun ne moze.

Tri definicije se najcesée koriste za racun necelobrojnog reda. Leva Riemann-
Liouville definicija frakcionog izvoda je data sa [4]:

wpy L odm ot f(r)
RZth(t)_mdt—"/a mdﬂ (2)

zan—1<a<mn,gdejeI(.) dobro poznata gama funkcija:
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I'(z) = /dttz1 dt,ze C (3)

Grunwald-ova definicija [5], pogodna za numeri¢ko racunanje,data je sa:

g f) = i e > (<17 (%) - n @)

gde su a, t granice operatora, a [z] je celobrojni deo od z. Izraz (‘;‘) predstavlja gen-
eralizovani binomijalni koeficijent, gde su faktorijali zamenjeni sa odgovaraju¢om
gama funkcijom.

Takodje, koristi se i definicija levog frakcionog izvoda koju je uveo Caputo [6],
a koja glasi:

1 t () (r
CaDgf(t):F(n—a)/a (t—fT)‘SflJrldT’ n—1l<a<n (5)

Caputo-va i Riemann-Liouville-va definicija frakcionog izvoda se podudaraju
kada su pocetni uslovi jednaki nuli.

U teoriji upravljanja, cilj uvodjenja frakcionog rac¢una je primena istoimenih
kontrolera zarad poboljsanja performansi objekta upravljanja, tj. boljeg ponasanja
sistema u prisustvu poremecajnih veli¢ina i manje osetljivosti sistema na promenu
parametara (veca robusnost). Frakcioni PID kontroler je generalizacija klasi¢nog
(celobrojnog) PID kontrolera [7]. U literaturi je prisutna i oznaka PI*D* za ovu
vrstu kontrolera zato $to ukljuc¢uje integrator i diferencijator necelobrojnog reda
A1 p, respektivno. Jednacina frakcionog PID kontrolera u vremenskom domenu

je:

u(t) = Kpe(t) + KD e(t) + KpD*e(t) (6)

gde je u(t)- izlaz iz kontolera, e(t)- ulaz u kontroler, Kp, Kr, Kp- koeficijenti
proporcionalnog, integralnog i diferencijalnog pojacanja respektivno, a D~* i D*
odgovarajudi integralni i diferencijalni operatori necelobrojnog reda. Za A = u =1
dobijamo jedna¢inu klasi¢nog PID upravljackog algoritma. Upravo zbog do-
datna dva podesljiva koeficijenta (A i p), frakcioni PID je fleksibilniji u odnosu
na klasi¢ni, i daje moguénost boljeg podesavanja dinamickih osobina sistema.
S druge strane, veéi broj stepeni slobode ¢ni problem optimalnog podesavanja
parametara sistema znatno komplikovanijim u poredjenju sa konvencionalnim PID
kontrolerom.

3 Stabilnost sistema

Potreban i dovoljan uslov za stabilnost sistema jeste svi koreni karakteristi¢ne
jednacine (1) imaju negativne realne delove ili, drugim rec¢ima, da leze u levoj
poluravni kompleksne promenljive s (Slika la). Sistem ¢e biti nestabilan ako se
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jedan ili vise korena karakteristi¢ne jednacine nalaze u desnoj poluravni s-ravni ili
ako jedan ili viSe viSestrukih korena karakteristi¢ne jednacine leze na imaginarnoj
osi s-ravni. Sistem ¢e biti grani¢no stabilan ako njegova karakteristi¢na jednacina
nema korena u desnoj poluravni, a pri tome ima bar jedan prost (jednostruk)
koren na imaginarnoj osi [8|.

jo jo . jo
- 4 - “ ,
// : s-ravan // ]m s-ravan / (-const 50, s-ravan
[ / !
| | A
I 0 o | 0 o \ 0 o
\ \ \
\ \
N =0 \ g \
~ ~ ® \
~ ‘% ~ ‘%I \
a) b) c)

Slika 1: Konture u s-ravni

U stabilnom sistemu, prelazni proces iS¢ezava kada t — oo, a za to je potrebno
i dovoljno da realni delovi svih korena budu negativni. Medjutim, evidentno je
da ée prelazni proces brze iSCezavati ako su negativni delovi svih korena karakter-
isti¢ne jednacine veéi po apsolutnoj vrednosti. Na taj nac¢in, od sistema se moze
zahtevati ne samo da bude stabilan, veé¢ se moze specificirati zahtev da mu svi
koreni karakteristi¢ne jedna¢ine budu sa negativnim delovima, koji su po apsolut-
noj vrednosti veéi od nekog unapred zadatog ¢ = const., odnosno da svi koreni
karakteristi¢ne jednacine leze levo od prave Re s = ¢ u s-ravni, tj. unutar konture
C na slici 1b. Za sistem koji ispunjava ovaj zahtev kazemo da poseduje vreme
smirenja prelaznog procesa manje od nekog unapred zadatog.

Na slican na¢in mogu se specificirati i drugi domeni u s-ravni u kojima se za-
hteva da budu locirani svi koreni karakteristi¢ne jednacine sistema. Od posebnog
interesa je domen pokazan na slici lc. Specificiranjem ovog domena posebna
paznja se posvecuje lokaciji parova konjugovano kompleksnih korena karakter-
isti¢ne jednacine:

$12 =0 % jw = —wps £ jwp V1 — 2 (7)

Naime, zahteva se da svi kompleksni koreni krakteristi¢ne jednacine imaju
odgovarajuce ¢ veée od nekog unapred zadatog ¢ = const. Prisustvo kompleksnih
korena u reSenju karakteristicne jednacine uslovljava oscilatorni karakter kompo-
nenti prelaznog procesa sistema, stoga zahtev da svi koreni budu unutar domena
na slici 1c u stvari predstavlja zadato ogranic¢enje u pogledu maksimalno dozvol-
jenih amplituda oscilatornih komponenti prelaznog procesa u sistemu. Stoga za
ove sisteme kazemo da imaju unapred zadati stepen relativne stabilnosti ogranic¢en
faktorom relativnog prigusenja ¢ = const.
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4 Metoda D razlaganja

Uopstavajuéi ranije postojece rezultate, i dozvoljavajuéi da se dva podesljiva
parametra « i S nadju u bilo kom koeficijentu karakteristi¢ne jednacine, ruski
nau¢nik Neimark [9,10] ustanovio je metodu D-razlaganja. Osnovna postavka te
metode polazi od zahteva da se u parametarskoj ravni (o, 8), odredi skup svih
vrednosti podesljivih parametara za koje ¢e razmatrani sistem, dat svojom karak-
teristicnom jednacinom, biti stabilan. Znamo da ¢e se se sistem nalaziti na granici
stabilnosti ako njegova karakteristi¢na jednacina nema korena sa pozitivnim real-
nim delovima, a ima jedan ili viSe jednostrukih korena na imaginarnoj osi s-ravni.
Uslov da se sistem nadje na granici stabilnosti, tj. da jednacina (1) ima u reSenju
jednostruke korene na imaginarnoj osi s-ravni, moze se izraziti relacijom

fjw) = u(w) + jo(w) =0 (8)

ili

u(w) =0, ov(w)=0 9)

Pretpostavimo da svi parametri sistema imaju konstantne vrednosti, osim
dva, o i 3, €iji uticaj na stabilnost sistema Zelimo da analiziramo [8]. Ova dva
podesljiva parametra bice, na neki nacin, sadrzana u koeficijentima karakteristi¢ne
jednadine:

ap = ag(a, B) (10)

Ako u ovom slu¢aju smenimo s = jw u karakteristicnu jednacinu, dobi¢emo:

u(w, o, ) =0, v(w,a,fB)=0 (11)

Ako su jednacine (11) medjusobno nezavisne, one se mogu resiti po i (3:

a=fi(w), B=f(w) (12)

Zadavajuci uCestanosti w razne vrednosti od 0 do oo, u ravni parametara «
i 8 se, pomocu relacija (12) moze nacrtati familija krivih, koje se nazivaju kri-
vama dekompozicije ili krivama razlaganja. One ¢e u stvari predstavljati granicu
domena stabilnosti iz s-ravni, preslikanu pomocu relacija (12) u ravan podesljivih
parametara « i 5. Pomenuta familija krivih dekomponuje parametarsku ravan
na vise oblasti. Svakoj od tih oblasti odgovarace ta¢no odredjen broj korena
karakteristi¢ne jednacine, koji se nalaze u levoj poluravni s-ravni.

Krive razlaganja se mogu razumeti i kao geometrijska mesta tacaka u («, f3)
ravni duz kojih karakteristi¢na jednacina sistema ima u resenju korene na imag-
inarnoj osi s-ravni. Zbog toga, u oblasti sa jedne strane krive dekompozicije
karakteristi¢na jedna¢ina ¢e imati jedan ili dva korena vise u levoj poluravni nego
sa suprotne strane ove krive i to u zavisnosti od toga da li ta kriva predstavlja ge-
ometrijsko mesto jednog realnog (o = 0) ili para konjugovano kompleksnih korena
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karakteristi¢ne jednacine na imaginarnoj osi s-ravni. Radi sto lakSeg odredjivanja
broja korena karakteristicne jednacine sa negativnim realnim delovima, koji odgo-
vara svakoj od pojedinih oblasti u parametarskoj (v, 8) ravni, krive razlaganja se
Srafiraju i to sa strane domena kome odgovara veéi broj ovih korena, slika 2.

p

S ¥

Slika 2: Krive razlaganja u (o, 3) parametarskoj ravni

Oblast kojoj odgovara najveéi broj korena karakteristicne jednacine u levoj
poluravni s-ravni, predstavlja tzv. potencijalnu oblast stabilnosti, tj. oblast koja
pretenduje da bude oblast stabilnosti u («, ) ravni. Da bi ona to zaista i bila,
potrebno je dokazati da za jednu, proizvoljnu tacku unutar te oblasti karakter-
isti¢na jednac¢ina ima sve korene sa negativnim realnim delovima, tj. da je broj
ovih korena, koji odgovara potencijalnoj oblasti jednak n, gde je n stepen karak-
teristi¢ne jednacine. ako se pokaze da je taj broj manji od n, to ¢e znaciti da ne
postoji ni jedan par vrednosti parametar « i 8 za koji je posmatrani sistem sta-
bilan. Drugim re¢ima, u odnosu na te parametre sistem je strukturno nestabilan.

Pri nanosenju Srafure potrebno je rukovoditi se sledeé¢im pravilom, koje navodimo
bez dokaza. Ako se po apscisnoj osi parametarske ravni nanosi parametar «, a
po ordinati 3, tada se Srafura nanosi u smeru zavisnom od znaka Jakobijana:

ou  Ou

o 35 Ou dv  Ou v
_| 9a 93 |_Oduodv Oudv
=2 %1% 5.08  80a (13)

Ako je pri kretanju duz krive razlaganja u smeru porasta w Jakobijan J poz-
itivan, kriva se Srafira sa leve strane, gledano u smeru porasta w, pri negativnom
J, s desne.

Utvrdjivanje da li potencijalna oblast stabilnosti predstavlja zaista oblast sta-
bilnosti moze se izvrsiti primenom nekog od algebarskih (Raus, Hurvic), grafo-
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analitickih (Najkvist) kriterijuma, ili numerickom simulacijom, a za proizvoljno
izabranu tacku unutar te potencijalne oblasti stabilnosti.

U daljem izlaganju posmatrace se problemi izdvajanja stabilne oblasti u slu¢aju
kada se parametri « i 8 javljaju linearno u koeficijentima karakteristi¢ne jednacine.
Tad relacije (10) postaju:

a = ag(o, B) = cpa+dif+ep, k=0,1,2,...,n (14)

gde koeficijenti cg,dg, 1 ex imaju konstantne vrednosti. Posle zamene (14) u
karakteristi¢nu jednacinu (1), dobija se:

f(s) = aP(s) + BQ(s) + R(s) (15)
gde su P(s),Q(s) i R(s) odgovarajuéi polinomi po s sa realnim koeficijentima.
Postavljajuéi s = jw u (15) i zatim izjednacavajuéi realni i imaginarni deo sa
nulom, dobija se:

aPi(w) + BQ1(w) + Ri(w)

aPy(w) + BQ2(w) + Ra(w)
gde su P(jw) = Pi(w) + jP(w), Q(jw) = Q1(w) + jQ2(w), 1 R(jw) = R1(w) +

jR2(w). Resavajuéi jednacine (16), dobijamo izraze za « i 5 u obliku:

_ Q1(w)Ra(w) — Qa(w) Ry (w)

. (16

A
3= Ry (w)Py(w) — Ro(w) Py (w) (17)
B A
gde je
_ | P(w) @Qi(w) | _
2= P Quw) ‘ = Pi(w)Q2(w) = Q1) Po(w) (18)

Pri tom su moguéi slededi slucajevi.

1. Determinanta A nije jednaka nuli i R; i Re nisu jednovremeno jednaki
nuli. Jednacine (16) su linearno nezavisne i reSenje (17) za dato w odredjuje
odgovarajucu tacku u (o, ) ravni.

2. Za neku vrednost w determinanta A je jednaka nuli, a brojioci u izrazima
za « i B tada nisu jednovremeno jednaki nuli. Tada su jednacine (16) nesa-
glasne i nemaju kona¢no resenje. Odgovarajuca tacka u (a, ) ravni se nalazi u
beskonac¢nosti i nju nije mogucée naneti na grafik.

3. Pri nekoj vrednosti w i brojioci izraza za a i § i determinanta A jed-
novremeno postaju jednaki nuli, tj. parametri o i § postaju neodredjeni. U tom
slu¢aju, kao $to je poznato jednacine (16) postaju linearno zavisne, tj. jedna od
njih postaje jednaka drugoj ako se pomnozi sa odgovaraju¢om konstantom. Ovoj
vrednosti za u (a, #) ravni odgovara prava linija

aPy +BQ1+ Ry =0 (19)
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koja se naziva singularnom pravom [11]. Ona ne ulazi u familiju krivih dekom-
pozicije, posto svim tackama te prave odgovara ista vrednost za w, pa se kretanje
duz prave u smeru porasta w ne moze odrediti. Uoc¢imo da vrednosti w = 0 uvek
odgovara singularna prava u («, 3) ravni. Naime, Py(w), Q2(w), R2(w) su neparne
funkcije po w, pa se w uvek moze izvuci kao faktor u izrazima za ove funkcije:
Py (w) = wPy(w), Q2(w) = wQ2(w), Re(w) = wRy(w) . Kada je w = 0, dobija
se « = 0/0, 8 = 0/0 tj. dobijamo singularnu pravu. Ova prava se neposredno
moze dobiti iz jednac¢ina (16):

aPy(0) + BQ1(0) + R1(0) =0
w (aPao(0) + BQ20(0) + R20(0)) =0

Nije tesko uociti da ova prava odgovara slobodnom ¢lanu karakteristi¢ne jednacine
izjednac¢enim sa nulom: ag(a, ) = boa + o + dy = 0. Dakle, ova prava
predstavlja geometrijsko mesto tacaka u («a, ) ravni duz koga karakteristi¢na
jednacina ima u reSenju jedan prost koren s = 0 u koordinatnom pocetku s-ravni.

Singularna prava se moze pojaviti i za vrednost razli¢ite w od nule. U («, )
ravni takva jedna prava ¢e predstavljati granicu vrednosti parametara o i 8 pri
kojoj par kompleksnih korena karakteristi¢ne jednacine prelazi preko imaginarne

(20)

ose iz jedne poluravni s-ravni u drugu.

Za vrednost w = oo takodje se moze pojaviti singularna prava. Ovaj slucaj
nastupa kad god se jedan od parametara « ili £ ili oba pojavljuju u koeficijentu
a, najstarijeg clana karakteristicne jednacine (1). Jedna¢ina ove prave se moZe
dobiti iz uslova a, (e, 8) = bya+c¢,8+d,, = 0 posto promena znaka za a,, narusava
uslove stabilnosti sistema. Ova prava ¢e predstavljati granicu u («, ) ravni preko
koje jedan koren karakteristicne jednacine prelazi kroz beskonacnost iz jedne u
drugu poluravan s-ravni.

Singularna prava se Srafira ukoliko ima bar jednu zajednicku tacku sa krivom
razlaganja za istu vrednost uCestanosti w . Ako singularna prava asimptotski tezi
krivoj razlaganja onda se u beskonac¢nosti Srafura prenosi sa krive razlaganja na
singularnu pravu. Ako pak u zajednickoj tacki za pripadnu vrednost ucestanosti i
determinanta A menja znak tada ¢e u toj tacki signularna promeniti stranu svoje
Srafure. Singularna prava ne menja stranu svoje Srafure ako u tackama preseka
sa krivom razlaganja determinanta A ne menja znak [1].

5 Numericki primer i simulacija rezultata

Neka je data karakteristi¢na jednacina sistema u slede¢em obliku [12]:

f(s)= st ksas®st + B3N + kos® + krast + kg (21)

gde su « i B podesljivi parametri sistema, A i p izvodi necelobrojnog reda, a
ks, ko, k1, ko # 0 konstantni koeficijenti. Podesljivi parametri sistema a1 5 , se
pojavljuju linearno u koeficijentima karakteristi¢ne jednacine. Vrednost necelo-
brojnih izvoda A i p krece se u opsegu od 0 do 2. Koristedi gore opisani postupak D

202



razlaganja, odredimo oblast stabilnosti navedenog sistema u («, 3) ravni. Kao §to
je vec¢ receno, krive razlaganja predstavljaju geometrijsko mesto tacaka u («, )
ravni za koje karakteristi¢ni polinom (21) ima nule na imaginarnoj osi. Zamen-
jujuéi s = jw u (21) i izjednacavajuéi dobijeni izraz sa nulom, dobijamo:

fjw) = w* = ksaw? (jw)* — Bw? (jw) — kow? + k1a(jw)* + ko (22)

Gornja jednacina se moze napisati kao:

flw) = u(w, , B) + ju(w, e, B) (23)

gde u(w,a, ) i v(w,a,3) predstavljaju realni i imaginarni deo jednacine (22).
Izrazi (jw)" i (jw)* koji se pojavljuju u istoj jedna¢ini, mogu se izraziti kao

(Jw)# = w* (cos(0.5um) + jsin(0.5um)), w >0 (24)

Izjednacavajuéi realni i imaginarni deo jednaline (23) sa nulom, dobijamo
sledeéi sistem od dve jednacine:

i e 1 (5) - (29) -

gde su

Vi(w, i, A) = (k1 — kaw?) w” sin(0.5u7) (26)
Va(w, 1, A) = —w?T sin(0.5pm)
Ql(w) = —w! + k2w2 — ko
QQ(w) =0
Resavanjem (25) po « i 3, dobija se:
A, Ag
= — = — 2
a=52, =5 1)
pri ¢emu su
Ur(w, i, A) Us(w, p, A) ‘
A= ’ ’ 28
‘ Vi(w, i, ) Va(w, 1, A) @)
_ Ql(w) UQ(W,,U,)\) o Ul((d,,u,)\) Ql(w)
Ba = ‘ 0 Vo(w, iy A) | Ap = Vi (w, iy A) 0 (29)
Lako se pokazuje da je glavna determinanta sistema jednaka:
A = (k1 — k3w?) w2 5in(0.5(u — M) (30)
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Sratunavajuéi pomoc¢u jednacina (27) vrednosti za « i [ pri raznim w , a za
A #£ 0, dobijaju se krive razlaganja. Drugim re¢ima, pri prelasku ovih krivih, dva
korena karakteristi¢ne jednacine sistema prelaze imaginarnu osu u s-ravni s jedne
na drugu stranu.

Sada ¢emo detaljnije analizirati sluc¢aj kada je A = 0. Iz (30) sledi da je ovo
tatnoza w =01ili p — A =14,Vi = 0,42, 44,.... U prvom slucaju kada je w = 0,
jednacine (26) glase:

Ul(O,M, )\) =0 UQ(O,,U,,)\) =0 Ql(O) = /{?0
Vl(O,M, )\) =0 VQ(O,M, )\) =0 QQ(O) =0
Iz (25) i (31) sledi 0 = —kg. Ovo ne moze biti tacno za kg # 0, pa sledi da
system (25) nema singularnu pravu kada je w = 0. U drugom slu¢aju, glavna
determinanta A je jednaka nuli za u — X\ =1,Vi = 0,+2,4+4,.... S obzirom da se
vrednost fracionih izvoda p, A kreée u intervalu (0, 2), sledi da je u — A = 0. Sada
za = A, jednacine (26) glase:

(31)

Uy (w, iy i) = (k1 — ksw?) w” cos(0.5um)
Us(w, 1, pt) = —w* ™ cos(0.5u)
Vi 1 12) = (k1 — kaw?) o sin(0.572m) )
Va(w, i, 1) = —w?# sin(0.5p)
Ql(w) = —wt + k2w2 — ko
Q2 (UJ) =0
Sistem jednacina (25) moze se napisati kao:
wh cos(0.5pum) [(ky — kaw?)a — w2ﬁ] = —w* 4 kaw? — ko (33)
w! sin(0.5u7) [ (k1 — ksw?)a — w2ﬁ] =0 (34)
§to vodi do (za p = A # 0):
dw) = —w + kow?® — kg =0 (35)
Frekvencija ws za koju vazi d(ws) = 0 odredjuje singularnu liniju. U ovom
slucaju je A = A, = Ag = 0, i u parametarskoj ravni nemamo samo jednu

tacku, ve¢ pravu liniju. Ova singularna prava se moze dobiti iz (33) ili (34):

2
=———Sq (36)

Iz jednacina (27) i (36) se odredjuju granice stabilnosti za sistem (22) u param-
etarskoj («, B) ravni, a za fiksne vrednosti ks, ko, k1, ko, pu 1 A.

Simulacija izvedenog algoritma za odredjivanje granica stabilnosti u param-
etarskoj (a, B) ravni izvrSena je u Matlab programskom paketu. Za sledece vred-
nosti koeficijenata ks = 1.3, ko = 6, k1 = —45, kg = 1, p = 0.7 1 A = 1.1,
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sraCunate su vrednosti parametara « i 8 pri raznim w, i dobijena kriva razlaganja
je prikazana na slici 3. Singularna prava u ovom slucaju ne postoji, jer je u # A.
Srafiranje krive izvrSeno je prema ranije navedenom pravilu.

D-razlaganje
T T

10- g ]

-10}

Il Il Il Il Il Il Il
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2
a

Slika 3: Krive razlaganja u (o, 3) parametarskoj ravniza sistem u primeru

Da bismo proverili da li je naSa potencijalna oblast zaista stabilna, izabe-
rimo proizvoljnu tacku @ na slici 3. unutar te oblasti. Sada vrednosti («, )
parametara dobijaju konkretne vrednosti (« = —0.1,5 = 5). Za te vrednosti
parametara izvrSena je numericka simulacija impulsnog odziva sistema 1/f(s) u
Matlab okruzenju, i dobijeni odziv je prikazan na slici ispod. Vidimo da prelazni
proces iS¢ezava kada t — oo, §to je u saglasnosti sa definicijom stabilnog sistema.

0.2

0.05

Impulsni odziv sistema

-0.05

L
0 5 10 15 20 25 30 35 40 45 50
Vreme

Slika 4: Impulsni odziv sistema 1/f(s)
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U slucaju da je p = A = 1.1 (koeficijenti ks, k2, k1, ko ne menjaju svoje vred-
nosti), parametarska ravan (o, 3) odredjena je samo singularnim pravama, kao
Sto je prikazano na slici 5. Tada je polinom (35) jednak nuli za wj, = +2.41 i
w4 = +0.41, vazi A = A, = Ag = 0 i singularne prave imaju sledec¢i oblik:

B =—9.1la, B =—267.2a (37)

Kriva razlaganja u ovom slucaju ne postoji, jer jednac¢ine (25) sada glase:

1.1
wh cos( T

) [(—45 — 1.30%)a — w?B] = —w* + 60 — 1
1.17T (238)
wh! sin(—2 ) [(—45 — 1.3w2)a — w2ﬁ] -0

i one su nesaglasne za Vw # {£2.41,£0.41}. Za w = w* jednacine (25) postaju
linearno zavisne i odredjuju ve¢ pomenute singularne prave.

D-razlaganje

10

10t

Il Il
-0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

Slika 5: Singularne prave u («, 3) parametarskoj ravni za sluca pu = A

Ukoliko menjamo postepeno vrednost npr. frakcionog izvoda p od 0 do 2,
pri A = const., i u svakom koraku ra¢unamo granice stabilnosti u (a, f) param-
etarskoj ravni, mozemo prosiriti postojece rezultate i dobiti oblast stabilnosti u
trodimenzionalnoj (o, 3, u) parametarskom prostoru. Na taj na¢in metoda D-
razlaganja proSirena je za slucaj nelinearne zavisnosti parametara, jer navedeni
parametri su u medjusobno nelinearnoj vezi, §to se vidi iz jednacina (25) i (26).
Na slici 6. prikazana je oblast stabilnosti u 3D prostoru, za A = 1.4 (koeficijenti
ks, ko, k1, ko su ostali nepromenjeni).
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D-razlaganje

Slika 6: Oblast stabilnosti u (e, 8, 1) parametarskom prostoru

6 Zakljucak

U ovom radu analiziran je problem stabilnosti sistema opisanih linearnim diferen-
cijalnim jednac¢inama necelobrojnog reda. Dat je kratak osvrt na osobine stabil-
nosti sistema sa stanovista teorije upravljana. Takodje, dat je uvod u osnove
rac¢una necelobrojnog reda. Upotrebljena je metoda D-razlaganja za odredji-
vanje granica stabilnosti u ravni podesljivih parametara sistema. Ova metoda
je uopstena i proSirena za slucaj linearnih diferencijalnih frakcionih jednacina, sto
predstavlja glavni doprinos u ovom radu. Prikazan je jednostavan i efikasan al-
goritam odredjivanja granica stabilnosti za sluc¢aj linearne zavisnosti parametara.
Zatim je u konkretnom primeru opisan nacin na koji se dati algoritam moze
iskoristiti i za slucaj nelinearne parametarske zavisnosti. Testiranje ispravnosti
predloZenog algoritma izvrSeno je u numeric¢koj simulaciji u programskom paketu
Matlab.
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